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KONIMLIJKE AKADEMIE VAN WETENSCHArPEN

TE AMSTERDAM.

PROCEEDINGS OF THE MEETING

of Saturday May 27, 1905.

(Translated from: Veislag van de gewone vergadering der Wis- en Natuurkundige

Afdeeling van Zalerdag 27 Mei 1905, Dl. XIV).

CO]SrQ?E3<rTS.
L. Boi.lv: "On the development <il' the cerebellum in man". (First p:ii-t), p. 1. (With une plate).

E. VF.itseinFiF.i.T : "Some observations on the longitudinal growth of stems and ttower-stalks".

(Communicated by Prof. Hugo dk. Vkiks), p. 8.

G. C. J. Vos.M.iER and H. 1'. Wijs.man: "On the structure of some silieeous spicules of Sponges.

I. The styli of Tethya lyncurium", p. 15.

Jan ue Vrif.S: "On pencils of algebraic surfaces", p. 29.

J. J. V.1N Laak: "On the shape of the plaitijoini curves for mixtures of normal substances".

(2nd Communication) (Communicated by Prof. II. A. Lokkktz), p. 33. (With one plate).

J. J. v.iN La.\u: "Some remarks on Dr. Pii. Kuiin.stam.m's last papers". (Communicated by

Prof. H. A. LoRENTz), p. 49.

W. A. Versltjys: "On the rank of the section of t\\o algebraic surfaces". (Communicated by

Prof. P. H. Scuotite), p. 52.

The following papers were read

:

Anatomy. — "On the deoeiojnnent of the cerebellum in man."

(First part). By Prof. L. Bolk.

(Communicated in the meeting of March 25, 1905.)

On account of the fact that iiie lohnlisation of the adult cerebellum

of Primates generally and of man in particular, deviates in various

respects from that of the remaining mammals, so that a homologisation

of the lobes of the cerebellum of Primates occasionally presents

difficulties, I undertook an investigation concerning the development

of the grooves and lobes of the cerebellum in man, in order to try

to elucidate certain obscure points in the anatomy of the Primate-

cerebellum in this way. This investigation comprises some forty

cerebella of human einl)ryos, varying in length from crown to sole

from 5 to 30 cm.

,L
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All the objects iiad Ijceii iiardciiod in Ibniiol in situ-, alcoholic

inatcrial cannot he used lur liic slmlv of ihis il(>vel()|)inental process.

A complete systematic investigation of the tbi'niation of the lobes

in the cerebellum of man has nntil now not been carried out. Retziis

gives in his well-known standard work — Das Menschenhirn —
a great nnniher of pictnres of (le\elopnicnlal stages, also of the

cerebellnm, but a i-easoned e.xjdanalion U\ them is lacking. Of an

earlier peridd we moreover meiilioii the communications ofKouJKER

and S< iiwAi.nK. of iimre recent date tiiose of Kuithan, Ei.i.iot Smith

and CnAKNOCK Pihadi.kv. In general, however, these investigations

liave been made with material which for this purpose was iiisnflicieiit

and as a consequence of this, opinions have become current which

1 have found to be wrong. This is more especially the case with the

\i('\\ coiicerniiig ihe wa\" in which llic sidcns liori/.onlalis dex'elops.

I'arlicularly with a \'i('\v lo ilic iiidi\idiial xarialions which arise

especially in Ihe lalci' pci-iod of llie hibiilisalion. it is essential to

carry out Ihe investigation with an e\tcusi\e material, if we want

to form a clear and continuous idea of the process and if we desire

to distinguish well what is norm here and what exception.

In the morphogenetic process of tiie human cerebellum three

periods may be distinguished, the lii'st period is that of the development

of the "cerebellar lamella" nntil the appearance of the tirst cortical

groove; the second and lliii'd |ieriods are those of the formation of

grooves and lobes, during which, in the second period, those grooves

appear which are generally characteristic for the cerebellum of mam-
mals, in the third, the specilic grooves and lobes of the Primate

cerebellum. In this lirst communication only ilie first and second

periods will be described.

Kig. I, 2, 3 and 4 are siifticieul lo gi\e an idea of the de\elop-

ment of the "cerebellar lamella" unlil the lime of appearance of

the lirsl groove. Fig. 1 has been taken from a foetus of 5 cm.

length from crown lo sole. The curvatures of the pons and neck

have reached their maximum. The cerebellum appears as the already

fairly thickened "cerelu-lhir lamella" of iMmialcovics. It is remarkable

that the lliickeniiig is lurued iutraventricularly in man whereas in

the rabbit and pig (CiiAiiNork I'.irvm.i'.y) and the sheep (Kiitiian) it

is exactly the exiravenlricniar face which is most prominent.

From tigs. '2ii and 3(/ il a|)pears ihat the convexity of the iiilra-

ventricular plane becomes greater and greater, while Ihe outer |dane

is only slightly \aulted. As a conisecpience of this, Ihe cerebellnm

has in Fig. 3 acipiired a triangular shape in tlie section with one

extra- and two iiUra\entriculai- idanes; of these latter one faces
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basal wards, the othei' caiidalvvards. Tlie oj-iginal caudal edge of the

"Lamma cerebellaris" has consequently been shoved upward together

with the insertion of the epithelial ventricular roof. Since in the

mean time tiie plica-chorioidea has been formed, the peculiar condition

has arisen, describetl by His for the liuman cerebellum, of which

KuiTHAN, however, denies the existence, since he could discover no

trace of it in tlie sheep, although a complete developmental series

was at his disjiosal. The anterior plait of the plica chorioidea, the

so-called lamina chorioidea, is now stretched parallel to the intra-

ventricular plane of the cerebellum which is turned backwards and

this gives origin to a slit-siiaped space bet\vee]i this plane and the

lamella mentioned. His described this in diis way that the lamina

chorioidea partially encloses the cerebellnm like a sac and how far

this is the case appears from tig. Sb where the cei-ebellum is seen

laterally. Now in fig. 4 nothing is found any longer of this condition,

the plica chorioidea is now inserted at the edge of the cerebellum

which now is turned to the back. Also in this respect I can confirm

the observations of His against those of Kuithan, that iiamely the

lamina chorioidea lays itself upon the intraventricular plane and

coalesces with this. Through this the latter has become an extra-

ventricular plane and the plica chorioidea has obtained a new
secondary line of insertion with the cerebellum. At the same time

the outer plane has in this way become convex, the inner plane

shows as a first indication of the "tent" in its posterior part a

shallow grooxc which is to be distinguished as Incisura fastigii.

The primitive line of insertion of the lamina chorioidea has to be

sought in fig. 4 at the top of the extraventricular plane, laterally it

lies more caudally, as follows from fig. 3^. This de\'elopmental stage

of the cerebellum in man seems, by the peculiar way in which it

thickens, to dilFer fundamentally from that of other mammals, where

the cerebellar lamella retains in the section a more flattened lenti-

cular shape.

At first the thickened lamina cerebellaris has the shape of a semi-

ring, standing vertically on the anterior part of the longitudinal axis

of the rhombencephalon anil laterally passing into the still smooth

regio pontis without a sharp border (fig. 2b). Soon the lateral parts

of the lamina cerebellaris show a fairly strong clublike swelling

(fig. 36) by which a clear demarcation between cerebral base and

cerebellum is formed. These lateral swellings remind us of the bilateral

origin of the cerebellum in lower vertelirates (observed e.g. by Schaper

in Teleosteans). Yet this lateral demarcation is only tempoi'ary ; as

soon as the pons begins to dilferentiale, il disappeais again and arises

1*



(4)

iuit'w only al a iinicli lalcr slii-c when the (•(.rlex has already become

amply laiiielliscil.

Iii'll,,, mean time, <liiriii,u the liiiekeniiii^- of the lamimi eercbellaris,

(lcvelu|)meiilal phenomena ha\e taken place in the bordering region

between Mesencephalon and Rliombence|)halon, giving rise to the

forniation of Plica encephali dorsalis (Kui'kkk), Isthmus rhombence-

phali and \Cliim medulhuv anierins. hi llie youngest stage represented

(lig. 1) the anterior edge of the Lamijia cerebellaris passes directly

into the mesencephalic ro(.f, only the posterior edge of this latter

is a little inwardly invaginated. An Isthmus rhombencephali or Plica

encephali dorsalis do not yet exist. In the next stage of development

(lig. '2(() the mesencephalon lias obtained a clearly defined posterior

wall, vertical to the rool': tlu' inward invagination of tiie posterior

edge of the roof is still in existence and is partly visible in fig. 3,

but has disapi)eared in tig. 4 on account of the thickening of the

posterior wall of the mesencepiialon. in fig. 2 the plica encephali

dor.salis has developed, bordered in front by the posterior wall of the

mesencephalon, at the back by the lamina cerebellaris. The format icm

of the Plica is accompanied by a rotation of the Lamina cere-

bellaris, the anterior edge of which is now no longer situated at

the front 1ml below and as a consequence of this the Isthmus

rhonibencephali is now also indicated in principle. Next the bottom

of the plica ence[)liali dorsalis becomes broader, there arises between

the thickened lamina cerebellaris ami the mesencephalon a thin middle

plate (tigs. o<t and 4), the first origin of the velum medullare anterius.

The further details of this stage and lli(> following stages will be

extensively described elsewhere.

The lobnlisation of the cerebellum in the second stage is characte-

rised by the fad that the grooves which divide the surface of the

cerebellum into se\eral regions originate with a single exception in

the median plane and from there extend laterally. These interlobular

grooves are conse(pienIly impaired with one exception and divide

the foetal cerebellum of man into a number of lobes, which can be

homologised without difliciilly with those which 1 learnt to be typical

for the adult UKimmalian cer(;lielliini.

The median section of a c(>rebelluni with indications of the grooves

that appear lirsl, is liiveii in lig. .">. The incisura fastigii has been

shifted more to the iVonl coniiiared with fig. 4. On the extraventricular

plane two grooves can be clearly distinguished, one, a little rostrally

from the top of the cerebellum, another at a short distance from the

niargo mycleiu'e|)halicus. Which of these two arises first I ha\e not

been able to make out, evidenlh tiie\ both arise about simullaiieousU',



( 5

)

since in three cerebella of lliis sla,u,c I found botii of them ah-eadj

present in each (total lengtii of the foetus 8 to 10 cm.). Tiie anterior

groove is the sulcus primarins (1), tiie typical principal groove, easily

recognised in every mannnalian cerebellum, separating the two lobes

of the cerebellum, the iobus anterior and lobns posterior. The posterior

groove is the sulcus uvulo-no(bilaris {milu) (sulcus postnodularis of

Elliott Smith, sulcus praeuv idaris of Ziehen, Fissure IV of Charnock

Bradley). It borders die nodubis in front, i. e. in tlie direction of

the mesencephalon. Between these grooves a still shallow depi'ession

is visible on the upper part of the posterior plane, the lii'st indication

of the tissura secunda (Elliott Smith, milii, sulcus inferior anterior

of Ziehen, fissure d of C'iiarnock Bradley). The cerebellum, seen at

this stage from i)ehind, is souiewhal iiiscuitshaped (lig. B) and lies with

the front planes of its lateral |)arts against the occipital poles of the

hemispherical vesicles. Besides die two mentioned grooves, proceeding

from the median line, the cerebellum possesses at this stage already

a sulcus which is bilaterally symmetrical and lies at a short distance

of the margo myelencephalicus. This groove {p), which develops in

a latero-medial direction is the homologon of the groove which I

have distinguished in tlie mammalian cerebellum as flssura para-

tloccularis. It borders in front the already slightly prominent so-called

reeessus lateralis. The anterior wall of this recessus lateralis has been

distinguished by Kollikek as gyrus chorioideus. It seems to me that

the name "Gyrus floccularis" is more characteristic, since from this

narrow cerebellar seam which is already marked out at so early a

stage, the tloccnii are later formed.

In a successive stage (Figs. 7 and 8) the sulcus primarins (1) has

become deeper and the tissura secuiula (2) has l)ecome a ilislinct

groo\e; moreo\er a first secondary groove has arisen in the lobns

anterior. Later this lol)us is separated into four small lobes by three

grooves; 1 have nol been able, however, to make out which of

these three is the first to appear. That the sulcus in the lobns anterior,

seen in figs. 6 and 7, which is first in appearing, is really the

groove, distinguished by Ei,i,i()t Smith as sulcus praeculminatus, I

have not been able to confirm, while also from a comparison of my
human cerebella of this stage \vitli corresponding figures given by

Charnock Bradley for the rabbit and pig, it appears that this first

groove lies in the lobns auleri(u- of man farther away from the sulcus

primarius than with the two animals mentioned. So I cannot decide

whether this first groove in die Iobus antei'ior in man is homologous

with the "Fissure 1" of Charnock Bradley. Also in Uie Iobus

posterior a new groo\e has apjieared in the median line, lietween
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the sulcus primariiis (1) and (lie lissiim secuiHhi (2). This groove,

indicated in the following (igurcs l.v 4, is tlio sulcus prae|iyi-aniidalis

(mihi) (sulcus inferior iidslcrior nf Zikiikn, lissurc suprapyramidalis

of Elliot Smith, fissure ill of Cu vknock Uradlky). This fissura

praepyraniidalis borders in front the pyraniis and soon reaches the

length of the lissnra secunda. This latter can in its further develop-

ment lengthen itself rt'gnlarly in a lateral diri'dion, or otherwise

there inde|)endenlly arises (tig. SA 2') in the hemisphere at a short

distance ahove the tissnra |iarall()ccnlaris (p) a groove which soon

becomes confluent with (he (issura secunda. While at the same time

the recessus laterales bend out further, the tlssura paralloccularis

(fig. 7b, Sb, p) becomes conilueni with the sulcus uvulo-nodularis,

by which the gyri tlocculares form with the nodnlus a part winch

is marked off from the remainig cerebellum. Elliott Smith mentions

that the fissura paralloccularis can also flow together with the fissura

secunda (2). This observation ] can confirm for other mammals on

account of the structure of the adult cerebellum ; with the embryonic

material of man I have not observed such a case. At a later stage

the fissura secunda does terminate, above in the fissura paratloccularis.

In the cerebellum of a foetus of 13 cm. the hemispheres are no

longer swollen balloonlike, but have, when seen from behind, obtained

the more angular form which now is charactei-istic for them during

a longei' ]»eriod of developmeni (tig. 9«). The median zone is still

a little depressed, even in tlie |)osterior part of the lobns anterior,

{'he sulcus primarins (1) lies still relatively far at the back, the sulcus

praepyramidalis (4) has already pretty far advanced into the hemis-

pheres, but in such a way that the lateral parts with the transversally

proceeding middle part form iu\ obtuse angle, with the opening

downwartls. This peculiar shape forms during the successive stages

of de\elopiueul, in which the inlei-pretalion of the groo\'es is not

always easy, an excelk'iit diagiiostic for the sulcus j)raepyraniidalis.

The tissnra secunda (2) has advajiced as far as the lateral wall of

the cerebellum so that the regio tonsillaris (tig. 9r< ^) is now bordered

on all sides. This region is always more or less swollen in the shape

of an egg. The gyrus lloccnlaris is divided by a longitudinal groove

into two small lobes. At this stage consequently the uvula with the

appertaining lateral parts and so also the nodukis with its lateral

regions are already dilferentiated in principle. 'J'his rapid developmental

process contrasts strongly with the still very simitle condition found

in the remaining part of llie lobns posterior and supjiorts to some

extent ihe o|)iniou of Kli.io'I't Smith who looks upon the complex

of n\nla with tonsils, nodnlus wiili flocenli, a> a more independent
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lobe of the cerebellum. Tlieii llio peculiar surface division in the

median line between sulcus priniarius (J) and tissura secunda (2)

deserves notice. The sulcus |)i'ao|)\ rauiidalis (-4), namely, at first

always divides this region into Iwo une(jual parts; the lower half,

the greater, situated between sidcus praepyramidalis (4) and fissura

secunda is the origin of the pyramis, while from the very narrow

upper half, situated between sidcus [)rimarius (1) and sulcus praepy-

ramidalis, must originate: declive, folium vermis and tuber vermis.

In this respect a parallelism can be noticed between the phylogenetic

and ontogenetic development of the cerebellum. For the narrow

region between sulcus |U'imarius and sulcus praepyramidalis is

homologous with that lobuius wliicli in the median section of the

mammalian cerebellum I have distinguished as lobuius 6'„ and which

only in the Primates attains a very strong development.

The frontal plane and median section of the cerebellum of a foetus

of 15 cm. are given in fig. 10. This stage of development is important

because now the foetal hiiiuau cerebellum shows the same lobulisation

which T learnt to be the fuudamental type of the mammalian cere-

bellum generally, a stage which only lasts a short time, since now

soon the grooves appear that characterise the Primates generally or

the Anthropoids and man more particularly and the homologa of

which are missed with other mammals. For as will be seen from

jig. lO/>, now in the median section, as well the lobus anterior as

the lobus posterior, is dixidcd by three grooves into four lobtili.

With the mammalian cerebellum I have distinguished the four lobuli

of the lobuius auleiior as lobuius 1, '2, 3 and 4, the latter being

situated immediately before the sulcus priinarius, the four lobuli of

the lobus posterior I distinguished as lobuius a (homologous with

the nodulus), loluilns /i (homologous with the uvula), lobuius L\

(homologous with tlie pyramis) and lobuius C, (homologous with the

com|)lex of declive, ibiiuui vermis and tuber vermis). It will be seen

by a comparison with the investigations of Charnock Bradley, that

the stage with man, sketched in ligs. !) and JO, has a strong resem-

blance with a developmental stage which the cerebellum of other

mammals (pig and rabbit) traverse before the tiual lobulisation of the

cerebellum. However much the Primate cerebellum may in its linal

form diiVer from that of other mammals the groundplaii of its lobuli-

sation is, as is evident from the now sketched period of development,

not ditferent from that of otlier mammals. In the next following stage,

however, it follows a developuienl of its own, grooves occur, intro-

ductory to the lamellisation of the cortex, which are specific for the

Primates and which will be descrilied in the second communication.



Botany. — "Somr olim-vations on the hnf/iludinnl gwiuth of stems

ami jloirer-.sta/h". Bj' Prof. E. Vkkschaffklt. (Communicated

by Prof. 1 1coo de Vries).

(Gommunicalc'cl in the meeiing of March 25, 190.5).

Superficial obserxation ab'eady vshows that in many cases the

o-rowth of stems, leaf- and ilower-stalks is greatly dependent on the

omans wliicii they bear: buds, leaf-lamina, flowers. When these

latter are removed the growth of the axial parts is generally arrested

and they even die after a shorter or longer time.

In literature I have not found any in\estigatioiis mentioned,

attempting to analyse lliis phenomenon more closely; e.g. in the

case of flower-stalks, to find out whether excision of certain parts of

the flower had as much influence on the growth of the stalk as the

removal of the entire flower. 1 have now been able to make this

out for some vernal plants by measurements of growth and 1 shall

in what follows give a short account of the results.

1 chose preferably flowers for this purpose, since here at the top

of the same spindle oi'gans of different physiological functions occur

to"-ether and so the experiments admitted of greater variety. In one

case that of Jih-anthis hiemalis Salisb., I shall describe the course

of the investigation and its results a little more in extenso ; the

dlliei' examples will l)e more briolly dealt with.

The stem of h^ra)itlus, as will be known, bears at its top a single

flower and close under it, united to a sort of broad collar, a whorl

of three gi'een sitting parted leaves. As long as the stem is still

under the gi-ound, its top is sharjjly bent downwai'd and the still

perfectly closed thnvcr hangs down, protected liy the three leaves,

still yellow then, which envelop it. As soon as the top of

the stem lias come above the ground and also the flower has

come free, this latter raises and soon unfolds itself; then the basal

collar spreads out and turns green. The measurements of growth

were matle in the stage between the period when the stem is not

yet visible al)o\e the ground and that, in which, after the petals

and stamens have fallen off, only the fertilised pistils remain. About

this time the longitudinal growth stops. Whether afterwards, during

the ripening of the fruits, a new period of growth liegins, as in

other plants, 1 have not investigated.

The plants, serving for the investigation, were placed in a iiothouse

of the Botanical tJarden at Amsterdam, in \vhich the mean tempe-

rature was 20^ C. and in which the specimens develoi)ed very rapidly

and entirelv normally.
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I will first show by a few oxainples thai the pveseneo of the

organs on (he tO[) is necessary in oi'der to eanse the stem to grow

normally in length.

The stem of an Erantlds was on Febrnary 4. 1905, 40 mm. long,

measnred from the base near the rliizoma to the jnnction of the

leaf-whorl. Placed in llie hothouse the plant was at first measnred

daily, afterwards every other ilay ; for briefness' sake I shall here

only give the length reached by the stem after every four or five days.

Date 4.2.05 8.2 13.2 J 7.2 22.2 26.2

Length in mm. 40 89 135 154 162 162

In the same time the develoi)ment of a sfcni on wiiich leaves and

tlower had been cnt away, was:

Date
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of it were cut away. On tlie (illier liaiul the growth was very con-

sideral)ly impeded l)y removing the wliori of green loaves. Tliis will

be seen from the following measnrements.

Eirndhis-stem, on which only (he three leaves under the llower

have been preserved, the llower itself having been removed:

Date 7.2 11.2 15.2 19.2 22.2 26.2

Length in mm. 51 107 134 141 141 141

Another example of the same case:

Date 6.2 10.2 13.2 17.2 22.2 26.2

Length in mm. 58 104 129 135 135 135

Eranthis-siem of which the hasai whorl has been cut away, the

tlower remaining intact:

Date 6.2 10.2 13.2 17.2 19.2

Length in mm. 86 96 97 100 100

Another example of the same case

:

Date 7.2 11.2 15.2 17.2

Length in mm. 59 72 74 74

Hence a stem winch had been bereft of its flower grew in length

in a period of twelve days 17(5 "/„ in the first and 133 "/„ in the

second experiment, this increase in length being oidy 16 "/„ and 25 7„

res|)ectively in tlie same time willi a stem on which tiie flower had

been |ireser\ed bui the whorl of lea\es removed.

Tlie iidbieuce which the presence of the leaf-whorl has on growth

follows clearly enough from this. Also in I lie other cases wdiich I

in\'estigated, the growth of stems that bore flowers only, may have

been a Utile greater than of stems from which the leaf-whorl as

well as llie llowei' had been r(>mo\ed. it is certain, howe\er, that

the longitudinal growth is chielly regulated l)y the presence of the

green leaves.

.A. related fact is that after removal of the leaf-whorl the llower

raises itself only \ery slowly and often only partly.

Although the su]iposition is not very [)robable, it might be presumed

that the ol)ser\'ed eilect of the three leaves is caused by the circum-

stance that they have to provide the stem with food. That tins
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is not (lie case follows tVoni Hie I'aet thai the same results are

obtained in llie dark and that consequently the presence also of

the non-assiuiilating leaves renders a strong longitudinal growth of

the stem possible, which does not occur if onl^ the tlower is preserved

on the top. It will be superfluous to mention figures in this respect.

No more does it appear necessary to give in extenso the measu-

rements |)ro\ ing that removal of the pistils, the stamens or the

petals has with Eranthis little or no intluence on the longitudinal

growth of the stem. On the other hand it is not superfluous to

remark that the leaf-whorl must be pretty completely cut away if

we want soon to arrest gro^vlh. The three green leaves namely

show basal growth themselves and if their foot is not damaged, this

latter may apprecialdy grow m size in the course of a few days

;

at the same time Hie stem continues growing in length.

Example: foot of liie three green leaves kept; also the tlower

intact.

Date 8.2 11.2 15.2 20.2 26.2

Length in mm. 54 81 113 145 145

Already on the 13''' the leaf-wiiorl had considcraiily grown out;

at the edge nothing of the nature of a wound could be seen any more.

In the same time a stem of 102 m.m. length on which the leaf-

whorl had been completely cut away, the tlower remaining intact,

had only reached a length of 117 in. in.

If one should be inclined to think that not the presence of the

whorl of gi-ecii Iea\es but the intact condition of the junction of

the leaves on the stalk is the |)rincipal point here, 1 nnist remark

that of this junction zone a layer of tissue may be removed all

round without the longitudinal growth being materially affected.

A 1.-0 from the somewhat vaultetl receptacle a part ma_y be removed

or the middle part may be hollowed without any other consequences

than woidd ensue on the plucking off of the floi'al parts situated on it.

Finally we remark that Eraiithis-iiicms, cut oif near tlie junction

on the rhizoma can continue growing for da^'S when they are ])ut

with their feet in water and then show the same behaviour as whole

plantlets. Besides, the pre,sence of one out of the tiiree green leaves

is sufficient to render a considerable growth in length of tlie stem

possible; e.g. lengthening from 53 to 89 mm. in two weeks. Tiiat

also with EraiUhis-leaves the gi'owth of the leaf-stalk depends on

the presence of the leaf-disk will now be obvious ; I have ascertained

myself of it by measurements, however.
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swelling occurring at the [)oiii( where the bract.s and flower-stalk

are implanted, so that this zone also has no importance for the

growth of the parts nnder it. Also siems of Galant'ms and Mar-

cmas, cut in the iiasal pari and hence separated from the bnlb,

or even parts of them, if (hey were taken from plants with their

flower-buds still closed, continue to grow vigorousl}' whether the

flower-bnd be present or not.

Tulipn Gesneriann L. shows something dilferent again. Here the

flower is born by a leafed stem ; the ijiternodes which are i»laced

near the base stop growing sensibly towards the time that the flower

becomes visible from the outside and is about to open. At this

stage, however, the upper intcrnode with the flower at the lo|i,

still grows considerably in length. Kor this the presence of the

flower is absolutely necessary. The upper portion of the stem is

arrested in growth and gi'adually dies off as soon as the flower is

cut off.

Example: a. flower present; h. Ilower removed. Oidy the np])er

internode measured.

Data



( 14 )

flic grccii loaves and the hracls round them, plants that had been

c-nt open had to be used for the measurements, in whieli the flower

was laid bare over its i'lill K'H^iI:. \un- liiis purpose flowers were

chosen w liich wer(> still surrounded l>_v braets and entirely closed

and llic lop of wliicli became Just \isible above the ground. It

appeared, however, that at this stage the stem on which the flower

is situated, had I'eached about its full length and only grew a few

millimelres more. The further longitudinal growth which is very

considerable and brings the flower above the ground is nearly wholly

caused li\ llic corolline lube bclween the ovary and the loose slips

of llu' peiianlli. < >idy to iliis stage I |)aid attention. Some measure-

ments of the coi'olline tid)e may follow:

a. llow(M' undamaged.

A. corolline lobes remo\eil.

c. corolline lobes, stamens and |)istil cut away at the ujiper

end of the coalescent corolline lube.

Datum
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Zoology". •— "On the Sfruiiin'i' (ifsojiie Snici'oiis Spicules of Sj)(iii(j('g.

1. The stjli of Telhya lijncurlam, by Dr. G. C. J. VoyjiAEi!

and Dr. H. P. Wijsman, Professors at the Leiden University.

(Gommuiiica It'll in Lljc meeting ol' April 22, 19U.j).

After ScHWEiGGEi! (J819) \\m\ (IciiiDiislratcd that the spicules of

sponges in some cases do not consist of calcium carbonate, Gkant

(1826) fonnd them to contain silica, and Bowerbank (1841 «) showed

that, in addition to the silica some organic matter is present. Ho
reached this conchision through tlie fact that tlie spicnla when heated,

were partly carbonised. K(ii,i,n\Eu (18(i4) remarked that tiie brown

or black colour, [n'odnced by healing, is certaiidy not only due to

carbonised organic matter; examined in retlected light tlie heated

spicnla appear white, and the dark spots seen in transmitted light are,

therefore, partly due to inclosed air. Thoulet (1884) fonnd no

organic matter and concluded : "les s|)icnles sont done constitues par

de la silice pure", which he compares with opal. Sollas (1885)

likewise finds that the silica resembles opal. It is now generally accepted

that the spicules of siliceous s|»onges consist of some kind of opal

;

but that in some way or other, organic matter is also present. .Solar

here is a general agreement of opinion but the chemical analyses which

have been carried out show considerable tlifferences as to the quantity

of water, combined with the silica as a gel. The formulae, given

for the composition vary from 2 {SiO.;) -\- H,(> to ^{SU\)-\- H,0,

but must be considered as mere failures. F. E. Schulze (1904) conies

to the result: "dass, entweder die Siphone keinen bestimmten kon-

stanten Wassergehalt haben, oder class die organischen Zwischenlamel-

len .... einen je nach der vorgangigen slarkeren oder geringcren

Austrocknung wechselnden Gehalt an Wasser haben".

It is certain that even in the best cases, the quantity of organic

matter is so little that it cannot well be ascertained. Its presence

can, howe\er, be proved by treating the spicules with hydrofluoric

acid. Hut there is also some disagreement as to the nature of this

matter and the exact place in the spicules where it is met with.

We shall see that different kinds of spicules vary in tliis point.

In addition to the silica, which behaves like some kind of opal,

and which we propose to call spicopdl, and the organic matter which

F. E. Schulze called spimUae, — modifying the original term used

by Haeckel — in some spicules there have been found traces of

Na, K, CI, Fe, Mg and Ca, but in such slight quantities that they

can be left out of consideration for liie moment.
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As to llie sli-iicdirc of llic spicules, Gk.vy (1835) liiul found tlieiii

ill //i/ii/diieiiKi to consist of i;u ci's, wliioli became conspicuous by

iieiilinji'. These layers concentrically sunonnd a "central canal", which

is filled out, as K(»r,i,iKKK (18(i4) has shown, by an organic mass,

the axial rod. Clais (18(i8) found that the silica which directly

surrounds this central rod, is iiomogeneous; he called this homogeneous

cylinder the axial cylinder. According to Max Schultze (1860) the

longiliulinal striae, which become conspicuous especially after heating,

are due to the fact that layers of silica alternate with very thin

layers of organic matter; the lirst are, after Scnri.TZE, isotropic,

the second aiiisotiopic. The outer layer is generally found to lie of

organic nature.

In all these cases, the investigators described some special kind

of s|)icule ; naturally they have chosen very large spicules. Gray,

('i.Ais and Max SchultzI' studied the large rods of He.\actinellida,

such as llijiilitiii'niii and Euph'ctdld. It may be asked, how for

their results hold good for spicules of other sponges.

Koi.i.iKKi! had already found that not in every ca.se the axial

thread is conspicuous. Also it has not been possible to demonstrate

in every case alternating layers of spicopal and of organic matter,

not even where longitudinal lines are evident. There is a great

confusion with regard to the pi-esence of a so-called spicular sheath.

\\\\ accui'ate determination of the refractive power of different

spicules is likewise wanting.

It seems, therefore, desirable to get some more information about

these subjects. Since F. E. Schulzk (1904) studied the enormous

spicula of Monoi'hai>]i'ts, it a})pears useful to investigate, whether

spicules from other groups agree with tliem as to their structure,

and their chemical and physical properties.

We began our examination by the large styli of Tethya lyncu-

liiim. After bringing this point to some certainty, we have com-

pared th(> results with those obtained from other species.

In the lu-st place we tried to answer the cpiestion : Do the styli

of Ti-//ii/ii contain otiiei' organic elements than the central rod, either

as a sheath, or as layers between the spicopal, or as both of them.

Of course, the method which at first presents itself for the detec-

tion of organic matter, is the dissolution of the silica by means of

hydrofluoric acid. Former investigators \vho applied this reagent, have

omitted to gixc an accurate description of their experiments. Sollas

(1888 p. XIjIX) ])uI the isolated spicules into a drop of water and

added a di'op of hydrollnoric acid. On doing this, one generally

sees that the silica is dissolved and that the central rod remains.
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Adding less hydrofluoric acid, the process does jiot go to the end. As
it is necessary to cover the slide by means of Canada balsam (Sollas)

in order to preserve tlie object glass from the disastrous influence

of the vapours of Jiydrotliioric acid, it is difficult to vary the acidity

of the fluid, in whicli the spicules are mounted. Also it is impossible

in this way, to exclude the influence of the glass. We had therefore,

to construct an apparatus allowing the concentration of the hydrofluoric

acid to be varied without danger to tlie lenses of the microscope.

At first we tried ebonite, in combination with glass, covered by a

layer of celluloid, which is sold in solution under the name of zapon.

But as this method did not satisfy our purposes, we tried another

and we think that we have found a good and rather simple device.

The adjoined figure needs little explanation. Out of a sheet of trans-

a.
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passes lliniu,u,h liiiii >liiit;i of celluloid, it might i)P expected that

the very thin laver (if cellidoid used in the al)i)ve iiiaiiner would

be no obstacle for the acid to attain the si>icules. Kven the retaining

of the reaction in this way is an ad\ant;ige, as it may now be

observed without the use of very dilute solutions.

In this wav we have constructed a little a|i|iaratus which has

answered lo oni- purposes in s(;\eral res|)ecls, \i/,; alisence of glass,

slow reaction, rather great security tor the lenses of the microscope,

and the possibility of interrupting the reaction at any moment.

As we found it unmaterial whether the spicules (obtained from

sponges preserved in alcohol) were isolated by means of artificial

gastric juice (after some days at 35'' C) or by boiling with hydro-

chloric acid, we preferred the latter method. Such spicules, having

been boiled wilh hydrochloric acid foi- some uiinides, washcil out

repeatedly with water, either with the aid of a centrifuge or not,

and dried afterwards at the ordinary temperature, are the objects

investigated by us, if another treatment is not expressly mentioned.

By })lacing some spicules in a drop of water, and covering them

with the thin film of celluloid, one can first study under the

microscope whether they are normal in their aspect, uninjured etc.

Also, and IVfJii/d is a proper object for this, which spicules are open,

which closed. Then we expose the preparation to the vapours of the

hydrotluoric acid. The commencement of the reaction is more or less

retarded, de|)ending upon the concenti-alion of the aci<l, the quantity

of water and the thickness of the film of cellidoid ; but at any rate

the spicules begin to be dissolved after some 30 or 50 minutes.

It is best to give attention to the fractni-es, as the reaction is here

to be seen at first.

BiiTsniLi (11)01) already remarked that the disscdutiou of the silica

may occur in different ways. We can coulirm this oi)sor\ation for

the styli oi' Tii/ii/ii. Observing what happens ut the l)roken end of

a spiculum, the opal surrounding the axial thread is seen to be

hollowed out in the shape of a cone. The top of the cone is very

sharp, and becomes still sharper if the reaction proceeds. Uutschli

says (1. c. 258—259) : "Man koinite wegeii dieser so haufigen

Bildung eijicr frichtcrfVu-nugen Auflosungshohle an den Enden auf

die Vermuthung komuien, dass die Angreifbarkeit und Loslichkeit

der Schichten von ausseu uacli innen, gegen den Achsenfaden suc-

cessive /.uuehuie. Eiue solche Annahme scheint Jedocli zur Erklarnng

der Erscheinung uichi n(»lhig, vielmehr diirf'te sie sich schon daraus

hinreicliend ei-laulern, class die Klusssaure almiihlicli in den ge(tll'-

HCten Achsenkanal eindriugt und gleichzeitig audi in dem Masse
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starker wirki, als der Achseiikiviial durcli Aiillosuag erweitert wirf],

indeni dann eiiu? nifissci-e Meiige iler Sanrc yaw Verfugiing stelit."

We believe, on the contrary, that it really follows from the ol)ser-

vatioii that the inner parts of the spieopal arc more easily dissolved

than the outer ones. For we see the sharp conical funnel long

before any trace of reaction is to be seen on the rest of the fracture.

The borders remain intact for a considerable time. And we get the

same view by boiling in a solution of caustic potash. Only when
the conical hole has attained a certain depth, the dissolution of the

spiculum from the exterior commences. Finally there remains a
kind of tube, formed of silica in which the axial thread is laying

isolated, until all the spicopal has entirely passed into dissolution.

If we study the way in which the hydrofluoric acid acts on com-

pletely intact spicules, some difference may be seen, according as we
have to do with sharply pointed needles or with those of which the

apex is rounded off. Blunt styli, i. e. transitions to strongyli, resist

the acid for some time ; but once the dissolution has begun from

the exterior, the process proceeds regularly, the spiculum becomes

thinner and tliinner.

It seems that in pointed styli, the apices are first attacked ; in

such cases we see the axial thread gradually coming free by external

dissolution of the spicopal. Sometimes it may be observed that, in

addition to the dissolving process as described above, a hollowing

out along the axial thread takes place. In other cases, however,

this is not seen, and we get half dissolved .spicules in which the

axial thread is partly freed, partly enclosed in a coat of spicopal,

thus strongly resembling whips ; the more so as the thread is gene-

rally flexible,- whereas the rest is still straight and rigid.

BiiTscH],! has already remarked that there are sometimes seen "(lurch

lokale slarkere Autlosung der Kieselsubstanz zellenartige Vertiefuiigen

der Nadeloberflaciie". "Indem diese Vertiefungen schliesslich zu Ij(')cliern

werden, die liis /.uni Achsenkanal reichen, wird dieser der Flusssaure

zuganglich und nun beginnt von diesen Lochern des Kaiiais aus . . . .

die innere Autlosung der Kieselsubstanz unter Entwicklung zweier

frichtertbrmiger Hbhlen . ..." This observation we can confirm; we
consider it another proof tliat the spicopal in the neighbourhood of

the central thread is more easily dissolved than the peripheric mass
;

the observation can hardly be explained in another way.

Spicules, dissolved in the described way, show, that there remained

not only after the dissolution of the spicopal an organic central thread,

but also a very thin coat, which covered the exterior layer of the

spicopal. This coat, which represents the true spicule sheath, is

2*
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extraordinarily dclii-ate; coiisc(|uciilly it is easily torn or shrunk.

Still, we ai'c convinced tliat it exists, hut the examination mnst be

carried out with llio iilniost care. In some preparations we found it

in the f^reater pari of the oiyects. That it is not always observed

niav parllv lie due to the treatment of the spicules with hydrochloric-

acid, partly liy its being destroyed ali'cady during the life of the

sponge. The axial thread is likewise not always visible, or at least

not over the whole length of the spicnlum. On carefully dissolving the

spiculum it may be observed that, while the cylinder of silica grad-

ually diminishes its diameter, a very thin line shows the dimensions

it originally possessed.

When the spicules are observed in water, the limits show them-

selves as rather broad black bands, as the refi'active iiitlex of the

spicopal is considerably higher than that of water. When the dissol-

ving process goes on, the black bands gradually approach each other,

and the thin line, the optical section of the spicule sheath, becomes

conspicuous. When the object is now studied in acid fuchsine, the

central thread stains intensely red as it is set free, and the sheath

becomes faintly reddish in the mean time. Organic layers, so called

layers of spiculine, such as can easily be demonstrated in the large

needles of Hexactinellida, are nowhere met with in Ti'thiju. In some

cases we sa;v something which i-esemblcd them, but in e\'ery case

we could explain the phenouienou by a folding of the sheatli. Conse-

([uently we conclude that layers of spiculine are absent in Tethya.

And we cannot agree with Minchi.n (]9()0), who says about spicnla

in general (I.e. p. 40): "the mineral matter is deposited round it

(viz. the axial thread) in concentric lamellae of colloid silica, alter-

nating with lamellae of organic nature".

As to the spicule sheath, writers do not agree. What F. E. Scuvj.zk

calls "Spiculasclieide" iu his last j)ublication (J 904) is not homologous

with what we indicate with the name of sheath. That we notwith-

standing use this term has historical reasons, as it seems to us that

the word is originally used for formations belonging to the spicule

itself, homologous to the product which is found in calcareous spicules,

where its existence had been tirst demonstrated. In this sense

MiNcniN a|)plied the term, and he is the author of the newest and
best general treatise on Porifera.

Koi,T,iKEH (18(}4) may be regarded as the discoverer of the spicule

sheath. It seems to us beyond doubt what Ivoi.likkk meant by it,

although we acknowledge that his opinion is not always expressed
with the utmost clearuess, and that from the begiiming there had
existed .some confusion of ideas about this organ.
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Ki'n.i.iKKH savs (1. c |). 64—65), speaking about "Nardon spongiosa":

"Aussenlem linden sicli dann iiocli nach der Aiiflosniig der Spicula

diireli Essigsanre, zaiili'eiche Liicken, welche diese Bildungen enthalten,

die alien \on cinei' scliarteii Linie liegrenst sind, wie bei Dunstervilia.

Bei Xardod gianhe ieli niieli davon iiberzengt zu liaben, dass diese

scliarfe Linie der o|)tiseiie Ausdniclv einer selbstandigen Scheide der

Spicula ist. . .
." What Kom.ikkk means by the word "seibstandig"

becomes clear wlieu we read that in every canal spicules project,

in Avhich, after treatment with acetic acid, "an der Stelle des in die

Flimmercanale liiiieinrageiiden Strahles der genannten Spicula zarte

Scheiden leer zuriick (bleiben)". These sheaths ai-e, according to

KoLLiKEH, perhaps a "Rest von Bildungzellen." However, he adds :

"freie Si)icula zeigen, der Einwirking der Essigsanre ausgesetzt,

keine solche Scheide...." What is meant here with "freie" spicula is

not evident. It can hardly mean anything else than isolated spicules.

If they l»e isolated mechanically, the sheath is as obvious as in

spicules in situ ; if they be isolated chemically, then of course the

absence of a sheath is no proof at all.

It is easy enough to repeat Kolt.ikkrs e.\]ieriments, es])ecially in

using specimens with liiin walls, as e.g. Lencosiilfin'ii. If a fragment

of a wide tube of A. rurinhiUs \vhicli has been cut 0[)en, is spread

out in water under Ihe niici-()sco[)e, and carefully trealed with acetic

acid, the carbonate of lime is seen to l)e gradually dissolved, and

soon the sheaths, with sharply defined outlines, exactly as described

by KoLLiKKR, are \isible. The sliarj) outlines are especially clear

on spots where the spicules are wholly enclosed by parenchyma; in

projecting spicules the conical sheath of s|)iculiue is seen to remain

as a homogeneous, extremely thin !ilm; slill more strikijig, perhaps,

is the phenomenon if the sponge is slaiued on the object glass, e. g.

with carmalumn ((iRunr.KR). The carmalumn, which is generally some-

what acid, causes the calcite to dissolve, and stains the sheath pur|)le;

Ihe sharply defined outlines (optical sections) appear dark-purple,

while the projecting spicules are faintly purplish. If such prepara-

tions are examined in glycerine or in Canada iialsam, Ihe spots

where the carbonate of lime has been dissolved, or where it is still

present, are hardly to be discerned. When we use the polarising micros-

cope, howe\er, the presence of calcite becomes immediately visible.

Consequently, there really exists a special layer of organic substance

which tightly covers the s[)iciile, which can be isolated with the spiculuni,

but which cannot be separated from it otherwise than by dissolving

the carbonate of lime. Doubtless it is this organic layer which

KoLLiKER called "Scheide". In this sense also Minchfn uses the word.
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Tlie question now arises how far siliceous s])icMiles are likewise

enclosed Im" such organic coats, iiomologons to the sheaths of the

calcareons spicules. We are of ojiiiiion that this is actually the case;

the delicate organic lilni which we found covering the spicules of

Tethijd we consider as the honiologoii of the spicule sheath of

calcareous spicules. Such products have been already ohserved. Noll

(1888 ]). l(i-'J7) says: "Noch ist fiir die Spicula von Desniaculon

Bose/' eines Ucberzugs von organischer Suhstanz Erwahnung zu thun,

Hauptsaclilich nach Behandluug der I'raparate mit einer

Holleiisteinlosung .... weniger deutlich niit Aciduni pyrophos-

phoricum, manchnial audi mit Picrocarmin wurde derselbe sichtbar.

Stifte, die isolicrt, ohne Ueberzug von verkittendem Spongin, fiber

die Hiilfte frei aus dem Sclnvammgewebe liervorstanden oder audi

solehe, die ganz frei lagen, waren besonders nach der Silberfarbung

gleicliniassig mit einem lichtbrauncn Ueberzuge vcrseheu, der trotz

seiner geringen Dicke doppelte Konturen erkennen liess und die

Stifte gleichmassig iiberdeckte .... Die Spicula von Di'.^mncidon

Bosei besitzen also eineu h(uiiogeueu hautartigen Ueberzug von

organischer Substanz, der vcrscliicdene Farbsloffe aufnimmt. Wir
wollen ihn als Spicula-Oberliaut bezeichnen . . .

." Although Noll

sees in this coat something else than what Kolliker found in calca-

reous spicules, we suppose them to be equivalent. Just as Kollikek

indicates that his "Scheide", is perhaps a "Rest von Bildungszellen",

so Noll writes that his "Oberhant" may be "der Rest der die

Nadeln bildenden Zellen".

SoLLAS described in the same year (1888) such a sheath, which

became perceptible after treatment with hydroiluoric acid. Description

and drawing (1. c. p. XIJX, PI. XLIII, fig. 18), regarding the

spicule of "Dori/j>Ieri's J)('ndyi\ leave nothing to be desired as to

clearness. "Although at first .sight the acid appears to remove all

the substance of the spicule except the axial rod, careful observation

will show lluit this is not the case, for a delicate film of organic

matter also remains behind ; it has the form of a hollow sheath,

corresponding in form and position with the outermost l)Oundary of

the original spicule; between it and the axial rod the whole of the

spicule is completely remo\ed. The spicule thus consists ofacenli'al

organic axis, surrounded by concentric layers of opal, the outermost

of which is invested in a spicide sheath of organic matter or rather

of organic matter in intimate association (chemical union ?) with

silica". Our I'esults regarding the pi'esencc of such a sheath in

spicules ol' other species \\v hope to give iu a next judilication ; for

the present we deal only with the spicides of Ti'lliyd.
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It is evident, tliat if we are riglit in onr oonceplioii of the spicule

shealli, other coats whicii soineliiiies are fouiMJ siirnimnliiig spicules,

may not be called sheaths.

F. E. Sfiii"i,ZF, descrilies in his last paper with his well known
accuracy such surroundings from the enormous needles of Mono-

rJiaplil-!- AVe regret not to agree witii liini in calling tiiis formation

"Scheide". As Sciui.zk demonstrated it to l)e not only an investment

of each spiculum for itself, hut also a means of joining different

spicules together, and as this is true for other spicules also, we propose

to call it periapt '). Sollas (1880 p. 401 ') described a similar coat

surrounding spicnies from /sops plili'ijniel. But.schi.i found it in

Tetliija l>/)i<Miriinn, a fact which we can confirm. The periapt is

composed of connective tissue with conspicuons fibrils and cells;

it has therefore, nothing to do with the spicules as such and may
be left out of consideration here. Midatis mutandis, the periapt

behaves to the spicule sheath as a perimysium to the sarcolemraa.

We have seen already that when the spicopal is dissolved first of all

the axial rod appears. The j)resence of such an organic thread in

macroscleres is no more doubted. Although we have no more

doubt that the a.\ial thread is normally present, it cannot be denied

that in some cases it is wholly or partly absent. We consider

such cases, however, to be pathological.

With regard to the shape of the rod HCtschjj (1901 p. 253)

writes: "eigeiUhinnlich ist das (^iiersi-huiltsbild des Fadens, das....

stets (ieutlich dreieckig erscheint, gleichgiiltig ob der iiussere Umriss

des Nadelqnerschnilts selbst elwas dreiseitig oder ganz kreisrund ist.

Vielfach ist jedoch auf den Nadelquerschnitten zu erkennen, dass

der Querschnitt des Achseiifadens sechscckig enscheint, indem die

Ecken des dreiseitigeu Unu-isses regelmassig abgestumpfl sind".

Consequently, the cenlral thread iu such cases, e. g. in Tetlnja,

would be a triangular i-od and not a cylinder. Whereas already

BowKRBANK (I8(i4) apparently had seen something like this iu ^rVo(//a,

F. E. ScHUi.zK, (1904) arriveil at the conclusion that the axial threads

in Hexactinellida are cylindric. In view of this contradiction we
thought it necessary to snbmit the axial thread of Tdliya to a

careful investigation. In order to judge about the shape of a thread

in transverse section, we followed the method of Butschli by grinding

spicules in an agate morter. In the powder, procured in this uay,

there is foinid always asuflicieul (|uantily of particles of a|)pi'Oxiniately

') T. pizjrrw 1 biiul together.

) Not 1890; — appai'euLly liiis is a mispiiiil in Sciiulzb (I'JOi j). i204), — also

not p. 4!0— 441 but 400—401.
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cvliiMliical sli;i|i(\ ;iltliou;-li llial llir rrucliire is iiTe,uuliir. If these

pieces are luoiuited in glyccniio/) il is possible, as the spicopal almost

entirely (lisa])|)cai-s from tiie eve, to judge with certainty in which

position the tln'cad is seen, whether oblique or not. Paying tittention

onh' lo those which are nndoiibledly seen in transverse optical section,

we foimd In- careful focussing thai lliey were really triangular with

the angles cut otF. In the secon<l place we studied isolated axial

threads. By moving somewhat the coverglass, a cpiantity of little

pieces break off, generally almost transversely. At the same lime

it can be observed that the little fragments turn over, owing to the

movement of (he fluid. In ihis way we saw plenty of them from

all sides. With high power (Zeiss, homog. imm.) we found that in

this case also the transverse section is triangular. In spite of our

astonishment that the axial rod in Tethyn is triangular we cannot

but agree with BUtschli's observations. We did not see varicosities

nor sharp restrictions ; normally the isolated rods are ])erfectly smooth.

The diameter remains the same, with exception of the extremities
;

these are, in uninjured threads, either sharply pointed or rounded

off, according to the well known shajie of the styli themselves.

Deviations of this rule seem to us to be pathological.

Not less strange than the shai)e appeals to be, is ihe consistency.

This may bo the reason Ihal pi'inioiis authors so lilt le agree. Whereas

we llnd, al'ler Irealmeul with hydi-oHuoric acid, llial lli(> free axial

threads on one hand are \ory llexible, so thai Iliey can form clews,

UH' sec on llii' other hand that in many cases they break otF at once

if IoucIkmI with a nt'odle. We remarked already that they generally

break at right angles lo the axis. In a certain sen.se Butschli is

right, therefore, if he calls them "sprode", but it is by no means the

sort of brittleness of for example a thread of glass. The consistency of

the axial thread can be best compared with agar-agar. Here a certain

tiexibility is likewise combined with the property of suddenly break-

ing. Similar phenomena are known of gels at a certain point of

dehydration.

Th(> axial lod in Tethyn is, taken as a whole, not homogeneous.

First of all we olxserve, especially in threads stained with iodine, a

double contour. This is easily demonstrated on uninjured, isolated

threads as well as in transverse sections; in Ihe triangular ligure,

mentioned above, Ihe wall is both inside and outside triangular. This

wall is comparatively thick — about '/, or '/s
<^'*" '''^ h)tal diameter.

We may consider the axial thread as a tube, tilled with something;

1) Refractive index n = 1.450S. Cf. infra.
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whereas tlie wall seems to he liomof^eneons, flie coiilents are lionio-

geneous or rather gi'amilar, ai)|)areiitly of a softer consistency than

the move rigid wall. This we eoiiclnde from the fact that curved

or bent axial threads under the microscope resendde curved or

bent indiarubber tubes, filled with a lluid or semi-tluid suiistauce.

Solid, flexible cvli)iders never show such abruplly bent figures.

A renuxrkable phenomenon is to be seen in broken spicules \ui(ler

the influence of hydrofluoric acid. As stated above, the spicopal is

dissolved in a peculiar way, the central canal being hollowed out

in the shape of a funnel. If we now only take into consideration

the cases where the thread is broken at the same place as the

spicopal, we see the thread gradually shrinking somewhat under the

influence of the hydrofluoric acid. However, the wall and its contents

do not shrink equally. The residt is that the contents somewhat

pour out beyond the wall. It is not improbable that BiiTSCHLi has

seen this ; at least his illustration (fig. 24 on pi. XXI) strongly

resembles what we observed. But BiiTS{;Hi,i explains it in another

way ; he believes the thread to be restricted "manschettenformig".

According to Butschi.i the axial thread consists of a proteid

substance. With F. E. Schulzi'; we can coidirm this in the main

|)oints. Boiled in Millon's thud the threads in ground spicules turn

yellow. This staining is especially distinct in jiieces where a part of

the thread is lost, and where, consequentlj', the axis of the spicule

is partly uncoloured, partly filled with a yellowish thread. Isolated

axial threads or threads partly freed by solution of the spicopal are

easily stained with iodine. Treated with nitric acid (25 "/„) they

swell somewhat and acquire a faint yellow colour, which becomes

darker by subsequent addition of ammonia. Heated with nitric acid

the threads dissolve ; likewise in caustic |»olash. We may conclude,

therefore, that the central rod if not \\liolly, at least partly consists

of some proteid. Observed under the polarisation microscope no

trace of anisolrop^- could be seen.

With regard to the styles of Ti'tlniu lipiciirhim we thus arri\-ed

at the conclusion, that they are composed of an oi'ganic axial thread

and an organic spicule-sheath, between which elements the spico|)al

is deposited. We failed in demonstrating any trace of oiganic (spiculine)

lamellae. But still we found, that luider special circumstances

longitudinal, resp. concentric striae were distinctly seen. We have

to look for an explanation of this fact.

In order to avoid a possible misunderstanding oi' confusion we
wish at once to draw attention to the fact, hitherto rather neglected,

that one has to distinguish the various layers of spicopal from their
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liiiiitiii,u- |)laiiis. We hope to show (hal Ihe well-known sli'ipes are

iiolliiiif^- hill (lie o[)ti(' sections of sncli liniiliii,i;- |)l;iins, and that liiey

are indepeiKlenl oF cventnal (litfcrences of the layers, it is easy

enongli 1o niieroscopically demonsli'att' snch linntiiiji,- plains in layers

in artificial siliceons gels, if a coal of not yet coaguialed siliceons

gel is |)oni-ed ont o\ er another one fresidy coagidaled, and if this

is repeated, it lieconies evident tiiat the consecutive layers of gel in

tlic lieginiiing do not unite. Only in drying the layers become one

mass; still, in section tlie limiting plains are very conspicuous. This

experiment teaches us tliat in a siliceous gei a lamellar structure

can appear, wherein tiic consecutive layers are separated by visible

limits, without interference of anotiier substance e. g. of an organic

lamella. We will come back to this fact later.

Several ways are open to us for the study of the spicular structure,

but they are not easy. Besides dissolving the spicopal by means of

hydrofluoric acid and carefully watching the process, the method of

heating has been applied since Gray (1835) showed tliat this brings

out more distinctly the lamellar structure. I.miA (1901) was the first

to point out the effect of different jiiedia. We shall see, that some

spicules mounted either in Canada balsam or in glycerine, so widely

ditfer in aspect that on first sight one believes that one has to deal with

entirely dilferent sorts of s|)icules. We thought it necessary, tlierefore,

to begin by determining the refractive index of spicopal of various

spicules somewhat more accurately than hitherto done. As far as

we know of tliei'e exists no other information than given by Soij.as

(1885), who states in general that "the refractive index of sponge-

silica is ... . that of opal or colloidal silica, and not of f|uarlz"',

and that the spicules come nearest to invisibility \\iien 'mounted

in chloiol'orm, which possesses a refractive index of 1.449".

in determining the refractive index of Ihe spicules we used the

method, since Sollas generally used also in mineralogy, viz. to find

in what tluid the spicule can no longer be seen. Perhaps there is a

still belter criterion to make out how much a s]iicule differs from

its uu'dium and in wliicli direction, viz. the a|)pearance of coloured

borders. in order to avoid the ellect of lluids wich might inllu-

ence the amount of water <'outaine(l jji ihe siiicopal, but, on the

other hand to demonstrate just this iidlucncc, we used lluids which do
not mix with water as well as such whicli were diluted with water.

The refractive indices were determined by the refractometer of Abbe,

which has (he great ad\'antage of enabling us to work willi ordinary

dayligiit aiul to determine any nund»er of indices, betAveen the micros-

copical work. In spite of the apparatus of Pulfrich being more
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mrm-iite \vc used, therefore, an Anni',, the iiioi'e so as if tiinieil out

to be sufilit'ieiitly aeoiirate for our purposes.

Among the fluids, not inixable wifli water, we took ad\an(age of

the series liqnid paraffin (?i ^ i .4759), petroleum (/; =i 1.4568),

henzin (??,= 1.3994) and petroleum-ether {n = i/SlSO).

We succeeded by using mixtures of petroleum and ben/,in in fixino-

the refractive index of the spicules at 1.45()8-~1.4510. In order to

give an idea of the degree of accuracy tiiat can be attained in this

Avay, we may state thai nndonbtedly a difference is to be seen between

spicides, mounted in a mixture of 20 cc. of petroleum with 3 cc.

of benziii (?i=: 1.4500) and mounted in a mixtm-e of 20 cc. of petro-

leum with 2.5 cc. of benzin (// =r 1.4510). For a aqueous watery solution

we used dilute glycerine, and found with this medium also a com-

plete disappearance at n = 1.4508. In addifi(m to these media we
studied the influence of air, mefhylic alcohol, water, potassium acefale,

creosote, oil of bergamot, Venetian turpentine, oil of red cedar wood,

oil of lemon, oil of thyme, firoil, oil of peppermint, oil of cloves

(pure or mixed with alcohol), Canada balsam and monobrom-

naphtaline. Practically howe\'er, we used more especially the two

fluids mentioned above.

In glycerine with /^= 1.4508 indeed the spicopal of some spicules

disappears completely', and only the axial rod remains visible as a

light bluish thread. In all styli, the central thread has a higher

refractive index than the spicopal. By careful examination (Zeiss

Apochr. 8.0c. 4) in n)ost spicules a light, sharp line may be seen

as border, and a .system of longitudinal striae between tiie axial rod

and the border. With low power the lamellar strucfiu'c iloes ]U)t

become cous|)icuous, though the borderline is still visible. Jlost

probalily this (hiu line, which exhibits double contours with high

power, represents the organic spicule sheath.

By these experiments it becomes at the same time very c\ ident,

that the axial thread can be partly absent; on these spots the

light bluish band (the central rod) abruptly ceasetl. If the glycerine

has entered into the central canal, only an indication of the spicopal

is visible; if air has enteretl, of course this is directly visible

by the lower refraction. The as[ieet of styli isolated by means of

boiling with hydrochloric acid, either with addition of potassimn

chlorate or without, or i)y digestion by means of artificial gastric

juice, or by heating wilii sulpliui'ic acid and [)Otassium-i)ichromale,

fundamentally agree.

(^uite another aspect is shown by spicules which iiave been dried

for some days in the presence of ardijdrous phosphoric acid. We have
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slndii'd s|iiciilcs wliicli liad liccii dried in lliis way for some days

a1 ail (irdiiiary l<'iii|icraliiiv, and also in \i(T()i{ Mkykr's toluol bath

at 104°. i'lii' licatiiiii-, Ikiw cv er, had no influence on the aspect.

'I'iio dcleniiination of the refractive iiuhw is a liltie h'ss accurate tiian

with or(niiary s|)icnles, Itecaiise on (h-ying tlie lamellar structure had

heconie somewhat more conspicuous, and therefore the disappearance

in glycerine is a little less perfect. Still we could determine in

j)etroleum-benzinc the i-efractive index ?/ = 1.4052— J .4055 : with

diluted glycerine the same results were obtained.

If the dried spicules, monuled in glycerine with » = J .4055, and

with the border of the coverglass well shut by means of vaseline,

are left to llieinselves, gradually fV(nu the outside the refraction is

seen to increase, and afler one day llie spicules become again highly

refractive. If they are now as miicli as possible separated from

adhering glycerine and Iransfeired into glycerine of ??== 1.4508, it

is seen that they disa|ipear in this me<liuui, and consequently have

absorbed again their original (pianlily of water. Spicules, which have

been dried by l'.^**,, and are ex])osed to the air afterwards, beliaxe

iu the same way. On the other hand we have examined the behav-

iour of s]iicules which, after being isolaleil and Avashed, were not

dried in the air, but immediately after I'emoving the adjacent water,

were mounted in glycerine with n=i 1.4508. We could indeed see

a \ery slight difference with spicules which had been dried in the

air at an ordinary temperature, more than corresponded with possibly

adherent \\aler, but too small to be measured. Howex'cr, it appears

that, even at the ordinary temperature, the s|)icoi)al gixes olf

some water.

Consequently we have denumsli'aled that the spico|)al is a form of

hydrated siliceous acid, which may give oif water in an atmos|)here,

dried iiy P.^O., which diminishes hereby in refractive index, and

which may again absorb the original (piantity of water by immersion

in a watery solnlioii oi' by exposure to moist aii'. The spicopal also

beha\es with regard to the absorptive |iower for water just as a

gel, as has been shown by the well known and intricate researches

of VAN lilCMMKLEX.

(Til he citnt'niiii'd).



( 29 )

Mathematics. — "0)i pencils of ahjebralc surfaces." By Prof.

Jan de Vkies.

1. Let a peiK'il {I") of t^iirfaces F>' of order n l)e given, inter-

secting in the base-curve a.

The principal tangents in a point ,S' of a to the surfaces of (/'"")

form a cubic cone having the tangent s to o for edge.

For, if [F") is indicated by

«" + ;,;;" = (1)

and if yi- are the coordinates of ,S', tiie subslituliiin .c^. = _///. -]- ^>j/^.

furnishes in connection witii
^/'J
= and A" = (J for a point Z on

a principal tangent the conditions

a„ a- -\- ?. bif b~ = , </,,
" (u -\- ).b,i

"
6; = ,

so tiiat the locus of the principal tangents touching in -S has as

equation

11— 1 ,»— 2 ,2 11-2 ,11—1 2 , .
,,

rty ''(/ «- 'J-. — «// ''(/ rt- ;*-=:: U . . . . yJ')

If Z is a lixed point, Y a variable one, this equation represents

a surface of order {In — 3) determining on o the points S which

are p()ints of contact of principal tangents thi'ough Z.

The iiriiicipiil t(in(/eiits in, /laiiifs of the liase-eurre form u con-

gruence of order -«' {'2u — 3) tind of c/itss Sri''.

The inflexional tangents of a pencil of plane curves c" en\eloping

a curve of class 3n {n, — 2), the complex of rays of the principal

tant/ents of F" is of ortier 3« (// — 2).

2. A principal tangent /, in N becomes four-pointed tangent t^,

if for a point /flying on it the relation a"" a--{-?./>"f />-.= holds

good. So the tangents t, touching i]i S i)elong to the biquadratic

cone

»-l ,11-3 .-! »i~.-i ,1-1 3
rt« v,/ a~ o~ — «y Oy «. y. r= U . . . . (o

As the cones (2) and (3) have the tajigent 5 represented by

«'p' «, = , l,",f^b,=.0 , (4)

in common, the point ,S' will be the i)oint of contact of eleven four-

pointed tanyents.

For a!)^0 and l>',i = the e(piations (2) and (3) represent the

figure formed by the surface of tangents {s) of a and the scroll r^

of the right lines /, having their points of contact on o.

To determine the order of t, I seai-ch for the number of points
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of iiilci-sci'lidii (if the imlicjxlcil lifiiire willi tlic ri.ulit line ;, = 0,

c^ = 0. Siil)sti(iilioii ill (2) and in (3) and elimination of z^ and z.^

ffives an p(|nali()ii containing fiie coefKicients of (2) and (3) sncces-

sivelv in the orders 4 and 3. Hence tiie rcsnllant in the coordinates

1/ is of order 4 (2/i — 3) + 3 (2k — 4) oi- Un — 24.

So the nninber of points of intersection is 2/t' (7w — 12).

A|)|)i_ving tiie same treatment to (4) I lind Ini' llie order of (.s')

tiu> weli-lvnown nnniber 2n' {n — 1).

'/'//(' r'onr-i)o'uik'(i fdiii/ciifs hdr/iKi their points of contact on the

/jd-sa-caree o funn n. .scroll of on/er 2?i' (6n — 11), on ivhich a is

elevenfold.

For n = 3 this scroll passes iido the locus of the right lines on

the surfaces of a iiencil (/'''), ihns into tlie scroll of the trisecants

of (5' which is of order 42. For 2/i' (By* — J J) we now iind 126,

corresponding to the fact, that each trisecant does duly as right line

/, for Ihree points S.

On each surface F" the points of contact /', of fonr-jiointed

iangenis /^ form a cnr\o of oider ii{\ln, — 24). As a is evidently

an elevenfold curve of the locns of the points of contact /', belonging

to the F" of the jiencil this locus has in common with every F" a

locns of order 7i (lln— 24) -|- lln'.

The points of contact of four-jwinted faniji'nt.s form a surface of
order 2 (lln — 12).

For n = 3 we tind the scroll of trisecants of order 42.

3. As the tangents /, passing through a point Z form a cone of

order lin {)i — 2) and two principal tangents have their point of

contact in Z the locus of the [)oints of contact 7^, of the right lines

t, containing Z is a curve of order 3?i(n— 2)4-2 with double point

ill Z.

Each of those right lines /, cuts the surface F" osculated by it in

[n — 3) ])oiiits Q more. The locus of the points (2 is a curve of

order 3» (« - 2)(m— 3) + («' + 2)(u— 3) or 2(y«— 3)(?^— lj(2»,— 1).

For, through Z pass (///* -|- 2) (a — 3) tangents t„ osculating the surface

indicated by Z in an other point ').

To tind the number e of the coincidences of P^ with Q, 1 make

nse of the well-known formula

* = /' + 7 — .'''

which appears when the pairs of points P, Q are projected by a

pencil of planes. Each |)oinl /' belonging to (/i— 3) pairs we have

1) See Cremona— GuRTiiE, Oborflachcn, p. C>G.
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p — (3h'— 6h 4- 2) (»,— 3). Farther more 7= 2 («— 3) (».— 1) (2?z—1),
whilst the number of right lines PQ I'esting on an axis is of course

equal to 'in {n — 2) {n — 3). So f = 2 {a — 3) {%i' — 3?z + 2) ; this

is also the number of four-pointed tangents through a gix'en point a.

The number of right lines /, in a given plane is equal to the

luimber of points of uinhiialioii on the curves c" of a jiencil ; this

number I have determined in a preceding paper ').

The four-pointed tamjcnls fanu u aiiKjntcnce of order

9
2(n — 3) (2n' — 3n + 2) and of class -~ {n—3){n'-\-n'~Sn-^4:).

4. If we wish to applv llie aboxe-meutioncd formula of coini-idencc

to the pairs of points of intersection (^>,(^' on the right lines <, tiirough Z
we have to substitute p = 1/ ^= 2 (n — 3) (n — J

)
(2/t — 1) (n — 4) and

,/ =: 3« (vi — 2) (« — 3) (vi — 4). For each point Q belongs to («—4)

pairs and each right line /, bears (» — 3) (11. — 4) pairs. We then

find f =z (« — 3) {n — 4) (5m' — (5/; -[~ 4), i. e. the number of tangents

I32 through the point Z.

In the above-mentioned pa|)er 1 have determined the iHuul)er of

riglit lines hax'ing with a cur\c of a, pei:cil (c") a three-pointed and

at the same time a two-pointed contact.

^Vie two-tlu'ee-[)oiiited tamjenls form u congruence of order

{n — 3) {n — 4) (5/i' — 6» -f 4) and of class

— (n - 4) {n — 3y {Wn' + 35/i» — 21«^ — 80n + 20).

5. Each principal tangent f^ ha\ ing its point of osculation in a

point S of the base-curve bears still (« — 3) points of intersection (2

with the surface F" osculated by it. As >^ is point of contact of 11

four-pointed tangents the locus of the jioints () will have an eleven-

fold point in *S'. As an arbitrary plane through S evidciUly contains

'S [n — 3) points Q (§1) die order of the curve ((2) is equal to (3/« -f- 2)-

When applying the formula f = p -\-

q

— _</ to the pairs Q, Q'

which the cubic cone with vertex ,S' bears, we have to put

p = q ^ (3« -|- 2) {n — 4) and _(/
= 3 (n — 3) {n — 4). Then we get

5 = (/( — 4) (3/« -j- 13). So this is the number of tangents ^a^^ for

which the point of osculation lies in S.

In other words, <r is an {n — 4) (3// + -l^j-fold curve on the locus

[R,] of the pn'ints of oscnliitimi of tangents /y^a to surfaces of {F").

Now the points of osculation of the right lines tz^z ''f ^^n F" forma

1) "On linear systems of algebiaic [jlane curves", (l^roueetlings, April i2'2, 1905.)
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cinve of (.nlei- //(//- 4j (iJ//^+ 5 «~24) '). So [/?,] has in common

Willi an 7-'" of the pencil a ciir\c of order

H(/i—4) (3yi'+5 n—24)+yi^ («— 4) (3H+13)=n («-4)(6M^+18n—24).

7%(^ /;()ni?.y of o.smlation of the three-tiro-pohUnd tangents of {F")

form a siirfirr of order (J {a — 1) {ii — 4) (// + 4).

(). To (letennine Ihc (inlei- of the cone formed h\ tiie double

tan.i^enls of (/•'") of whicii a point of contact in S lies on the hase-

cnrve o, we notice that tiie tangent s in S to a i.s intersected by a

pencil in an in\()lulion of ord(M- {ii — 2). Its 2{n — 3) double points

are points of conlacl of doidile tangents touching in /S' too. So .visa

2(/4— 3)-fohl edge of the indicated cone.

Ill eacii plane (p through s we can draw out of *S' n {n — 1) — 6

tangents to the curve of intersection of 4) with the surface i'^" touching

<J) in >S'. From this ensues that the indicated cone is of order

(«-3)(m + 4).

The locus of the second points of contact R^ of the edges of this

cone has evidently in S an elevenfold point, where it is touched by

the eleven right lines t^. So tlie curve {R^ is of order

{n — 3) {a + 4) + 11 = n' + y« — 1.

Everv edge of the cone intersects the surface doubly touched by

it in [a — 4) points V more. The locus of these |)oints passes

(,i— 4) (3/; _j_ |3j limes llirougli >S where it is touched ity the right

lines ^3,0 osculating in >'. As each plane through S bears moreover

{ii'-\-n—12)(»—4) points V, the curve ( F) is of order

(/* — 4)
(/.^ + 4« + J).

Now the number of coincidences of R^ with T can be determined

again by means of the formula f ^ y* -]- y — (j. We find

t= {ir-\-n— l) (?i— 4) + {n—A) (/i-^+4/i+l)— (//— 3) (/(+4) (?t—4) =
ii^(y«— 4)('/i'^ + 4/;,+ 12).

This is the number of tangents ts^, of whicli the ito'uit of contact

lies in .*^', thus at the same time the nuiltiplicity of the base-curve

on the surface [R,] of the points of contact of surfaces of pencils

with right lines tso. Taking into consideration, that the points of

contact R.^ form on the surface F" a cur\'e of order

n(/t—2) («— 4) {li' + 2n + 12)

we liud that [i^J has with F" an intersection of order

n {n— 2) (H- 4) (v<' -f 2n+ 12) + n'{n—4:) {n' + An + 12).

V See inter alia iny paper :

''Some characteristic nuini)efs of an algebraic surface."

'Proceedings, April 2:2ncl, I'JOJ).
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The points of contact of the three-pointed tnm/ents of {F") form
a surface of order 2(??,— 4) (-«' + 2«' -f lOn— 12).

7. Throiigli the (anient s in S (o <t we can make (o pass four

tangent planes to the cnbic cone of the principal tangents (§ 1). So

S is a parabolic point on four surfaces of the pencil. Therefore a is

a fourfold curve on the locus of the parabolic points.

As the i»arabolic points of an F" lie on a curve of order 4;i (n— 2)

the locus under consideration is cut by each of the surfaces F" in

a curve of order 4n(n—2) -{- 4?i' =: 8n (n—1).

The locus of the parabolic points of the surfaces of a pencil {F")

IS a surface of order 8(n—Ij.

Chemistry. — "On the shape of tlie plaitpoint curve for mixtures

of normal substances." (Second communication). Bj J. J. van

La.\r. (Communicated by Prof. H. A. Lorentz).

1. In a previous paper'), starting from van der Waals' equation

of state, in which b is assumed to be independent of ?j and J", I have

found for the equation of the spinodal curves at successive tem-

peratures (I.e. p. 690):

2 r 1
x{\—x)d-'-^a{v—by\, . . . . (1)RT

and for that of the plaitpoint curve in its v, .z; projection (I.e. p. 695):

.» (l-.r) 61' (1 -2.r) v— ^.x (1 —,):)/? 4- \/a {v—hy S.v (l—.v) 6 {8-^ l/a)-\-

+ a{v-b){v—3b) (2)

In this &^= Jr -\- ct (v — b), jt ^b^ \/a, — b^ [/a^, a ^= \/a,— [/a^,

and /? = ^, — ^i-

The equations (1) and (2) hold for the so-called sj/mmetricalcase,

where not only 6,, = V, (b^ + 6,) is assumed, but also «i, = \/a^a^.

These hypotheses lead to

:

6 — (1 - .v) b^ + .xb, ; a = [(1 - .^•) ^/a, + x ^/a,]^

The equation (1) had been given already before by van der Waals
in implicit form '), for after some reduction his general equation

1) These Proc. April 22, 1905, p. 646—657.

2) Gont. II, p. 45 ; Arch. Neerl. 24, p. 52 (1891).

Proceedings Royal Acad. Amsterdam. Vol. VIII.
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da db d^a
passes really ii)to (1) aftei- substitution of the values of— ,

—
,
-—

dtV dx ctic

and — in accordance with the above hypotheses.

But the equation (2) may be said to have been derived here for

the first time in the above simple form. It is true that van der Waals

gave a differential equation of this curve '), and derived an approx-

imate rule for its shape '), but he did not arrive at a general final

expression. Nor has Korteweg arrived at it in his very important

papers : "Sur les points de plissement" and "La theorie generale

des plis, etc." ') In his final equation (73) (I.e. p. 361) there occur,

besides T, still several functions y>{y), §(y), i|)(«) and x ('')> wliich

have been given respectively by the equations (37), (38), (40) and

(74) (I.e. p. 350 and 361). Korteweg's equation is one of the 9"'

degree with respect to v, but it is easy to see that it may be reduced

to one of the 8"' degree (1. c. p. 361). It appears from our deriva-

tion that this degree may be reduced to the 4"^. In a later paper*)

Korteweg confines himself to a full discussion of the plaitpoints in

the neighbourhood of the borders of the tp-surface.

I think that one of the reasons for failure in this direction is due

to the intricate form of the differential equation of the plaitpoint

curve, when we use the ij'-function. The 5-function on the other

hand leads to simpler expressions. Already the differential equation

for tlic spinodal line at given temperature , viz. I ^—
I
= ^ or

Vo-« Jp,T

P,T

0, is much simpler than the corresponding expression in i|'.

(
And to get the plaitpoint curve, we have only to combine

2. We shall now examine the shape of the curves given by (1)

and (2) more closely, and specially for the case that |? ^ 0, i. e.

6, = i, = h. The calculations are rendered very simple in this way,

and it is obvious from the adjoined figs. 1—4, that when 6, is not

=r 6j, so ii not = 0, the results will be modified only quantitatively,

but by no means qualitatively. We shall come back to this in a

following paper.

1) Verslagen Kon. Akad. Amsterdam, 4, p. 20—30 en 82—93 (1896).

2) Id. 6, p. 279-303 (1898).

3) Arch. Neerl. 24, p. 57—98 en 295—368 (1891).

*) These Proc. Jan. 31, 1903, p. 445.
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As <9 = .-T -f « ('' — b) =: (t V — ^ \/a passes into «/' for (J = 0, we

may write for (1)

:

and (2) is reduced to

:

.f(l - .v)ft'v' [(1 -2a>] -f \/a{v-b)

V (1 — .v) a'v' -^ a{v — by

3.v{l-.v)a'v'-Jra{v~b)(v-3b)

(la)

:0. (2a)

Let us put these equations into a more homogeneous form.

As a=[[/a^-\-.v{\/a,— l/«i)]'= (l/«i + xnY, we may write for {la):

RT = .^ {I - .v) a^ -]- {y'a, +,,f,)'( 1--

If we now put

:

l/«a = (p

this last equation becomes -.

RT =
b

*• (1 - ^0 + («/> + -^0' (1 -tu)M.

Let us now introduce the "third" critical temperature Tj. This

temperature is the plaitpoint temperature at v = b, i. e. that at which

the limiting curve lying in the limiting plane v := 6 (see tig. 1 of my
previous paper cited above) reaches its maximum, and is represented

by (u> = l):

2a'
RT, = .,, (1 - .re) -^.

But as in the case 0^ = b^ for Xc the value '/, is found (the

maximum of the now parabolic curve), we get

:

b

Our equation for RT becomes therefore:

RT^ =

RT = 4 RT^ ., (1 _ .^.) + (y + a^y (1 _ o>y

And if Iienceforth all temperatures are expressed in multiples of

To, we have finally, putting

T

T rr= 4 (U ..(1 -.,.) + (y + ..)Ml -co)^ (1*^,
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In (liis sinn)le form tlic equation is very suitable for calculating

successive spinodal curves. It is of the second degree with i-espect

to X, of tlie third degree with respect to w. For a given value of

T we have therefore only to put successively to = 1, 0,9, 0,8 etc.

down to 0, and then we find the corresponding values of x by

solution of ordinary quadratic equations.

The e(|uation {2a) becomes after division by x{l — x)a'v*:

(1-2.) + ^ 1-- 3 + ^-5^ jfLL^ ^M = 0,

1. e. as — = ]- .V = 9) + .V

(1 _ 2.,-) + (./ + .r)(l-wr
((f A- .tV "1

^+ n \ (l-t^)(l-3a>) =0..(26)
x (1 — x) J

This equation of the plaitpoint curve is of the third degree with

respect to x, of the fourth degree with respect to w.

3. Before discussing the equations {lb) and {2b) more fully, we
shall first derive a few relations between T^, J", and J",.

As RT^ = -^-— (see above) and RT^ = — -^, we find immediately

:

^1 o

1\ _ 16 flj _ 16

From tills follows that for values of y < '/, ^/3(=1,30) T, will

bo <^ T'o ; i. e. the lower critical temperature of the two components

will then be lower than the critical temperature of mixing of the

two liquid phases at v = b.

l/fli 1 [/a.
As <f =: —

, so — = -— 1, and we have evidently :

l/a^— [/a^
<fi

l/rt,

?;=(-:)
For </) = is 7', = Qo X ?'i ; for (p ^ cc is 7\ := T,. For <p = '/« l^'^

(see above) ^^t, = (1 + V, l/3)' = V„ (43 + 24 i/3) = 3,13.

It will also prove important to know the amount of the jvessiD'e

for all points of the spinodal curves. For this purpose we reduce

the equation :

_ RT a

to
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^ ~ i>(i—v^ ^j^ ~ y(i-tii)
~

;;^
^^ + ''^''

This becomes on account of «' = 267? J", (see above) and '^It„

RT, ( T
jO = -7— to :j 2W (y + .!)'

O ( 1 O)

Let us express p in the critical pressure 2^1- (As, namely, the

pressure p, corresponding to T^ {v = b) is evidently = 00, p cannot

,
^T. /T. \Q ' 2 RT,

be expressed m p,). As p, = V, ~j- and — = — <p\p, = — -y (p\

hence — when we put

P
'

— = jr:

Pi

27

2 y'
_L_ _ 2a> (y + .r)'] (3)
1— to J

27
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Beyond the point /?, the temperatnre, and with it also tlie

pressure, decreases, as is to l)e seen from the succession of the

different spinodal curves, so tliat in the /»,7'-diagram (fig. Irt) the

pkitpoint curve CJi^A shows a cusp at /?,, and begins to run back.

It is known that tliis case is realized with mixtures of C, H, and

CH3OH, ether and water (Kuenen), etc. It is the principal type I,

as I have fuUj- described it in one of my two preceding papers ').

Remarkable and quite unexi)ected is the fact that this type may

1)6 realized for mixtures of noriiiaJ substances. It was formerly

believed that such deviating plaitpoint curves were only possible

when at least one of the two substances is anomalous. This, however,

seems not to be the case: more and more the conviction gains gi'ound

with nie that the aiiomaly of one or of both components only

accentuates the phenomena sharper or brings them into attainable

regions of temperature.

It is also striking in iig. la, that the curve C„ C\ has the same

appearance, viz. with an inilection in the middle part, as the typical

curve as observed by Kuenen for CjH, -(- CH3OH (see fig. 1 of ni}'

just cited paper). Only in our case there is not yet a pronounced

maximum and minimum, as with the mixtures of CjH, with the

strongly anomalous substance CH3OH.

The type of fig. 1 occurs for comparatively small values of </>.

According to the equation given in § 3 the proportion ^s/yj ^ 4

corresponds with <p^l. The critical temperatures of the two

components must, therefore, lie comparatively fai" apart.

16
As ^i/r„ =r — , T„ is considerably higher than 7\. If we put

T„= l, as has been done in the figure, then 7';=: 0,59 and 7\=z2,37.

b. Some mathematical and numerical iletails.

The plaitpoint curve C„C\ touches the line ,v^='^/, in C„, the

curve AC\ touches the line ,i' = in A. Moreover the curve C^C^

touches the line ,* := 7j once more in D, and it does so at

to = 7s 0' = 1;5 /^). In Cj and C^ no contact takes place.

When </ becomes <^1, and approaches to (^s/t'i t'^^'^ becomes

larger and larger and approaches to 00), then the curve C\A approaches

the straight line .f ^ more and more and the curve 6'„Cj the

dotted curve in the figure, which continues to present a clearly

1) Tliese Proc. VII p. G3G-G38, April 22, 1905.
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pronounced inflection point up to the lust '). For values of y ]> 1,

the curve L\C^ lies partially on the left of the curve x=:y^, and

the point of contact at D passes into two points of intersection.

Bj an approximate solution of {2b) and substitution in (!'') and

(3) of the values found, the following points of the two plaitpoint

curves are calculated. (The other values of to or .t are eitiicr imaginary

or do not satisfy).

Ctirve C-^A

ft, = 0,33 0,4 0,51) 0,0 0.7 0.8 0,9 1

x—ti 0,0210,0410,042 0,023 0,010 0,0017
T = 0,59 0,03 0,62 0,51 0,33 0,16 0,042

~=\. 1,15 1,08 —3,09 —8.04-16,9 -27

It is seen that the pressure begins to be negative for points in the

neighbourhood of A. This is not remarkable; also for a simple

substance the points of inflection in the ideal isotherms reach to

within the region of the negative pressures. Though the pressures

in some points on the spinodal curve are negative, this is no reason

why tiiose on the connodal curves should be so.

The limits of the region of negative pressures on the spinodal

curves may be easily fixed (see the doited curves in fig. 1) by solution

of the equation (see (3a))

2.. (1 - ,-) = (y + ,f (1 - io) (2w - 1).

If we put here (1 — to) (2co — 1) = 0, we find :
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111 lliis \vc must notice that in the immediate neighbourhood of

the point A, rr increases witli the utmost rapidity from — 27 to

-f- oo , when we ])ass the above considered border curve ; m the

point A itself this transition takes of course place suddenly. For

27 2.r(l-A')
when o) =^ 1, -t approaches to -— — = oo, according to (3a), except

<f^
1—

w

2a:{l—w)
in the case thai x is exactly =: 0, when (sec further) —, = 0,

the following term yielding then the finite value — 27. Tliis follows

also from the figure, because the border curve, which separates positive

from negative pressures, passes through the point A.

X T
That on the plaitpoint curve the expressions and :;

—

—

1— to 1— to

approacii to for x ^0, to = 1, r = at A, follows from (2i).

h\)r putting X ^=. A and 1 — to = (f, we get

:

l + ,^d^A_2|'(f^ = 0,

or as 3yd' may he neutralized b}' 1, 1 — 2(/3'= 0, from which

A
follows, that at the point A — = Itp^ , so remains finite. So A is of

the order d', so that = - really aporoaches to at A. From
] -to 6 -^ ^

'

this follows also the contact. And as according to (16) t approaches to

4 (A + y'd') = 4y'^d' (A being of the order d') for j; = 0, to = 1,

T
approaches to at ^4.

1— a>

In the same way the plaitpoint curve 6'„6', touches the line

;i-=Yj for x^^\j.^,ui=:zl. For, for *• =
'/^ (1 + ^)' "*

=
'^
— ^

e(pxation (26) becomes:

A + (v' + VJ fP 3 - 8 (y + VJV 0,

A
which appoachcs to — A + 3 (y) -f '/J d' = 0, yielding - = 3(y;4-7,),

d^

~A
so agani tuute. So A is now ot the order &', and so - aaain = 0,

6 ^

which proves the contact at C'j.

I call attention to the fact, that on account of the small values

of A a large portion of the curve C^G, from C,, as far as beyond the

point D may be calculated very accurately, by writing for (26) {(p = 1):
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- A + V, (1 - o>r

so that A = V, (1 - w)

3 — 9 (1 — to) (3w — 1) ,

1 - 3 (1 - to) (3to — 1)1,

From this follows e.g. for to

0,022, 0,029, 0,004, 0,029.

The contact at D. If we put in {2b)

and hence

:

0,9, 0,8, 0,7, 0,6 resp., for A

V„ then 1 — 2x = 0,

(<f + V,) (1 - to)' 3 + 4 (y + V,)' (1 - to) (1 - 3to)

This yields besides to = 1 (the point C„), also

:

3
(1 ^ to) (3to — 1)

hence

:

{2<p+iy

«> = 7, ± V, I/" (2y+ l)'

For <p ^1 this yields two equal roots <o = '/j, which proves the

contact at D. For </> <C 1 the roofs become imaginary, so that then

CjCj no longer cuts the line ,>;=:''/„, bat keeps continually on its

right, whereas for (f ^ 1 two points of intersection are always

found. So is e.g. for y = 2 lo
=

''\\^ (close to C'„) and to ^ 7s

(lying on the other branch between Cj and C^ (see fig. 2)).

In order to facilitate the tracing of the different spinodal lines, it

is to be recommended to fix the limiting values of t for x = 0,

x = l, to=:l, to= V3. Also for A' =75 it is easy to calculate t.

From (lb) follows e.g. for .u = 0, g) = 1 :

T ^= 4to (1 — to)^.

This yields:

to= l 0,9 0,8 0,7 0,6 0,5 0,4 0,333 0,3 0,2 0,1

T=rO 0,036 0,128 0,252 0,384 0,50 0,576 0,593 0,588 0,512 0,324

For ,« = 1 these values become simply 4 times larger, {<p -j- .c)"

then being =: 4.

For X = 7.J
we get,

r = to |1 + 9 (1 — to)'S

,

yielding

:

to = l 0,95 0,9 0,8 0,7 0,6 0,5

T zrr 1 0,971 0,981 1,09 1,27 1,46 1,62^

For to = 1 we get simply :

T = 4.f (1 - .v),

from which follows:

0,4

1,70

0,33

1,67

0,3

1,62.
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.r = 0,1 0,2 0,3 0,4

T=:0 0,36 0,64 0,84 0,96

Finally we get for w = '/, :

0,5 0,6
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,<f' = 4L

It may be easily demonstrateil that in the neiglibourhood of C^

such a minimum never appears in our case. For from {lb) follows

T^ 16
with r =z —- m —- o)^ :

16

27'

After substitution of x =: A, to = V, (1 -\- (f), we get, neglecting

A', which is justified by the result

:

"9 A . /. 2A^

1

(1 - .r) + (tp + vY (1 - ioY

(1 + rf)

1

1

4 <p^
+ 1 + (1 - \f,dy = 1

and
1+ rf

-(l-V,dr = V,d':

yielding

9 A 2A

V/f^
9 2\
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As to the spinodal line T = 'I\ (t = 0,?i9), we calculate .r = 0,0019

for CO = 0,30, whereas .v = 0,006 corresponds to cu = 0,40.

As to the shape of the spinodal lines for great values of r (vapour

branch) i. e. wlie]i r and (o approach to 0, follows immediately

from {!/>):

X = 4a)

If we substitute '^jr^^ ^

.V (1 - *•) 4- i<p + '^y = 4t 9)' + (2y + l).r

b

Rb
for T, and - for to, we get:

i22'=?^L'4-(2y + l)J

After substitution of rp =
, this becomes

2

RT «i + («, — «i) « •

From this follows that the vapour branches of the spinodal lines

in their v, .r-projection will approach more and more to straight lines,

which will cut the axes .v = and x = 1 at distances proportional

to the quantities a^ and a,.

5. Jjet us now consider the second type, which occurs for (p = 2.

a. Description of the case <p = 2 (fig. 2 and fig. 2a).

The two plaitpoint curves of fig. 1, viz. C„C\ and C^A have met

for <p about 1,43 (see fig. 4), after which two new ones have been

formed, now C\C^ and C„ A. This case, which is found for compa-

T,
ratively large values of (p, for which the proportion ~~ approaches

more and more to unity, is the usual one or the normal one. It is

the principal type III, as described in one of my two preceding papers ').

The region of negative pressures on the spinodal lines extends

now all over the v, c-c-diagram, from a; = to x^ 1, and is bounded

by the two dotted curves (see fig. 2) above and below.

The spinodal line belonging to t = 1,35 touches now the curve

Co A in the point R^. Again the plaitpoints are not realisable from

a point between R^ and C„ to A (see the footnote in ^ 4 at a.)

Beyond R^ the temperature and with it the pressure decreases,

so that in the p,T diagram (see fig. 2a) the curve C„R^A runs back

1) 1. c. p. 642—644.
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again fioiii A',. In i?, the pressure is already negative, and it.

becomes again = — 27 p.^ in A. (See § 4 at b).

When y ^ 2, we llnd easily from the equations derived in ^3,

that then ^2/7-^ = 274 and ^1/7;= "/n- So if 1\ is again =^1, then

T, = 2,37 and T, = 5,33. Now T, is higher than T,.

b. Some inathematkal and numerical details.

1.46
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x — 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1

r = 2,37 2,73 3,08 3,41 3,73 4,03 4,33 4,59 4,86 5,10 5,33

6. We may now determine, where the transition represented in

fig. 4, takes place. (The place of the point P is also drawn in

figs. 1 and 2')).

If we pnt 1

—

oi=>/ ill the equation {2b) of the plaitpoint curve,

then

(1 - 2a-) + (,. + cf) f [i + (.. + '/)'

^^l^^)
= 0. . . . («)

Now in the double point sought ^^ must be and -'-must be 0,
^ Ox 01/

when / denotes the first member of (a). This gives:

- 2.f (1-*-) + (l-2,^•r + 3f j(l-2.,;) (.r+«p) + .. (l-.r)j +

+ 3 {.V + <fy f {3y-2) = , (6)

and after division by 6?/ [x -\- (f)
-.

*-(l--^') + (-^- + V)'2/(2y-l) = (c)

Substitution of the value of .« (1

—

x) from (cj in {a) gives:

(1 _ 2.,..) + {X + cp) f fs + YZ^-^)
^ ^'

or

,l_2..) + (*- + '/)y'^'^ = (a')

1 — 2?/

So we have to solve y, x and </> from (a'), {!>) and (c). Substitution

of 1 — 2x from (a'), and x (1 — .r) from [c) in (/;) gives, after

division by (a- -}- tpYy -.

2(1 -2,) + ,

'(^^^^J
+

1 — ^y
+ %' - y 1 V-+ (1 - 2y) + 3^-^ (3,y - 2) = 0,

i. e. after multiplication by (1 — %jf -.

- 2 (1 - 2,/)' + f (1 - -iyy +

+ Zf (1 - 2.y)
j

_
2/ (1 _ 3y) + (1 - 2j/)'

j

+ -if (3>/-2) (1-2^)= = 0,

from which y may be solved. The above equation gives:

') This point must be thought more to the left. In fi'^. i no contact but inter-

section takes place in the double point P.
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- 2 (1 - 2^)' + !,' (1 - 3,,y + 3.V' (1 - 2y) {,f + 2y - 1) = 0,

or 3?/=' — 15.v^ + 29i/' — 27;/' -f 12^ — 2 = 0,

i. e. after division by (y— 1)'

:

3^' -Qy + 2,

3'ielding :

y = 1 ± V,
1/3".

As it is obvious tiiat y cannot be larger tiian 1, only :

y —\ — '/, t/3 — 0,4226

satisfies here.

If we substitute the value .« + <f frona {a') into (c), we get:

(1— 2w)'
.r (1 — .v) — (1 — 2«)' -^^ ^^^ = 0.

In this the last fraction passes into V4 (1 + 1/3), after substitution

of ?/ = 1 — Vj |/3, so that we get for x -.

X (1 - x) - V, (1 + 1/3)
1
1 - 4.t; (1 - .,;)

j
= 0,

hence

:

x{ 1 - .X) = 7j- 1 + ^/3),

giving:

A- = VJ 1 ± 7, (1/6 — 1/2) = 0,2412 or 0,7588.

It is obvious from the figure, that only the first value satisfies,

viz.:

.^• = V, jl- 7,(1/6- 1/2)1 =0,2412.

The value of <f is finally found from (c)

:

.r (1 -x)

^ (1— 2t/)

giving .« + y = 7, (3 1/2 + 1/6), hence ^=7^— l+ i/2+ i/6)=zl,432.

As ?/ = 1 — 7, 1/3, w = 7, 1/3, i. e. the intersection takes place

at v=ib[/Z = 1,732 b.

As mentioned before r„ = 7', for </> = 1,30 (see § 3). For rp = 1,43

T„ is already < 1\. For ^77;, = '7„ r/)' we find easily the value

1,215, while 2,887 is found for ^A/^- = (1 + l/r/))^

7. Besides the cases, given in figs. 1 and 2, representing the

principal types I and III, there is another important type, viz. II,

of which I also gave a full description in my previous paper, which

I have already cited several times'). The |;, ^-diagram of this case

1) 1. c. p. 663—667.
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is given in fig. 4a. Kuenen met with it, among others, in the case

of mixtures of C^H^ with eth^'l- and some higiier alcohols. Also

triethjiamine with w"ater is a well-known instance.

This case is evidently fonnd, when the plailpoint curve C'lC'^ of fig. 2

assumes the shape drawn in fig. 3. We may namely imagine that

when the two curves Ci C, and C„.-l approach each other, a deviation

from the straight course may be found on the left side of CiC\,

specially if h.^ should not be =^ b^, by which the point C'„ would

therefore be shifted to the left, to the side of the small volumes. At

all events the anomaly of one of the two components can give

rise to the occurrence of this second principal type, as I showed in

a preceding paper.

From the shape of the different spinodal curves it is obvious that

from C, the temperatures first increase, as far as the point of contact

at i?,. The temperature is then T' (see fig. 3a). But between R^ and

A',', where the plaitpoint curve is again touched by one of the

spinodal curves, the temperature decreases, and so also the pressure,

so that in the p, T-diagram of tig. 3a the line R^ /?,' runs bach

again, as in fig. la the line i?, A and in fig. 2a the line 7?, A, having

in this case two cus2)s in i?, and R^.

Here the points between R^ and R^, and also those on C^ R^ and

Cai?j' in the neighbourhood of /?, and R^ can again not be realized,

and the consequence will be the occurrence of a three phase

equilibrium').

As I already observed in one of my previous papers (l.c;. p. 646),

after the two liquid phases 1 and 2 have coincided in the neigh-

bourliood of the point R\, here too, separation of the two liquid

phases must take place again — provided the temperature be sufficiently

lowered — and this will take place in the neighbourhood of the

point, where one of the spinodal curves in i?, touches the plaitpoint

curve Cj A. This is also represented in the p, T-diagram of fig. 3a.

When comparing figs. 1, 2 and 3, we see clearly the connection

between the three principal types and their transition into each other.

The connection is given by the different course of the two plaitpoint

curves in figs. 1 and 2, which (see fig. 3) may pass continuously

into each other with changed circumstances of critical data of the

two components.

1) Gf. VAN DER Waals, GontinuitiU II, p. 187, and These Proceedings V,

p. 307—11 Oct. 25, 1902.
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Physics. — "Some lynmrks on Dr. Ph. Kohnstamm's la.^t papers.''

Bv J. J. VAN Laau. (Comnimiicated bv Prof. H. A. Lorkntz).

1. Willi interest ami full approval 1 read Dr. Kohnstamm's three

papers on the osmotic pressure '). From them it appeared to me that,

practically, he perfectly agreed with me. Only with regard to a few
points there are differences of opinion — only in appearance, however,

as I shall show in what follows.

On pages 723—729 1. c, namely, Kohnstamm gives also a thermo-

ch/namic derivation of the osmotic pressure, which seems to lead to

a somewliat ditferent result from mine. He finds, namely, in the

db
numerator finally the cpiantity Wj — x — instead of t^^. ("1 use here

d.v
^

ni}- notation ; v„ is the molecular volume of the pure solvent (Kohn-

stamm's Vfi), v,r that of the solntion, in which the dissolved sid:)stance

is present wath a concentration x (K.'s I'o)]. But here he overlooks

that according to his approximations i\ may be written for the

latter. For on page 726 an integral is neglected, among others

on the strength of the fact that v^— b approaches to 0. He puts

db
,

db
therefore Vj_-^b, in consequence of which v^— x— ^b — x— =

d,v dx

= b — x{b.^ — b^) = b^. This however, is the value of b or y, when

X = 0, so v„.

So Kohnstamm finds exactly the same thing as I found already in

1894 in a much simpler way. In my method no integral need be

split into three parts, and we need not neglect anything but the

compressibility of the liquid (which is of course also done by

Kohnstamm), so that my result (the compressibility excepted) is per-

fectly accurate, which cannot be said of that of Kohnstamm.

2. The above mentioned method has been repeatedly published

by me. [Z. f. Ph. Ch. XV, 1894; Arch. Teyler (Theorie generale),

1898; Lehrbuch der math. Chemie, 1901; Arch. Teyler (Quelques

remarques sur la theorie des solutions non-diluees), 1903; and recently

in the "Chemisch Weekblad", 1905, N°. 9]. The derivation may
follow here once more.

If there is namely, equilibrium between the solution with the

concentration x under a pressure p, with the pure solvent with a

concentration under the arbitrar;/ pressure p^, (e.g. that of the

saturated vapour, or of the atnios[)here etc.), the molecular potentials

i; These Proc. Vll, 723-751.

4
Proceedings Royal Acad. Amsterdam. Vol. VIII.
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of the sohciit in the two liquid phases (separated by a semiperme-

able membrane only passable by the solvent) are the same. Hence:

li{0,p,) = li{.v,p) (1)

But evidently we have the identity

Here —-^ = (> (for meaning of v^, see §J). .So we have also:
op

ft (0. Po) = f^ (0, p) — I i-o dp .

If we now assume i\ to be independent of the pressure — which

KoHNSTAiMM tliinks perfectly permissible — we get:

f^ (0, Po) — f* (0, p) — vAp — Po)

Substituting this in (1), we get at once

:

1

^ = P — Po = -- ilh — f^j-V (2)

\)y which the osmotic pressure is immediately brought into connection

with the ditTerence of the molecular potentials of the pure solvent

and of that in the solution, both under the same pressure p.

Now we can in the usual way replace ft^ — Hx by its value. We
find then, as has been frequently' derived:

— RT log (1 — x) — h RT lo(/^^^^— etc.

(!+ «•)' ^—

^

in which the latter tei'ms is often neglected, and a and r have the

known meaning.

In this way the apparent deviation with regard to i\ has been

disproved. Jly statement, therefore, that in the numerator for y„ no

correction term need be applied (see Kohnstamm, p. 729), was by

no means "too absolute".

3. When reading through Kohnstamm's paper, I was further

sli'uck by tiie following in my opinion inaccurate assertions.

On p. 739 it says: "It appears from the explanation convincingly,

that VAN Laau goes too far, when he states, tliat we cannot speak

of osmotic pressure in an isolated solution."

I fully maintain tliis view. For in the kinetic explanation of
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KoHNSTAMM the osmotic pressure in an isolated solution is established,

only ivhen lie places semi-permeable walls or [jlanes in it. But then

it is of course no isolated solution any more! What I demonstrate

is no more than this •• Without semipermeable membrane no osmotic

pressure. And to this Koiinstamm will certainly not have any objection,

witness the cited question of Pupin how it is possible, that e. g. a

CaClj-solution of no less than 53 aim. could be held in a thin glass

vessel without bursting it! I do not see very well, what objection

KoHNSTAMM cau have to my assertion. For this is the core of the

question, with regard to which he proves to be quite of my opinion

in another place (cf. p. 742).

4. What KoHNSTAJiM further observes on pages 742— 4 with

regard to the idea "thermodynamic potential", and what he says on

"palpable conceptions" may be very well left undiscussed here. For

this is only a question of words, which does not affect the real

nature of the affair at all. Every one who Avorks with the thermo-

dynamic potential, means with it (lie ^-function of Gibbs, which

perfectly determines the comlition of equilibrium, as it must be

minimum in this case.

Finally I may only be allowed to point out that Dr. Kohnstamm

has evidently misunderstood me, where he says that he thinks the

request to supply something "as a substitute" for the osmotic pressure

and the kinetic conception of it less unreasonable than it seems

to me (p. 746).

I, namely, spoke of the osmotic pressure in an isolated solution.

And I very distinctly added : iiothing can be put in the place for

what does not exist. And I wrote further, that the usual (faulty)

kinetic conception of the osmotic pressure (i. e. where there are semi-

permeable membranes) must be replaced by a perfectly new kinetic

explanation, in which inter alia, the process of diffusion at the mem-

brane is put more into the foreground (Ch. Weekbl., 1905, N°. 9).

And where Kohnstamm himself has made a very laudable attempt

in this direction (1. c. p. 729—741) to explain the osmotic pressure,

I liave after all reasons for satisfaction, though he has wisely aban-

doned the idea of drawing up an equation for non-diluted solutions

in this way.

And as to the thermodynamic derivation, in this Kohnstamm has

been less fortunate in ray opinion; where he has tried to substitute

for my perfectly exact, and yet so simple derivation an indirect,

elaborate derivation, the result of which on account of some neglections

cannot even lay claim to perfect accuracy.
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Mathematics. — ''On the rank of the section of two algebraic

surfaces." liv Dr. W. A. Versluys. (Coninuinicated l)y Prof.

P. II. SCHOUTK.

J. Ill this paper I intend to prove the relation new to me

r = wt, v^ -f m, Jij — 2^ — 3x, (^)

where r is the rank of the curve of intersection s of two algebraic

surfaces aS', and S„, respective]}^ of the degree n^ and ?i, and of the

class ?Hi and ///, and possessing in d points an ordinary contact

and in / points a stationary contact. Some applications of this

formula arc given too.

Formerly I proved ') the following extension of a well-known

formula '')

,.r=«,ft,(«, + ".-2)-2(«,§,+«J,+ d)-3(«,r,+«,r,+X), . {B)

where §i, £3, i\, v\ represent the degrees of the nodal and cuspidal

curves of the two surfaces aS'i and S^. Formula {A) shall first be

proved for the case that *S'i and S^ are developables. If we wish

to apply formula {B) to developables the numbers of double gener-

ating lines tt)j and <«, must be added to the orders §; and §„ of the

nodal curves and the numbers of stationary generating lines t', and

i\ to the orders v^ and r, of the cuspidal curves.

Formula {B) becomes

r = n, n, («, + «^ _ 2) — 2 \n, {§, + w,) + «„ (§, + o),) + (f\ —
-3!«,(r,+^) + «,(r, -f .,)+x! . . . . (O

2. Let A^5 be the second ])olar surface of the degenerated surface

S^ + S^ with respect to the arbitrary- point F. This surface A'*S

is of the degree {n^-\-n.j— 2) and meets the curve of intersection s

of /Sj and S^, this curve being of the degree n^n.;,, in i^^n^ 0^1+'^—2)

points.

These points of intersection are 1^' the triple points of *S,-f'S3

through which the curve s passes and 2""^ the points of s for which

the tangent plane to one of the two surfaces passes through P.

The triple points of S^ -\- »S, through which the curve s passes

are the points in which a double line of one of the two surfaces

meets the other surface. So these triple points are

:

1^'. The {n^v^ -f "a^'i) points in which a cuspidal curve of one of

liie surfaces meets the other one. These points are cusps on the

curve of intersection s, they are indicated by Cremona as points X

1) Versluys, M^moires de Liege, Sine serie, t. VI. Sur les nombres Pliickerieus etc.

!>) E. Pascal, Rep. di Mat. Sup. II, p- 325.



( 53
)

and imist rouiit iU-conliiiiJ, to liiin for three points of intersection of

tlie nodal curve, thus iiere of tlie curve ^> with A^S ^).

2'"'. The O^Wj+K./'',) points in which a stationary generating line

of one of the surfaces meets the other one. These points, also cusps

on tiie curve s, are indicated by Cremona as points r which must

count according to him for three points of intersection of the nodal

curve A- with A^<S' ').

3'^'. The («,|, + «,§,) intersections of S, or A; with tlie nodal

curve of the other surface. According to Cremona each of tlie bi'anches

of the nodal curve meets A'»S ') one time in a triple point r. Through

each of these points t pass two branches of s, which is a nodal

curve on S^ + S^ ; so each of these triple points counts for two
points of intersection of s with A'/S.

4'''. The (miO), + WjtOi) nodes of s in which a double generator

of one of the sui-faces »^\ or S, meets the other one. According to

Cremona the nodal cur\'e s meets A^S ') two times in such a

triple point r.

The surface »S'i -f- S, possesses still more triple points, among others

the cusps ^ of the cuspidal curves ; these points do lie on A^S, but on

the curve of intersection s they do not; so they do not belong to

the points of intersection of s with A'<S.

3. Througli P pass m^ tangent planes of the surface /S',. A gene-

rator of )S'i, along which one of the m^ tangent planes Ihrough P
touches *S'i, meets ii,^ tunes the surface S^. Each of these points of

intersection is a point on .y also situated on L^S. Such a point of

s and of A^»S counts for one point of intersection, according to

Cremona *). So A'.S is met by the curve ,s- in (ni^ii., -f in^ni) points

for wliich one of tiie tangent planes passes through P.

This gives the relation:

"i". («i + "2 — 2) = m,n^ + OT,«j + 2 \n, (§, + w,) -f h, (^^ + w,)| -L

+ 3 !«i (", + ^) + «, K + ^'.)| (D)

Comparing the eqnatiojis (C) and (D) Ave get immediately

r = ?/ij?ij -|- 7n^?i^ — 2fJ — 3/ (A)

The degree of a developable being the raidc of its cuspidal curve,

we can write for this formula

:

r = ?«j»"j -|- m^r, — 2(f — 3x.

1) Cremona—GcRTZE, Oberflachen § 108.

-) Cremona—Gurtze, loc. cit. § 100.

3) Cremona—Curtze, loc. cit. § 109.

*) Cremona— CuRTZE, loc. cit. § 101.

°) Cremona—Curtze, Inc. cit. § 99.
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4. The roriuiila (/>) and hence also the formula (.-1), wliicli is now

proved for (lie case that the two surfaces are developables holds still

good when S^ and S, are arbitrary algebraic surfaces. Let §i and I'l

represent the degree of the total nodal curve and total cuspidal curve

of S^, likewise g, and r., for S.^. One of the formulae of Plxjcker

ai)plietl to an arbitrary plane section of ,S'i gives

m, = 71^'' — ?J, — 2 §1 — 3 ^1 ,

or
^=1 n,' - n, — m, — 2 g, — 3 Vj.

In like manner an arbitrary plane section of >S, gives

= n^'' — «j — m.^ — 2 §2 — 3 I'j

hence

=1 ?i, {ii^'' — ?(, — Wj — 2 §j — 8 1',) -|- «, (-«./ — Hj — m.^ — 2 Ij — 3 rj

or

MjM,(Mi + II., — 2)— m,n., -}- m.^7i, -\-2{n,^^-]-nJ,)-\-S{n, r, -j- ?(,v,). . . . {D')

combining the formulae {I)^) and (7J) we get the formula (J).

If S.^ is a plane, n^ becomes ecpial to unity and m.^ equal to nought,

whilst the curve s becomes a plane section and the rank r of .s

passes into the class of the plane section. So formula (.4) gives for

that class

r = m, — 2 (f— 3x,

which is indeed the class of a section of S^ with a plane, having

with (S'l in d points an ordinary contact and in / points a stationary

contact.

5. If /S'j is of the second degree and S^ of the degree n and

of the class iii, the formula (^4) gives for the rank of the curve

of intersection

r=2 {m + ?«) — 2 d — 3 x-

If S^ is a quadratic cone K"- this formula \vill be pro\'cd directly

once more as follows for the sake of verification.

The rank of the curve of intersection *• is the number of its

tangents meeting an arbitrary right line, e.g. a generator / of 7v\

Each tangent of ,s-, meeting the generator / has three points in

common with the cone K'\ in fact the two consecutive i)oints it

has in common with .•> and its point of intersection with /, unless

the latter coincides with the point of contact to s. Each right line

having three points in common with K^ lies entirely on K^. The

only tangents of a" meeting / are thus the generating lines of A'" which

are at the same time tangents of * and tlie tangents to ,s at its

points of intersection with /. The generator / of K" meets S^ and

therefore s too 7i times; through each of these points of intersection



( 55 )

pass two consecutive tangents of .v. Whence already 2 n tangents

of .V meeting /.

Tangents of s, being at tlie same time generating lines of /v% pass

tlu'ongh the vertex 2' of K' and, being tangents of .*, are also tangents

of ;Si, and therefore situated on the tangent cone K of S^, having T
for its vertex. Conversely every common genei-ator of the two cones

K'' and K is a generator of K'' liaxing \\'ith /S', , thus also with s,

two coinciding points in common. A right line having with s two

coinciding points in common is either a tangent of s or it passes

through a double point of .v. So the common generators of the

cones A'^ and A' are either tangents of .s- or they pass through double

points of s. The order of the tangent cone K, being equal to the

class m of S-^, the number of common generators is 1m. The num-

ber of tangents of a' meeting / in the vertex 2' will be 2m, diminished

by a number still to be determined for the common generators

passing through a double point of .v.

If A"" has in a point 6 an ordinary contact with /S'l the common
tangent plane .t in <i is a tangent plane of S^ passing through 2\

So .T is also a tangent plane to the cone K along the line 2'd'.

So the two cones A""' and K have along the common generator

T(S a common tangent plane. The line 2'6 must therefore count

for two common generators of the cones K" and A". A point d is

a node of .v and with the exception of very particular cases the two

tangents of .> in d will not coincide with Td. So for every jioint

6 the number of tangents of s passing through 7^ must be diminished

by two.

The following example proves that for every point x iii which

*Si and A* have a stationary contact, the number of generators of

K'^ touching s must be diminished by three. Let ;S, also be a

quadratic surface and let the curve of intersection 6" be a not degene-

rated biquadratic curve R'^ with a cusp -/. Then the line Ti counts

already at least for two common generators of the cojies A'' and K
and is again not a tangent in x to s or R\ If now 2\ were to

count only for two common generators the cones A'-" and K would

have two more generators in common. These latter two cannot be

two consecutive generators, for in that case R^ would ha\'e two

double points and so it would have to break up. Now it is easy to

see that tiiese two remaining generators are tangents to R^ or * at

points for \\hich the oscidating plane is a stationary plane. So A'

would have to possess two stationary planes a whilst a A'' with cusp

possesses but one stationary plane ti '). The right line 7'x must

1) E. Pascal, loc. cil. p. 363.
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tlicrerore count for three coMiiiioii generatorw of A'' and K. The

number of tangents of .v meeting tlic line /, tiiiis tiie rank of *' is

consequently

r = 2« + 2m — 2d— 8/.

6. The reciprocal polar figure .y' of the curve of intersection soi

K" and S^ is a developable cii'cuniscribed to a conic c" and to a

surface S' of order in and of class n, whilst the conic c" touches

d times the surface S' and osculates it / times. If we take for the

conic c" the imaginary circle at infinity' the developable s' becomes

the developable focal surface of S'. The rank of s' is the same as

tiiat of A'. So Ave find the theorem:

The rank of the focal develoj^able of a surface of order m and of

class n touching the imaginary circle at infinity <f times and oscidating

it X times is

r = 2ot + 2n —26— Z^.

If »S'i is a developable the point of contact of a common tangent

plane that is an ordinary piano of >S'i is always a node of s ').

The devclopables lO and S^ will only then have a stationary

contact in a point x, when the common tangent plane is a stationary

plane « of S^. The line 7x counts thus for four lines of intersection

of the cone K^ with the tangent cone A' which breaks up into

m planes. It is easy to see that now the line 7'x is at the same

time tangent to s at tlie special cusp x which is a singularity of

order two, of rank unity and of class three '). So a stationary contact

X gives rise to four lines of intersection of A' with K of which

only one is an ordinary tangent of .s- lying on A'". Each point x now
also diminishes the rank of * by three. The reciprocal polar figure

of S-i is a curve S' of order m and of class ??,. Each common tangent

plane of lO and S^ is transformed in a common point of c" and

S'. If the common plane is a stationary plane « of S^ the common
point is a cusp on the curve S'. So we find the theorem:

The rank of the focal developable of a plane curve or a twisted

curve of the degree m and of the class n and of ivhich d ordinary

2)oints and x cus2)s lie on the imaginari/ circle at infinity is

r = 2wi + 2« — 2tf — 3x.

7. If S\ and S\ are the reciprocal polar tigures of the surfaces

*S'i and H^, then S\ and S\ are resj)ecti\ely of the degi-ee in^ and

m^ and of the class n^ and n^.

1) Versluys, Memoires de Liege, 3me serie t. VI. loc. cit.

) Halphen, Bull, de la Soc. Mat. de I'^rance, t. VI, p. 10.
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If the surfaces S^ and S^ have an ordinal'}' contact in d points,

the common tangent planes in these cf points are ordinary double

tangent planes of the developable D circumscribing S^ and S^ '). The
surfaces S\ and S\ will also have in 6 points an ordinary contact.

If the surfaces aSj and *S, have in / points a stationary contact

the tangent planes in these x points are stationary tangent planes

of the developable D^). The surfaces S\ and S\ have thus also

in X points a stationary contact.

So the rank of the curve of intersection d' of the surfaces *S''i and

S\ is according to formula (A), just as tlie rank of the curve s,

r = TOj«2 + 'Wj^i — 2d ~ 3/_.

The curve d' being the reciprocal polar figure of the circum-

scribing de\elopable D, the rank of D is equal to the rank of (/'.

Whence the theorem:

For two arbitrary algebraic surfaces the rank of the curve of
intersection is equal to the rank of the circumscribing developable.

Here we have supposed that the points of contact d and x ^I'e

ordinary points on both suriiices and the tangent planes ordinary

ta,ngent planes in these points').

') Versluys, Mem. de Liege. 3™" seiie t. VI. De rinfluence d'un contact etc.

-) Versluys, loc. cit.

') Versluys, loc. cit.

(June 21, 1905).
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Physiology. - "On the jnrssiire of sound in Corti's organ". By

I'rof. II. ZWAAKDEMAKER.

(Communicated in the meeting of May 27, 1905).

Acconling to the hypothesis of Hei.miioltz-Hknsen tlie vibrations

of sound, penetrating' into the inner ear by way of the stapes,

evoke a resonance in the transversely stretched lil)res of the mem-

brana basilaris. Strong vibrations are imparted to different fibres

according to the pitch ; these vibrations being communicated to the

sensory epithelia of Corti's organ and then becoming the stimulus

for definite nerve-fibres. We recognise the tone by the nerve-libres

which are affected in this way.

That such short fibres as the transverse fibres of the membrana

basilaris can resound to the relatively deep tones of the human

scale is explained by Helmholtz 1^= by the resistance in the fluid

and in the soft cell-masses (Ct-ausius' cells); 2'"', by their being loaded

with Corti's arches on which again a whole system of cells rests.

At first it was imagined that the fibre vibrates in its entire length

as a freely stretched string. Later attention has been drawn to the

fact that the pars arcuata (the part over which the Corti's arches

vault themselves) remains largely at rest while the pars pectinata

(the remaining part of the string, not covered by the arches) makes

the greatest excursions. But then the difference in length of the

fibres is no longer sufficient to explain the difference in the pitch

for which they are tuned, so that also a difference in tension and in

load must be assumed.') Examining the proportions of microscopical

preparations and bearing in mind that the arches are more or less

rigid formations, one is soon convinced that the [lars arcuata cannot

possibly resound to the deep tones of the audible scale. It is not

the bottom cells on their upper face that are an impediment to this,

but the large vein on their lower surface. Moreover the transverse

fibrous structure, which is so dislinct in the pars pectinata is entirely

absent in the pars arcuata. The property of resounding may on

sufTieient grounds be attributed to the stretched and loaded fibres of

the pars pectinata only.

I have fried, as far as this is possible, to reproduce in a model

the conditions prevailing in Corti's organ. A horizontal steel string,

Vj millimetre thick and somewhat longer than a metre, represents

a transversely stretched fibre of the membrana basilaris. On this

rests, at one of the ends, a wooilen imitation of Corti's arches. The

1) A. A. Gray, Juurnal of anat. antl physiol. 1900, Vol. 34. p. 324.
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ulliei- t'lid is fastened, tmnsvei'sely to (lie direction of vibmtiun, to

the vibmtiiig ])roiig of an electrically driven tnniiig fork. Now, when
the Corti's arches arc snfliciently loaded (with sponges, or, for

demonstrations, Avith a hollowetl little board on which a drawing

has been stuck), the tension of the string being at the same time

regulated bj means of a micrometer screw, it is possible to cause

the sj'stem to resound to the tuning fork so that with small deflec-

tions of the fork the deflections of the pars pectinata become very

large.

In the experiments for study proper, it deserves recommendation

to attach pins to the wooden Corti's arches, on which smaller and

larger sponges can be stuck in varions positions. As long as the spon-

ges are dry the whole system partakes in the vibrations. Hut when
water is dropped on them, which is sucked in by the sponges and

makes them heavier, the damping system is brought to rest and a

node is formed at the base of the outer pillar. The string can be

prevented from sinking down too nnich, l)y altacliing the fixed extre-

mity of the (V)rti's arch to a spring, wliicii keeps it up. The free

exti'cmity of the arch is placed loose on the string. Sometimes it is

a little difficult to obtain only vertical movements of the string,

but by moving the fixed point of support of the string forward or

backward, one always succeeds in this.

We find tlien :

1. broad deflections of the pars pectinata.

2. immovability of the pars arcuata.

3. immovability of the Corti's arches.

4. immovai)ility of the loading mass.

This immovability is not absolute, of course ; on the contrary, the

floor, the table, everything in the room vibrates nnder the influence

of the tuning fork, but the movements are infinitely small compared

with the excursions of the pars pectinata and are so insignificant,

moreover, that a photograph of the parts, called immovable, shows

absolutely sharp definition. On the same photograph the pars pectinata

is seen in the extreme positions, which it reaches with broad amplitude.

The conditions of the model have purposely been so chosen that

they correspond in general outlines to the conditions actually found

in Corti's organ. A complete imitation is impossible, but within the

limits of technical practicability we have reached here, without any

preconceived opinion, what can be achieved with the ordinary means

Of the laboratory. Noav if we may see in the described model a

moi'C or less happy imilalioii of reality and to this assumption we
are especially entitled by the manner of loading, then it follows that

5*



( 62 )

also ill llii' (iruiui ilscir as well llio Corli's arclios as llie loading cells

remain a( rest. iJiil then w (> must ilr()|i all the ideas, wliicii liave been

liroadly developed diirin.u' a loni;- time, about llie impaef oftlieciliae

of the hair-cells on the menibrana tectoria, on the bending of the

ciliae, elc. Rest i)revails in the sjsteni of arches and a covibratioii

of them is necessarily excluded.

Yet the imparting of stimuli, wiiich was supposed to be explained

by the co-vibration of the hairs, need not remain a mystery, if

attention be paid to the effect of sound-pressure.

In a paper, entitled "the |)ressure of vibrations", Lord Ivayi.kioh ')

has treated a siini)le case, which is nearly identical with ours. It is

the case of a string, itself infinile, but vibrating between two rings,

one fixed, the other sliding. When the string vibrates the sliding ring

is pressed outward, towards the extremity, with an a\erage force

E
F := —

; E being the energy of the vibration, / the length of

the string.

The base of the outer pillar is in the case of the sliding ring.

According to Retzius the pillar is one with the semi-solid cell-mass

of the bottom-cell ; from this cell it would originate anil form a

whole with it. In this way at the same time an attachment and a

small movabilily in the cell-mass have been obtained.

But the pillar is not only in juxtaposition with the fibre, but also

presses on it by the inertia of the large cell-masses with which it

is connected, as soon as the fibre begins to execute movements. Hence

the \ibrating fibre will in this place present a node and the load

itself will necessarily have a great intluence on the conditions of

tension during the vibration.

So the pillar has a double function : 1. that of the movable ring

of Rayleigh, 2. that of carrier of the inertia of a damping and

loading mass. In its first quality it receives a pressure in the direc-

tion of the modiolus, a pressure wliich can be perfectly measured

by RAYLEiGii's fornuila.

In the model this pressure can even be demonstrated. For this

pur|)ose the pillars were removed and the base of the outer pillar,

which imparts a node to the string, was replaced by a brass lamella,

provided with a slit. The split lamella grips the string like a miniature

fork. In this way the node is preserved. As the lamella is 19,5 cm.

long and 0,1 cm. thick, it possesses a certain mass, which does not

press on the siring since the lamella is placed normally to it, but

gives a distinct damping as soon as the string \ibrates.

1) Lord Rayliiuh, I'liiiosoph. Magaicine (0) III. 1902, p. liS'J.
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Besides, at i(s place of attaolmicnt I lie lamella lias been made

considorabiv tiiiiiner (tliiekness 0,02 cm.) and consequently flexible

ovei- a length of 6 centimetres. The result is tliat the lamella, altliongh

accuratelj placed in the node of the \ibrating string, will sliglitly

deviate outward as soon as the excursions have become large enough.

The force by which the little fork is driven outward is undoubtedly

extremely small. Accordingly the dexialion did not exceed 3 mm.
with a semi-amplitude of the string of 0,4 cm. The new position

can easily be fixed photographically and lie compared with the

position of rest which is assumed as soon as the string stops vibrating.

This renders it possible to measure the force. But from a physiolo-

gical point of view it has no meaning to perform the actual measu-

rement on the model although it would be important if it could be

performed under the actual conditions, t'o>' fl>i-'^ pressun' must be the

immediate cause of heariny. This will be easily perceived with

respect to the sensory elements at the modiolus side of the pillars.

The pressure of sound acting at the base of these outer pillars is

in the direction of the string and hence of the modiolus. It has a

component in the direction of the pillar itself. Through this the outer

pillar, the upper end of which presses loosely against the capitiilum

of the inner pillar, is displaced pai'allel to itself and the cells at the

modiolus side of tiic system must necessarily be compressed, although

slightly. The pressure whicli fiiey experience is either entirely con-

tinuous or periodically feebly variable. Begiiuiing at the foot of the

pillar the pressure varies from a maximum at the extreme deflection

of the string to zero in the position of equilibrium. Higher up in

the system these differences will probably for the greater part have

disappeared, though they ma}' remain to some extent. The pressure,

however, is at all times positive ; it ne\er becomes negative, as would

be the case if the Corti's arches and the loading cells followed the

vibrations of the siring. Since they are at rest, the pressure met with

in the sensory cells at the modiolus side of the inner pillar must

always act in the same sense, which is in the direction of the modiolus.

It is quite possible that also the liaii-s of the hair-cells experience

its influence, the effect of which will also be in one direction.

The matter is somewhat less simple for the sensory elements situated

at the inner side of the outer pillar. These appear to me to exiierience

no pressure at all from the outer pillar, which is retained in the soft

cell-mass of the bottom cell. On the other hand such a pressure is

present from the side of Henskn's cells and also to some extent from

the side of the supporting cells.

We are at liberty to consider this cell-group, situated at the extei'ior



( M )

of llio flirocllv sonsoiy olomonis, ,il>(> :is a Rwi.kicii ring. We shall

liave lo Irv liiis the HOoiior, since in liirdt- tlie pillars are absent and

so \vc eaniiot regard these fornialioiis as essential. If we try again

to find in Coi-ti's organ an analogon of Rayi.eigh's movable ring,

and in abstracto it is always admissible to seek such an analogy,

we n)ay never restrict unrselves lo Ihe arches alone. For by doing

this we siioiild deny llie essential meaning of analogy for the physiology

of hearing.

So Hensen's cells may also be I'egarded as a movable Rayi.eigh

ring. They also rest with a I'elalively narrow fool on the fibres of

the membrana basilaris, near the foot of the pillar, when the human

organ of hearing is studied. Tliey will also exert a damping and

loading influence on the vibrating fibres by their inertia. They will

also cause a relative node and be shifted laterally, in Ihe direction

of the modiolus, by Ihe vibration. But if this is the case (hey also

s(pieeze the sensory elements situated between them and the pillar ').

Beside this lateral pressure, experienced by the cells themselves,

il is not entirely impossible that also the hairs experience a pressure

which they now receive through the agency of Ihe lamina relicidaris,

which forms a whole with the capitula of the pillars. This pressure

will then press them against the membrana tectoria with a some-

what varying force, but which is always in the positive direction.

All these reasonings can l)e simpler fVir tiie car of l)ir(ls than for

that of man. The pillars arc (here absent and oidy the sensory elements

and the supporting cells are found. Also this whole lies laterally on

the fibres of liie uienibrana basilai'is and nmst experience a lateral

pressure of sound.

The hero developed conception, which deviates from Ihe current

one, has Ihe nuportant adxantago that it reduces hearing to Ihe

perception <il' a |)ressnre. The mechanical action of the \ilii'ation,

wliicli in tiie old form of Ihe theory of IIki.miioi.tz-Hensen is vibra-

tory, interuiittenlly positi\e and negative, now becomes <a permanent

])ressure of somewhat varying strength, lo be sure, but at all limes

in the same direction, always positi\e. Hearing becomes the exact

analogon of tonching and all experience gathered for (his lalter sense

we may (ry lo find again mutatis mutandis, in the physiology of

hearing.

Also small secondary ad\anlages are gained by the new conce|ilion.

In (he first place Ihe sini[)le juxtaposition of the heads of the

1) For points inward of Ihe node it can be shown in an elementary way tliat

the masses; there prespiit and situated nnilatcrally, conlinnally experience impulses

having a pcrniancnl coinponcnt in Ilic dircfiion ot' tlic ncicle.



( fi-^

)

pillai's (show inii' "•) JoiDt like llic aiulilorv bones) (iiids an explana-

tion. For a pressnre whicii is always positive this is snfTicient, not

for a vibration. In the second place it explains the varying shapes

ami aspects presented by the nienibrana basilaris in the preparations.

These are very obscure when they concern an integrating [)art of the

organ, but are explained very easily if what we see in the prepa-

rations, is only a coagulated colloid or elastic mass.

Finally our conception is by no means bound to the theory of

Helmholtz-Hensen. It is also acceptable to those who would exchange

this theory for that of Ewald. For Lord Rayleigh treats in his paper

also the case of a vibrating"^ membrane : "but a membrane with a

tlexible and extensible boundary capable of slipping along the surface,

provides for two dimensions. If the vibrations be equally distributed

in the plane, the force outward per unit length of contour will be

measured by one-half of the superficial density of the total energy".

So the theory of the pressure of sound might also be applied

to a membrane such as is imagined by J. R. Ewald. But his mem-

brane does not answer the conditions mentioned by Rayleigh, so

that the quantitative relations are not so easily perceived as in the

above developed case.

Finally, concerning the modern theories of hearing which I would

call the pulsatory ones, since they only take into account the bul-

gings of the nicmbrana basilaris, caused by the piston movement of

the stapes, the hypothesis of the pressure of sound caniiot be applied.

For these theories purposely neglect the vibratory movements of the

smallest parts and only take into account the mass-result. If however

we lose sight of what is the essential thing in a vibration, we also

lose the right of applying the properties of a vibration. In ray

opinion there can then be no question of pressure of sound.

The reader will have perceived that the starting-point of our reasoning

was the proliabilily of the fact that the arcuate zone and the arches

vaulting over it remain perfectly at rest. On anatomical grounds this

is very probable. Should it appear later that this rest is not absolute

but only relative, the preceding reasoning is none the less valid.

Only one objection could then be raised, namely the small amount

of the pressure of sound. This would then have to be placed

against another small value, that of the possible movement of the

hair-cells. Hence the question would be a quantitative one. But also

in this case the two forces, the pressing force and the thrusting

force, would by no means preclude each other. They would both ha\'e

to be present. For the present we prefer, by assuming immovability,

to neglect the thrusting force and only to retain the pressing force.
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Chemistry. — "77/'' sdlidiililii:-; kJ' IIw Isouirric (linniiic c/i/dr/'di/.s''

.

[\y Piof. II. W. l!\Kiins liixizKiiooM ;xii(l .1. Olik Jr.

(Coinmunir-alcd in IIh! mceling of May 27, 190-")).

At the December meeting 1903, a communication was made by

B.vKiiuis lioozKiiooM and Aten as to the clianges in form which may
occur in the sohil)iHt_y-lines of binary mixtures in dependence on the

(|uanti(ics of the molecules of a compound which may be formed

IVdui Ihe components in the li(juid mixtures. This subjecl is only

a i)arl of a more extensive problem embracing Ihe equilibria of

jthases in systems composed of three kinds of bodies belween

which a transformation is possible in liquid (or vapour). If that

transformation takes place with greater velocity than the setting

in of the eqrulibria of phases, the system will appear externally as

a binary one, although it is in reality ternary, and in order to

explain the course of the e<|uilibria of phases we must take into

account that ternary iialurc.

In those cases where the third kind of molecules consists of a

combination of the (wo otiiers no instance has, as yet, been noticed

where a correct view could be formed with certainty as to the inner

composition of the liquid phase.

We, however, came across an exanqile where lliis is cpiite possible,

namely in a case where two isomeric substances may be converted

ink) each other i)y dissolving in a third substance. Similar cases may
frequently occur widi all kinds of organic isomers; but apart frcnn

the fact that llieir behaviour has been little investigated from the

|Hiiiil of \iew of Ihe e((uilibria of phases we often lack the means

to (lelermine Ihe two kinds in solution. That possibilil), however,

presented ilself with Ihe isomeric chromic chlorides, which not

only may lie delermined in each olliers' presejice, but also require

when ill solution much more lime lo reach an et|uilibriuin llian is

necessary to reach llic e(|uibbrium lielweeii solid mailer and solution.

This rendered it also possible lo study the change of Ihe solubility

as a function of Ihe |)rogressi\e transformation in the solution.

Finally, this research couki also serve to elucidate the cause of the

stability or iinstabilily of the isomers, and the most rational method

of preparing the same iVoni tiie solution.

It has long been known ihal ail kinds of sails of Irivalent chromium

when in solnlion nudergo molecular Iransfonnalions depending on

lem|iei'alnre and concentralion which ai'(^ slio\\'n by the change in

colour of llie soiniioiis. which nuiy \ary from green to violet.

()nl\- ol' lale this luatler has been lielter nnderslood when \arious
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niodilioadoiis r)f tlie same salt were succosst'iilly isolated in a solid

condition.

In the case of chromic chloride t^vo coniponnds were found to

exist at the ordinary temperature with 6 H^O. In connection with

his theory on complex compounds, Wkrnkk proposed the following

structural formulae

:

|Cr (H,()),| CI, and Icr j^'|;
|
CI . 2 H,0.

The first salt is violet, the second one green. In the iirst salt the

three chlorine atoms should be capable of ionisation ; in the latter

only one. If only these are ]irecipital»le by silver solutions ') the

amount of each salt in a mixed solution may thus be quantitativclj'

determined.

First of all measurements were made at 25° as to the velocity of

the transformation of solutions with different contents of chromic

chloride and as to the final condition which they attain.

The residt of these last investijiatioiis is indicaled in the Figure

by the line AGH.
In this fiaurc A stands for tiie solvent H.,0, 7> for the green

') We foiinil lliis not to he ;ilisiiliilcly confrl liiil llie procipitalilt' tlilorlne could

n anv easy be used as a ineasiue lor the two salts.
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and C for tlie violol cliroiiiic cliloride. Both are laken in the

oalfulation as iiydrales with H^O so tliat the siiin of H,0 and the

two hydrates is always taken as 100 (peirentage by weight).

The line AGH first rnns close to the axis AC. This means that

in weak solutions a final condition is reached in which the chromic

chloride occurs nearly exclusively in the violet modification.

Strictly speaking this means in the condition in which the violet

chromic chloride finds itself the moment if has dissolved. Briefly,

we will call this the violet condition. If, therefore, we make a

solution of the green chloride of the same concentration the green

chloride will be almost completely changed into the violet salt. This

process proceeds slowlj' enough to admit of its course being studied,

also to sliow that both green and violet lead to the same final condition.

If the amount of hydrated chromic chloride exceeds 20 °/„ the line

Al G begins to run perceptibly upwards and consequently the final

condition in the solution shifts more and more towards green.

In the point 1 the final equilibrium is situated near an equal

amount of green and violet. This corresponds with a total of 65 7o of

chloride ') of which 32.5 % is green and 32.5 "/„ violet.

It will be noticed that we cannot go further than G because the

solution there reaches its saturation. If crystallisation did not take

l)lace the pi-olongation of the line .1 / G could be determined. If

this may be represented by G H, the terminal point // would

indicate the amount of green and of violet chloride in liijuid hydrate

of chromic chloride (without excess of water) ; this point would

therefore lie at about 157„ violet and SS"/, green. Its determination

is however impossible as the green hydrate melts at 83° and the

violet one at 92°. Although the melted hydrates crystallise very

slowly still it is difficult to keep fiicm liquid down to 25°.

The final condition of solutions of different concentrations thus

being known, the solubility of llie two-hydrates at 25" was studied.

The saturation was very soon accomplished, D and E represent

the concentrations of freshly prepared saturated solutions of green

and violet chloride.

These, however, soon undergo a modification. In the green solution

violet chloride is formed and conversely. This causes a change in

the solubility which runs along the lines DF and EF respectively.

These show that the lolal solubility of both green and violet increases

as the transformation of green into violet or the reverse proceeds in

the solution.

') Tills total amount may he read off on AC or AB if we draw fnini 1 a line

parallel with BC.
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The solutions of tlie firecn cIiIuihK' tio iiol iiowcvor rmi further

than G, wliere the solulioii saliuiilod with green also attains the

inner ooniposition correspond in"- with the C((uilibriiim at the total

concentration. Solutions on (IF conkl only be made by rapidly

dissolving- a mixture of green and \'iolet in the desired proportion

and then introducing some solid green chloride. These solutions

would then, however, recetle towards G as the point of final equili-

brium of the liquid saturated with green chloride.

The solutions saturated with violet chlorid run along the line EF.

The solution F might be at the same time in equilibrium with green

chloride, but as soon as this occurred the violet would be completely

converted into the green and then the solution containing the green

Avould again shift to G as a terminal point.

As the line of equilibrium .4 (r //intorsecis the solubility line for the

green but not that for the violet chlorid, the latter cannot be definitely

in equilibrium at 25° witii any solution, consequently at this tempe-

rature the green chloride is the only stable one. Even outside the

solution the violet changes, therefore, after a lapse of time, into the

green ; in contact wifli the solution this takes place more rapidly.

This is the reason why the line EF cannot always be followed up.

The question now arises how it is possible to separate violet

chloride in the solid condition. This is done by leading gaseous HCl

into solutions containing at most 30"/,, of green chloride and which

have been recently healed to 100".

Addition of HCl at 25° diminishes in a iiigh degree the solubility

of both chlorides.

The two lines l)F and EF are shifted towards the left about

parallel to their original positioiis and about to the same extent. It

will be easily seen that the point of intersection G will also move

towards the left and might finally arrive in the liquid region to the left

of the equilibrium line. In that case this line would no longer

intersect l)F but IjF: a saturated solution of violet chloritle would

tlien be in inner ciiuilibrium and the violet chloride could he separated

in a stable condition.

This, however, is not the case, because the line AG also moves

strongly towards the left on addition of HCl and consequently the

equilibrium in the solution shifts towariis tlie green side. The investi-

gation showed that the violet chloride is still metastable in contact

with the solutions rich in HCl; the point of intersection i'^ therefore

remains, obviously, to tiic right of AIG even on additon of HCl.

If, however, we heat to 100° before leading HCl, the line AIG
moves verv considerablv towards the violet side so that it now
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iiilci-secls the solultilil.v isolhorin of llio violet chloride at 25°. The

receding of the solutions towards the green, on cooling, now proceeds

with snfKicicnt slowness to enaltio ns to precipitate the violet chloride

at 25° !)> nicans of a cin-rent of HCl, which diminishes its solubilitj'.

Chemistry". — "Nitration of symmetric nitrometamiJene." By Dr.

J. J. Blanksma. (Commnnicated by Prof. A. F. Holleman).

(Comiminicalcd in tlie meciing of May 27, 190.j).

If symmetric dinitrophenol or s^-mnietric dinitromelhylaniline is

treated with mixed nitric and sulphuric acids, pentanitrophenol or

pentanitrophenyl-methylnitramiiie is formed ^). Consequent!}' the pre-

sence of the two nitro-groups, which arc in the »?<'<rt-position with

regard to the OH or NHCHj group does not prevent the introduction

of another three nitro-groups in the para-position and (7;7//c-positions

in the benzene core. Symmetric dinitroanisol and phenetol yield,

however, on nitration tetranitroanisol or tetranitrophenetoP); the

hydrogen atom in the j;ara-position with regard to the oxyalkyl group

is not replaced by NO, here. As the methyl group on substitution

in the benzene core behaves in some respects analogous to the

OH and NH, (or NH CH,) groups it seemed of importance to inves-

tigate the conduct of symmetric diuitrotoluene on nitration in order

to ascertain what influence is exercised here by the NO^-groups

in the nieta position.

The symmetric diuitrotoluene was, therefore, heated with mixed

nitric and sulphuric acid for two lioui's on the waterbath ; the sub-

stance had not, however, undergone any change. The presence of

the nitro-groups in the wieto- position with regard to the CH, group

consequently prevents the further introduction of nitro-groups in the

positions 2, 4 and 6. If, however, one of the NO,-groups in sym-

metric diuitrotoluene is replaced by bromine, this substance may be

successfully nitrated. Symmetric bromonitrotoluene yields on treat-

ment with mixed nitric and snlphnric acids three isomeric trinitrobro-

mololuenes which it is, however, dillicuit to isolate.

The question now arose what result is obtained when one of the

NO,-groups of symmetric diuitrotoluene is replaced by CH,, in other

words what is the behavioui' of symmetric nitro-m-xylene on nitra-

tion ? For it is known that m-xylene readily yields 2-4-()-triuitro-

1) Reciieil 21, 2.54.

=) , 23, 111; 24, 40.
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ni-xyleiie. As in the syiiiniclrio iiilro-iii-\yk'iie llic N()j-gi'Oii[) is

placed in the meta-position with reiiard to tlie CH,-groiips it did

not seem impossible that this NO.,-groiip (like the NO,-gTOups in

symmetric dinitrophenol and symmelric dinilrometliylaniline) wonid

not prevent the fnrtiier iiitrodiictioii of the NO,j-gronps in the positions

2, 4 and 6, so that we ought to arrive at tetranitro-m-xylene.

On the other hand the nitration of ui-nilrotolnene ') and symmetric

dinitrotoluene gave reason For l)clieving that not four but at most

three nitro-groups wouiti be iiilr()(bic(Ml.

The symmetric nitromela.\\lciic was prepared acconling to Wuo-

BLEWsKi's directions ").

Two grams of this substance were treated for twenty minutes on

the waterbath with mixed nitric and sulphuric acids; on cooling,

long colorless needles were deposited. These were collected at the

pump on glasswool and recrystallised from alcohol when long, color-

less needles or rods were obtained, ui. p. 125°.

The motherliquor of the acid solution was pinired into w^atcr

which caused a white tlocculent precipitate. By recrystallising the

product from alcohol fine four-sided crystals mixed with a few

needles were obtained ; tiie crystals melted at 90' and the needles

at 125°. These crystals could be separated by recrystallisation from

alcohol. From 2 grams of 5-nitro-m-xylene were obtained about 2

grams of the product melting at 125° and 0.5 gram of the product

melting at dO". The analysis showed that both substances had the

composition of trinitroxylene.

In the trinitro-m-xylene (m. p. 182^) prepared by luti'ation of

m-xylene the nitro-groups occupy tiie positions 2, 4 and fi. We had,

therefore obtained the two as yet unknown trinitro-m-xylenes.

X\ „^„ NO., /\ NO, /\no=
I I

HN"j> _> |lor,oj and
|

90°
|

NO, \ / CII3 ' ' NO., \ /CH3 NOj \ /CIIj

N0„

The constitution was determined according to the subjoined scheme.

CH3 (JII3 CIIj Clla

NOj/\ with N0.//\ "i'li NO../\Br with NO.j/\lJr
1.125°

I

N"=_» H \ 85'^
I

Br -^ „ I.IO-
|

UNO, ->n„„ |

10:5°
|

^^'\/™' CH3'^\^^Cll3 Lll3^^\^yCH3 cHj'^x ycih
NO, NO., NO,

1) Hepp. Ann. 215. 366.

-) Recently, Willgerodt (Ber. 38. 1473) has described mote fully the preparation

of symmetiic nitrom-xylene. I had then already made this preparation according

to Wroblewski's directions. (Ann. der Gliera. 207. 94).
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;//=:!ll()i, /,= \()\i)\ liroad and liislidiis; o= \[22\ large; r — \l()2\

narrower; i/ =z \()12\ small \er\ (•(nnpletel,)' cleavable towards l>,

I'airh so towards d. Ojitieal axial |ilaiic is jOOlj; First diagonal is

liie r?-axis. Kaiiil dis[)ersioii, ajipareiit axial angle in a nionobronio-

iiaplitalino al)onl 70°.

J)r. Jawjkk inleiids |inhlisliing a more detailed examination later on.

If synunetrie nilro-m-xjlcnc is allowed to remain iii contact for

some time at tlie ordinary temperature with nitric acid of sp. gr. 1.52,

the 4-5-dinitro-prodnct is formed'). If tlie solution is poured into

water a white llocculent precipitate is formed, wliicli when recrys-

lallised from alcohol yields fine, colorless needles m.p. Jo2°. As this

substance on subsequent nitration with HNO., and H„S(),| yields chiefly

trinitroxvleiie m.p. J25° the N()„-grou|) nuisl have been introduced

into the position 4, for, if it had been introduced into position 2

the subsequent nitration would have formed exclusively trinitroxylene

m.p. wr.
CIJ, CIIj tllj

1IN(N /\ l'^'<'» ^"=/^,^' |!3'i°l ]1..S(^
I

125°
I

/CII.1 N(».j\ /CII3 —*• NO.,\ /ClI;,

NO2 N(.\

An effort to prepare tetranitro-m-xylene from 4-5-(i-trinitro-ni-xylcne

ended in failure. The trinitro-xylene was treated at ioiV with HNO,
(S[). gr. 1.52) and H^SO^. The substance was to a large extent

destroyed but a small cro|> of colorless crystals was obtained m. p.

190". These crystals were readily soluble in alcohol or warm water;

the .solutions had a strongly acid reaction so that probably one of

the ClI., groufis was oxidised to COOH. Tetranitro-m-xylene which

ought to have readily yielded trinitro-s.xylidijie ^) on treatment with

alcoholic annnonia was not found.

As the compound described by Drossbach ') as trinitro-o-xylene

has been found by Nolting'') to be an impure trinitro-m-xylene, four

of the possible six trinitro-xylenes (0. ni. and p.) are now known,

namely, the three trinitro-m-xylenes and also trinitro-p-xylene.

Summafi/. Symmetric nitro-m-xylene yields on treatment with

nitric acid 4-5-dinitro-m-xyleue ; on nitration w-ith HNO3 (sp. gr. 1.52)

and H„S(), two isomeric trinitro-ni-xylenes are formed being chiefly

the 4-5-t)-lrinitro-l-3-xylene m. p. 125' besides a smaller quantity

of 2-5-6-trinitro-l-3-xylene m. p. Wf.

Amsterdam, May 1905.

1) A perceptible; amount of 2-o-diiiitro-m-.xyleiic was not found.
i) Bev. 28. 2047. Rcc. 21. 329.
s) Ber. 19. 251!).

*) Ber. 35. (134.
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Physics. — Cominunication N" 94'^ I and II from the physical

hilioraloiy at Leiden l\v Prof. H. IvAiiEUUNCin Onnes.

(Gommunicalcd in the meeting of May 27, 1905).

1. Iinprooeiiient to (he open merciiri/ manometer of reduced helijltt

loit/i transference of pressure by means of compressed (/its.

In Conun. N" 44, ( )ot. '98, § 6, is described how the steel capilhxry

tubes q were cemented on to the glass tubes in (see figs. 1 and 4

of the plate belonging to Comm. N° 44, of which the part that has

been modified is reproduced here as fig. 2 of the annexed i)late). It

was also reraarked that from time to time these connections became

defective (they slipped oft" when soft cement was used, or leaked

when hard cement was used), and tliat therefore we were trying to

find a better method of connecting. Since that time we have succeeded

in finding a way to make perfectly trustworthy joints. For the useful-

ness of the manometer this is of great importance.

Fig. 1 shows the connection as made now. It is based on the

method of Cailletet to solder glass on to metal, which method has

been mentioned in Connn. N" 27, II, June '96, for similar purposes

and as appears from Comms. N" 85, June '03, and N" 89, Nov. '03,

has stood the proof in sevei'al cases where it was applied. The steel

capillary q^^ reaches as high as (/,, in the glass tube 6,, which has

a wider part b^^, containing mercury which is separated from the

junctures of b^„ and 2^1 by a layer of marine glue h^, in 6,0. Fol-

lowing the above mentioned method, the end of b^„ has been plati-

nised, then copi)ered galvrtiiicaliy and soldered on to /*,.

This connection lias quite answered the expectations. With the

former method when tiie manometer was put under pressure it some-

times appeared that minute cracks had come in the sealing wax,

through which the compressed gas which transfers the pressure from

one manometer colunm to the other escaped. In case it escaped

rapidly, the mercury of one manometer tube flew into the other

before the pressure could be removed and within a few moments

the apparatus Avas defect anil wanted a thorough rearrangement to

become again fit for use. This has never occurred with the new
connections, and yet they have been used for a long time. If a tiny

opening sliould have remained in the marine glue, the mercury has

first to pass through il and a mercury drop at ^> gives warning. Then

the manometer can be freed in time from pressure and when the leak

of the single tube is repaired it may be immediately used again.

6

Proceedings Royal Acatl. Anasterdam. Vol. VIII.
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Foiiiicily tl.c (Mii|e of lie pt\i~ \\liiili li;uii-('cis ll.c picf-eiiie on

llie ineiciii.y Aviili ll;e al ovc ii:ciitioiic(l (oui-cqiiciiccs Avas (o be feared

at llie cciir.ecliiig pieces of ll;e steeJ capillaries <y with the cocks K
and Hie "f-pieces T (cf. fig. J, Comm. N" 44). Tliis was especially

dargeioiis as (lie place wlieie it happened was often detected too

late. As j)ackiiig between tlie ilat steel surfaces of the joints for

cocks, flanged tid)es, ajid ~]~-pieces, we use now only a single sheet

of |)ai'chnient paficr. Leaks rarely occur. Moreover in the new arrange-

ment care is taken that each j)lace where gas might escape is kept

under vaselin oil, i^o that even the smallest leak betrays itself immedia-

tely b}' a gasbuib raising in the oil.

In order to attain this the mounting of T and K is modified as

sho\\ii on the annexed plate. Fig. 2 is a part taken from the

plate of Comm. N°. 44 (front elevation). Fig. 3 is a top vieAv of this

pai't from a section ??. Figs. 4, 5 and 6 next to it show the present

arrangement in front elevation, section, and toj) view. The drawings

do not lecpiiie much explanation. ///, is a wooden case (tinlined and

])rotecled from action of nieicuiy by paicliment paper), in which are

placed the tube B (vide Ccmni. N". 44) with all the cocks K and

the "f-jiieces T connected with it. {K.^^ is a loose key on the cock-

needle, Hi, is a tap; the contents of the case is about 0.8 hectoliter).

11. Iinproveinent in tlw transference of pressure by compressed

(jas especialI
11 for the determination of isothermals.

The advantages of the transference of pressure from the experi-

mental apparatus to the mea.suring apparatus by means of compressed

gas caused this method to be reijeatedly used for experiments at

Leiden. The drawback of it is, howe\er, that much care is required

to make connections which are perfectly tight and that it is a very

elaborate work to seek for leaks, especially when there are a great

number of connections. It may happen that a whole series of experi-

ments loses its value wheir the existence of a leak is not imnrediatelj'

detected. For some time, therefore, we have arranged those coimec-

tions where the escape of gas is to be feared, (as explained in part I

of this paper for the open manometer) so that they can be covered

with vaselin oil and yet are easily reached. It has appeared that

with the arrangements based upon this principle we can work so

much more securely and rapidly that it more than balances the

small complication which sometimes arises when we carry out

the principle.

As an elucidation we ha\c re^jrescnted in fig. 7 of the annexed
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plate the way in wliicli of hvle we luivo imule the oomiections for

the compression Inl)c for |iiezonieter determinations.

If we compare Ihis fignro with plate I, fig. 1, of Conim. N". 84,

March '03, where tlie same parts are designated with the same letters,

and also witii the description of it given in Comm. N°. 84, tiien no

fni'dier explanation is recpured. The npper end of the level glass C\
is Itent ill order (o immerse 6".,; in the oil vessel (",,,. The cocks

and connections whicii are not kept under oil, as for instance 6^,

are those where a leak must show itself liy the outflow of mercury.

Physics. — Communication N°. 94= from the Physical Lahai'afory

at Leiden by Prof. H. IvAMEUiiiNG Onnes. "Methods and (f/i/xi-

niius used in tlie c.ri/oijenlc Inboratonj. YII. ^1 modi/led cryodat."

(Communicated iu tlie Meeting of May 27, 1905)

§ 1. In several Communications I have described cryostats based

on the use of baths of liquefied gas evaporating at ordinary or lower

pressure. For those cryostats where, as described in Comm. N". 14,

Dec. '94, I succeeded in maintaining during any desired time a bath

of V4 to V2 lifer of liquid oxygen for measurements at a constant

low temperature by means of a circulation, no vacuum glass at all

Avas used. The whole method had been worked out before Drwar's

investigations showed that the vacuum glasses were fit above all for

storing liquid gases.

Nor were any vacuum glasses used in the improved cryostats of

large dimensions described in Comms. N". 51, Sept. '99, and N°. 83,

Feb. '03. When we started the measurements for which these

cryostats were used, we could oidy olitain sufficiently trustworthy

\acunm glasses which Avere blown to fit exactly when we were

satisfied with small dimensions.

Since, however, excellent vacuum glasses which are also of large

dimensions ai'c made to fit, especially by R. Burgkr at Berlin, it

will be possible in many cases to find vacuum glasses of the proper

size and the just mentioned methods of arranging will be especially

reserxed for those cases wdiere we want vertical walls of plane

parallel glass, or when the bath must be of excessively large

dimensions ^).

In Comm. N". 83 III § 6 we ha\e already descrilied a cryostat

of small dimensions constructed by means of a vacuum glass. The

1) Comp. tlie end of Vill of this Series of Gommuiiications.

6*
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annexed jilale shows siicli a eiyostat in a vacuum glass of uiuch

larger dimensions (9 e.ni. internal diameter) which during some

years has satisfied liigli re<|uireiiienls.

The apparatus has served for nieasui'cments ') with a difrerenfial

thermometer of which one reservoir was tilled with hydrogen the

other with nitrogen, for a comparison of a thermoelement with the

hydrogen thermometer (cf. Comm. N°. 89) and for measurements

on the isotiiermals of diatomic gases (cf. Comm. N°. 69, April '01

and N". 98, April '02). If the plate is compared with Comm. N°. 83

no much further explanation is wanted. The same letters designate the

same parts. The connections of the cryostat with the regulating apparatus

for constant temperature are the .same as on Pis. I, V and VI of Comm.

N°. 83. The stirring-apparatus to obtain a KHi/oym temperature is moved

by an electromotor as is tiie case witli the cryostat represented there.

During tiic measurements with the differential thermometer the tempera-

ture was regulated according to the indications of a thermoelement

(which is described in detail in Comm. N°. 89 published lately).

In tiie comparison of the thermoelement with the hydrogen thermo-

meter one of the thermometerreservoirs on the annexed plate was

replaced by a resistance thermometer (double cylinder according to

Comm. N". 93, PI. I, fig. 2, with improvements which will be described

later on). JMorcover in the measurements of isotiiermals the piezometer

(cf. Coinni. W. 69, PI. I) was put in the place of the second

thcrmometerrescrvoir.

In order to secure a symmetrical distribution of the current in

the bath mica screens, (which also serve for insulation) are used if

necessary (for instance in the resistance, thermometer), and a tube

similar to the tliennoelemcnt was mounted symmetrically -with

the latter.

The agreement between the mean temperatures of the measuring

apparatus and the temperature indicator is further promoted by

making the mean height of the two equal.

As with the cryostats of Comm. N°. 83 we can reach by means

of this one a constancy to within 0.01° C. For everything relating

to this I refer to Comm. N°. 83.

A silvered vacuumglass being used, there w\as arranged a float

(not to be seen in the figure) to show the position of the level of

the liquid.

The stopper and the way in which the thermoelement is fixed

1) The complelion of the calculations of these measurements, on the subject of

which we shall soon publish a communication, requires some new determinations

and the ajiplicalion of some corrections.
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into it is gi\cii only sclieniatically in (he iignre. In (lie same manner

as (lie (nbe (t^ the tiiermoelemenl is easily introdnced and moved

np and down (hrongh a tnl)e arranged for this end.

The controlling rod for determining the mean temperature of (he

capillary of the therniomelcr or ])iezometer could ho omitted in

these measurements.

§ 2. The working of the cryostals described in the last section

and ill former communications is based upon the cooling caused by

evaporation at the surface of (he liquid. Although the temperature

in those apparatus is almost e\-ery where uniform there yet remains

a colder layer at the surface and a warmer one at the bottom.

In some measurements it is A^ery disturbing that the temperature

at the top of the bath is somewhat, though very little, lower than

elsewhere. In a following communication I hope to be able to give

drawings of a cryosfat where the bath is surrounded from the bottom

upwards liy vapours of a lower temperature than that of the bath,

so that if we regulate the pressure there is a continual heating

instead of a coiUinual cooling at (he surface and the normal condition

that the temperature of the upper part of the bath is higher, is reached.

Physics. — "Methods and apparatus used in the cryogenic labora-

tory. VIII. Cryostat loith liquid oxygen for temperatures heloio

— 210° C" Communication N°. 94"^ from the Physical Labora-

tory at Leiden by Prof. H. Kamerlingh Onnes.

In Comra. N°. 83 IV (March '03) I have described how in one

of my cryostats constant temperatures between — 195° C. and
— 210° C. (in round numbers) are maintained by means of liquid

nitrogen. Whereas between — 180° C. and — 195° C. (in round

numbers) oxygen is the proper liquid for cryostats, for the range

between — 195° C. and the freezing point of nitrogen the latter

substance otfers the advantage tliat its vapour pressure is several

times larger than that of oxygen and that the quantity of it which

evaporates at the same quantity of heat supplied, can be taken up by

a vacuumpump of a much smaller capacity. Moreover if for evapora-

tion purposes we are obliged to use the same vacuumpump which

also serves for the methylchloride or ethylene, the difficulties are

much less with nitrogen than with oxygen. All these reasons made
us formerly prefer nitrogen for temperatures below — 195° C. For

temperatures l»elow the freezing-point of nitrogen, however, we are
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ol)ligO(l lo i-elurii 1o oxygen. Allli(iii,u,li in lliis cnse llie volninc of

gas that iiiiisl lie displaced in (Mdcr Id niidw llic nse (iftlie crvostid

described in (lie previous paper, Uecunies very large, still it may

be controlled at — 217^ ('. by a Burckfiakdt-Wkiss vacunmpump,

arranged as described in Connii. N". 83 V, which can displace

3(i() M" an hour. Fortunately we coidd set an additional pump working

to (his end. Not only that in (his way the Bcrckhardt-Weiss pump

of the nielhylchloride circulation (Comm. N". 87, March '04) remains

free, but now thei-e is also little reason to use nitrogen for tempe-

ratures between — 195° and — 210° C. With the same cryostat

with oxygen we can produce temperatures ranging from — 180° to

— 217°C. The arrangement of the cryostat also admits of keeping

the temperature constant to within 0".01 a 0°.02 C.

On the annexed plate figs. 2, 3 represent a cryostat which is

used for measurements at these low temperatures and which dill'ers

oidy in a few minor details from that of the last communication

(N°. 94c May '05) to which I refer for fhe rest (the same le((ers

denote the same parts). In this cryostat the wires with which the

valved stirrer is moved up and down do not pass over two pulleys

Zs> so that they run parallel with each other outside the apparatus,

but they leave the apparatus over a single pulley x^' diverging from

each other (see iig. 2). Wearing and friction are lessened by this.

In the india-rubber tubes surrounding these wires, at distances of

8 mm. small spirals, 3 mm. high and 3 mm. in diameter, are intro-

<luced, which prevent the compression of the tubes Avhen the pressure

in the cryostat is reduced. Tube 1\^ is taken wider and had there-

fore (in order that we still might nse the existing apparatus) to be

llattened at the end where it passes into X^^.

Fig. 1 represents the determination of the isotliermals of hydrogen

by means of the piezometers of Comms. N°. 69, 78, 84 § 19,

(general letter P) in this cryostat. The temperature is measured

(cf. Comm. N". 83 III) with a thermoelement (Comm. N°. 89), and

regulated according to the indications of the resistance thermometer

11 (fig. 4 shows this in bottom view). As in the model gi\'en in

Comm. N°. 93, Oct. '04, (the small letters added to the general letter

yi' have the same meaning as in Comm. N°. 93 VIII, § 2), (he

resistance thermometer consists of naked platinum wires wound upon

two glass cylinders and of one protecting cylinder. The improvements

which are spoken of already in the prexious jiaper, consist in using

instead of (he mica sheets /„, /,, 4, /, (the form of the supporting

ridges being moditied) (he glass tubes ij, //, //, // (hence in the

figure li;^' etc.), so that short circuiting lietwecn the different parts



of the resisfance is liellcr pi'evculed. Moreover in the new oonstrnc-

tion the pins //„i (see tig. 4), which siirronnded by glass tubes ^„,,

fit into the grooves (/„„ (see fig. 5, twice the dimensions of fig. 4),

prevent the cylinders and the supporting ridges during the mounting

from shifting against each other, which would cause the wires to

break at the soldering places. I^astly, to prevent that (in consequence

of being cooled conduction of heat) water vapour condenses at the

place Avhere the wires f^, t^, i^, t^ leave the apparatus, the upper

part of the supporting rod I- is made of glass. Tlierefore we have

fastened the cap k^^ to ^'i, by means of hard solder, and fixed

according to Caii.letkt's method (cf. Comm. N°. 94/;) the glass rod

^•j to this cap.

The connection of the cryostat with the auxiliary apparatus agrees

in principle with that of Comm. N" 83 (especially Pis. IV and VI)

to which I refer for further details. The cryostat represented in this

paper replaces Cr on PI. IV. At the place of 7icA' Pi. IV, the

vacuumpump was exhausted by a smaller one, which displaces

20 M" an hour. This forces the oxygen at normal pressure through

a solution of caustic soda in order to keep back the oil carried

along from the vacuumpumps. The small vacuumpump also replaces

AC of PI. IV (the lead Exh' terminates into it at ]'„^, the tube with

caustic soda replaces Z); on PI. IV). The oxygen, after having

bubbled through the caustic soda solution, can without fear of

explosion be compressed by a Brotherhood compressor arranged as

described in Comm. N°. 51, Sept. '99, and lubricated with glycerine

(cf. Comm. N° 83 IV). It thus replaces HfiC on PI. IV of N». 83.

The admission of licpiid oxygen is sometimes effected by directly

syphoning over liquid oxygen from a vacuum glass into the cryostat.

As a rule, however, compressed oxygen from a cylinder is used

and as generally we ha\'e a large quantity of cylinders with com-

pressed oxygen in store, it is supplied from another reservoir than

that in which the sucked off oxygen is compressed (in that case tiie

connection IIN-D^ of plate IV, Comm. N". 83, does not exist). The

oxygen liquefies in a cooling tube immersed in liquid air (the

nitrogen in CS of PI. IV Comm. N°. 83, is replaced by oxygen,

the oxygen by air) and thence passes through a (see the annexed

plate) to the cryostat.

As to the way to keep tlie temperature constant, the only alteration

from what has been laid down in Comm, N". 83 is that with high

vacua the oil manometer is no longer used and we regulate only by

means of the cock ]",. (Comm. N". 83) being guided only by signals

according to the readings of tlie resistance thermometer. The mean
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loiiipcraliirc is deteriiiiiied cxacllj as described in Coiuiii. N". 83.

Tiie eiyostat described could be reialivcly simple, because a vacuum-

glass of large dimensions was used. Excellent though avacuumglass

may be, it is still always to be feared that it bursts unexpectedly and

so damages the measuring apparatus. Indeed, one of the series ot

measurements was put an end to in this way. Hence, when mea-

suring apparatus are used to which we attach great value, because,

for instance, many other measurements have been made with them,

it is advisable when we want to bring them in baths of constant

temperature below — 210° C, to use the cryostat described in

Comm. N°. 83 III, where, though it is much more com|ilica(e than

the one described here, no vacuum glasses are required, anil in lliis

the oxygen can be evaporated at a ^ery low pressure, also witii the

aid of the above mentioned large vacuumpump.

Physics. -— "Methods and apparatus used in the cryoge7iic laboratori/.

IX. The imrifying of gases by cooling combined loith com-

iwession, especially the preparing of pure hydrogen." Com-

munication N" 94« from the Physical Laboratory at Leiden by

Prof. H. Kamerlingii Onnks.

§ 1. To separate less volatile elements from a gaseous mixture

by cooling with liquid air belongs now to the ordinary operations

in laboratories. At Leiden it is applied on a fairly large scale to

reobtain ethylene in its pure form after it has been mixed with air.

In the experiments it repeatedly occurs that ethylene is contaminated

with air; from time to time when in the ethylene cycle of the cascade

process the condensation pressure of the ethylene increases, the gas

which remains behind after the greatest part of the gas used in the

cycle is liquefied, is blown off and replaced by pure ethylene, in

order to >'cduce the condensation pressure to its ordinary amount.

All such mixtures and remnants with a larger or smaller proportion

of ethylene are collected in a large gasholder because of the expen-

siveness of this gas. The ethylene is afterwards frozen out from tiie

collected gas in a vessel cooled by liquid air.

By cooling at a normal pressure we can from a mixture of gaseous

substances which difler very much in volatility, separate a large

portion of the least volatile substance when we go to temperatures

which though lying above the boiling point of the one, reach far

below that of the other substance. How much of the impurily is

still in the remaining gas is then fairly well determined by the
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va|)oiir pressure ut' llie less vuhxiile cleiiieiil ;xl the tciiiperadire of

cooling. The separation will be nim-li more perfecl when we can

also avail ourselves of compression, as it is the case, for instance,

when the gas which we want to purify, at the lowest temperature

to which we can cool, is still above its critical temperature.

If we do not take the pressure too high we ma^' assume roughly

that the degree of purity which we can reach with long continued

cooling, is at the same temperature directly proportional to the

pressure to which we compress. In cases where the gas flows through

a cooled tube, other factors come into consideration, but even then

compression offers a great advantage.

I have availed myself of this opei'ation for a last and tliorough

purification of the electrolytic hydrogen (prepared as described in

Comm. N°. 27, May '96), Avhich is used for piezometers and thermo-

meters, when it appeared that notwithstanding it was led through

drying tubes with phosphorus pentoxide, traces of water still occurred

in the gas. This purification was etlected by cooling hydrogen under

i^trong pressure in liquid air.

A similar method may be recommended to free, for instance, helium

from admixtures of neon and hyilrogen. The degree of purity of

the helium can be raised considerably by causing the bath (liquid

liydrogeu) to e\aporate in vacuo; for this purpose an apparatus is

being constructed ').

^ 2. Pure hydrogen for thermometers and piezometers.

Several improvements have been made to the apparatus for the

preparation of pure hydrogen (described in Comm. N". 27). Some
of them are described in Comm. N". 60, Sept. '00. Later the plate

/ of fig. 6, PI. II, Comm. W. 27, was riveted to a platinum wire

(instead of being soldered to the copper wire e) and melted in a

glass tube which is bent down under the mercury- on the boKom of

the apparatus and is itself filled with mercury. Further the cock d
was sealed to the bell-jar c, and the sealing place k is kept under

•mercury to be cooled by it; linally the shutting of the apparatus was
made easier as the India rubber stoppers in the cover were replaced

by cone-shaped ones which are pressed on to it by means of a

small plate and tightening screws and as six tightening rods t

instead of three as in the above mentioned (igui-e have been made.

1) After tills had been wiitlcn and publislied in tlie Dutch Proceedings of the

Academy I found tliat Dewar in liis Bakerian Lecture, Proc. Roy. Soc. Vol. G8,

1901, recommended the method of adding compression to cooling for purifying

helium.
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Tiio clecholylic Indrogoii prepared iiiidei' excess of pressure in

the improved generating ap|)aratiis tlows oil' (lirongli a fine regulating

cock (see /.', PI. I, (binni. N». 27). It is, liowever, not direetly

admitted into liie mercury airpuni]) and the measuring apparatus

which is to be filled, but is first led through a steel capillar}' to

the piezometer in a pressure cylinder where pressure is exerted bj-

compressed air, as was used in the experiments on the condensation of

gaseous mixtures (see Comm. N". 92, Sept. '04, PI. I, fig. 1). The

stem of this piezometer carries a three way stopcock (Comm. N°. 84,

March '03 PI. I figs. 2 and 3), to which are connected on the one

side the above mentioned capillary, on the other side a copper cooling

tube (a platinum cooling tube with platinum capillaries would still

ha\c been better), which at either extremity ends in steel capillaries

with coiuiections. A higli pressure cock, which admits of a line

regulation, connects the cooling tube with the mercury air pump
and the measuring apparatus. All the packings are made of cork,

the gas itself has no contact with anything but the metal of the cooling

tube and the capillaries, with glass, or with twice distilled mercury.

After all parts between the generating apparatus and the mercury

airpumi) have been carefully exhausted, the gas is admitted from

the generating apparatus into the piezometer with the cooling tube,

then the latter are shut otf from the generating apparatus and the

mercury in the piezometer is forced up until a pressure of 60 atm.

is reached, the cooling tube, being immerseil in liquid air up to the

steel capillaiics. At the same pressure the gas is then led through

the regulating cock into the measuring apparatus that are to be tilled.

^ 3. Hydrogen for the cycle -with liquid hydrogen. The commercial

electrolytic hydrogen is as a rule too much contaminated with o.xygen

and air to serve for a circulation of hydi-ogen. In order to separate

these admixtures we may compress it in a cooling tube immersed

in oxygen, which evaporates in vacuo. The following operation is

simpler still. The hydrogen is compressed and letl through a cooling

tube immersed in liquid air under normal pressure into the appa-

ratus where liquid hydrogen is prepared by means of a regenerator

spiral, wiiich apparatus together with a gasholder, the compressors and

drying apparatus forms a cycle. The pressure of coiupressiou is now
regulated so that the compressed gas tlows out without blocking the

delivery cock of the regenerator spiral, at least not as long as this

cock is opened and shut alternately. The pressure is gradunlly raised

higher and higher, while the temperature of the outflowing gas falls,

and this is conlimicd until the cock is blocked, and the pause during
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wiiicli \\(> rti-o wailiiiii,' Cor llio cork (o l)o tVce anniii, is used to

remove lluit wliicli is deptjsitcd ixl the place intended for tlie litiuid

liydrogeii. Thus it is not diflicnlt to prepare from llie commercial

hydrogen large (piantities of liydrogeii with less than 1 pro mille of

admixture.

Anatomy. — ''On the dcvelopnient of the Cerebellum in Man".

(Second Part). By Prof. L. Bolk.

In the first part of this communication the development of the

Cerebellum is described until the stage in which the sulci ai)pear

typical for the mammalian cerebellum. In this stage it is divided

by the sulcus primarius into an anterior and posterior lobe. The

first of these lobes is separated by three grooves into four lobules,

corresponding with the lobiili 1, 2, 3 and 4 of the mammalian

cerebellum. The posterior lobe is also separated by three grooves

(sulcus praepyramidalis, fissura secunda and sulcus uvulo-nodularis)

in four lobules, corresponding with the lobuli A (nodulus), B (uvula),

Cj, (pyramis) and C^ (dcclive -j- folium vermis -|- *"ber vermis\ which,

with a few exceptions, are to be found in the other mammals. In

these exceptions the sulcus praepyramidalis, which separates the lobuli

C, and C,, is missing, as in Erinaceus (Arnback Christie Linde),

Notoryctes (Elliot Smith), Vesperugo (Charnock Bradley), Chryso-

chloris (Leche). In this case the posterior lobe is only built up of three

lobules. The missing of the sulcus praepyramidalis in these cerebella

of extremel}^ simple construction gives rise to the supposition that

this fissure is phylogenetically the youngest of the primary sulci of

tlie cerebellum. This supposition is corroborated by the fact that in

man the sulcus praepyramidalis is ontogeuetically the last that ap[)ears.

After the development of these primary sulci, grooves appear

characteristic for the cerebellum of the primates, and whose homologa

are wanting in other classes of mammals.

Ill embryos of a length from IG to 22 c.M. arises a groove on

the posterior surface of each of the hemispheres, the lateral part of

which is directed to the obtuse angle of the lateral border of the

cerebellum (Fig. 11 •/)• The mesial ends of these grooves approaching

each other, penetrate into the narrow lobule which is bordered by

the sulcus primarius (1) and hy the sulcus praepyramidalis (4) ; after-

wards these grooves unite and divide the lobule in an upper and

lower half. This differentiation however not always proceeds sym-

metrically, so that it may happen, that these grooves do not meet,
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hut dial one of tlieiii iiiiitos with tlie sulcus praepynimidahsj ; in

other cases ihev grow along of each other, causing in this way an

asymmetry of the lobule, which influences the further lobulisation of

this region; these cases however are rather exceptional. The appea-

rance of these grooves is known in literature, and it is generally

believed that they form the sulcus horizontalis. In the beginning I

inclined to the same opinion, but the study of the abundant material

which was at my disposition instructed me that this notion is wrong,

and that this groove, -which appears symmetrically, is the sulcus

superior posterior which separates the lobulus lunatus posterior and

the lobulus semilunaris superior. The sulcus horizontalis appears

afterwards in a manner as illustrated in Fig. 12 and 13.

The fact that the sulcus superior posterior arises in an earlier period

of human embryonic life than the sulcus horizontalis seems of interest

in connection with other particulars of comparative anatomy. I found

namely in my researches on the cerebellum of Primates the sulcus

superior posterior appearing phylogenetically before the sulcus hori-

zontalis. All Primates excepted the Arctopithecidae possess a sulcus

superior posterior, whereas a sulcus horizontalis is only to be found

in Anthropoids, although an indication is also to be found in Ateles.

After the formation of the sulcus superior posterior, the lobule between

the sulcus primarius and sulcus praepyramidalis quickly increases

in size, the cerebellum becoming convex in its median zone. (Fig. 11

and 12. 1, 4 and /).

In the same period in which the lobulus lunatus posterior -

bordered b^^ the sulcus pi-imarius and the sulcus superior posterior—
develops its secondary grooves, a short straight groove appears on

the upperlip of the sulcus praepyramidalis. This g•roo^'e is the sulcus

horizontalis (Fig. 12 and 13, h), which, contrary to the general concep-

tion appears in the median portion as an unpaired groove. In the

beginning therefore the region between sulcus horizontalis and sulcus

praepyramidalis is extremely narrow in its median portion, the region

however between the first sulcus and the sulcus superior posterior

being relatively large. The first of these regions becomes the Tuber

vermis, while the second forms the Folium vermis. If one compares

the size of these regions with those of the Tuber and Folium vermis

of the adult cerebellum it is evident tliat there must be a very

unequal surface-expansion in these adjacent parts of the cerebellum

and that the development of this organ in man is not as simple as

it appears. And it may be concluded from the fact that the surface-

expansion of the lobules takes place with very different intensity that

the signification of the grooves and lobules is not merely a raorpho-
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logical oiif. The obvious dilTereiice in tiie extension of the cortex of

the different lobnles ouojit to have a physiological base.

In the stage of development in which the sulcus horizonfalis forms

a short straight groove in the forelip of the sulcus praepyramidalis,

the Tuber vermis does not yet reach the surface, whereas the folium

vermis, which in a later period is concealed, still appears broadly

on the surface. This relation is moditied by a lamella which mounts

to the surface from the bottom of the sulcus praepyramidalis, and

which pushing forwards the sulcus horizontalis, separates the latter

from the sulcus praepyramidalis (Fig. 12 and 13. h, 4). This lamella,

arising from the forewall of the sulcus praepyramidalis is the first

"Anlage" of the Tuber vermis.

At the same time the sulcus horizontalis has lengtliened and pene-

trates into the hemispiieres, soon being ecpial in length to the sulcus

superior posterior (Fig. 15f). These sulci include a cuneiform lobule

with its top directed raesially, on the surface of which arise secon-

dary furrows, e\en before the sulcus horizontalis has reached the

lateral border of the cerebellum (Fig. Iha h and c). This wedge-

shaped lobule is the lobulus semilunaris superior.

The sulcus praepyramidalis has also extended into the hemispheres

(cf. Fig. 11 till 15. 4) and with that keeps its typical form for a

long time : namely a median horizontal portion of which the lateral

parts bend sharply down and back. This typical form enables us to

recognize easily' this groove. By this course of the sulcus a second

cuneiform lobule is formed with its top directed mesially, bordered

above by the sulcus horizontalis {h) below by the sulcus praepyramidalis

(4). This region becomes the lobulus semilunaris inferior. It is remarkable

that the first groove which subdivides this lobule also rises from the

npperlip of the sulcus pi'aepyramidalis from which again appears

that here exists a focus of very intense surface-expansion. This groove

penetrating into tiie lobulus semilunaris inferior can be seen in

Fig. 13, 14 and 15 in dilferent jihases of development, wMiereas in

Fig. 16a a second groove emerges from the underlip of the sulcus

horizontalis, quite near the middleline, which grows out into the

lobulus semilunaris inferior. By tliese two intralobular grooves is

initiated the subdivision of the lobulus semilunaris inferior into three

sublobuli, a fact, to which Ziehen has fixed attention.

The region between the sulcus praepyramidalis (4) ami the fissura

secunda (2) undergoes but fewer changes and takes part in a slighter

degree in the surface-expansion. For a long while this area is broadest

in its median zone (Fig. 11, 12, 13 and 14) and shows there one

or two slioi't grooves which are however limited to the middle
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rcf^ion :ui(l do not penelrutc iiilo the lioiiiisplieres; tliis broad middle-

piece is tlic Pyrainis. The parts of the lieriiispliercs coiTCspoiidiiig

to the Pyramis are sepai-ated relati\eiy late from the rest of the

cerelielliim. This separating is connected with other phenomena,

which are of importance for the topograpiiical relation of the cerebellar

lobules. The fissnra secnnda namely, which limites the regions of the

Uvula and the Tonsilla on the npper side, extends originally from one

lateral border of the cerebellum to the other (Fig. 11—14). The

area however, situated above the transversal zone formed by Uvula

and Tonsilla, increases more rapidly in transversal direction than

the Tonsilla does and in this way the latter is enclosed. By this

process the tissnra secnnda ends Jio longer at the lateral borders of

tlie cerebellum, but, if observed from behind, at the myelencephalic

border (Fig. 15). Now it is mainly that part of the hemispheres

which gets situated at the side of tlie Tonsillae, Avhich bj' a narrow

lamella remains connected with the Pyramis and develops to the

lobuhis biventer.

The region of the lobulus biventer and Pyramis shows in its lamel-

lisalion a characteristic that indicates that the surface-expansions of

the middle- and side-pieces are more or less independent of each

other. Already I drew attention to the fact that in an early period

of development one or two grooves appear in the Pyramis which

do not extend into the hemispheres; tignres 11—19 show these

grooves at a nnmber of two or three. Now we see, that the furrows

of the lobiilns biventer take their origin quite independently of those

of the Pyramis. For according to my jireparations the lobulus

biventer is lamellised in two ways. From the nnderlip of tlie sulcus

praepyramidalis arises a groove on some distance from the middleline.

This groove lengthening itself in a lateral direction reaches the

margin of the cerebellum and divides the lobulus into an upper

and vmder part. In Figures 17, 18 and 19 this groove is indicated

by a b and is identical with the sulcus bipartiens of Ziehen. The
lamellisation of Iioth parts of the lobulus biventer takes place in a

different manner. The upper part of this lolmle, which is cuneiform

in shape develops new grooves, taking their origin from the nnderlip

of the sidcus praepyramidalis or from the upperlip of the sulcus

bipartiens, which grooves lengthen laterally; the grooves of the under

part, which is a narrow lobule connected with the Pyi-amis arise

from the margin of the cerebellum and grow out mesially. Especially

figure 18 shows very cleaily this difference in the folding of the

cortex of liolli jiarts of the lobulus biventer, which difference gets

more important when it is compared with the mode of folding in
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the Uvula and Tuiifsillae. ]>i]\0 (lie Pyiajiiis llie Uvula loo very soon

shows one or two transversal groo\'es, \vliieli do not penetrate into

the TonsilJae. The surface of the last called lobnles remains unfolded

for a' remarkably long time (Fig. 17 from a foetus of 29 cM. and

fig. 18 from one of 32 c.M.) and assumes an oval-shaped rounding.

But, the folding of the cortex once commenced, it proceeds in the

same way as in the under part of the lobulus biventer. For as can

be observed in Fig. IQ and 19, the grooves begin on the margin of

the lobules, i.e. laterally and grow out mesially. In connection with

this last fact it must be recalled to mind that also the fissure which

separates the Flocculus from the remainder of the cerebellum first

appears at the lateral edge of the latter and lengthens afterwards in

a mesial direction.

The Flocculi and Nodulus have undergone but little differentiation

during the described stages of development; the Nodulus has increased

in surface and in the number of its grooves; while the Flocculus

in an foetus of 35 c.M. (Fig. Wc) shows only three lamellae.

A distinct differentiation between the cerebellum and pedunculi

pontis is indicated sharply in foetus of 25 (o 30 c.M. (Cf. 15c, 166,

17a and 19c). In the foetus of 29 c.M. (Fig. 17a) the fossa lateralis

is sharply bordered while the sulcus superior posterior (x) ends in

its fore border and the sulcus horizontalis in its top.

In the develo}Mnent of the human cerebellum some interesting

phenomena may be observed, which are worth to be brought in the

fore-ground and which may be summarised in the following way.
1^'

. In the grooving of the human cerebellum two stages may be

observed ; in the first stage those grooves arise that in general are

characteristic for the mammalian cerebellum. By these primary

grooves the organ is divided into an anterior lobus, which is sub-

xlivided into four lobules, and into a posterior lobus, which in the

median plane is also subdivided into four lobules. All these grooves

take their origin in the middleline. Besides these another groove

appears, beginning at the lateral border of the cerebellum (Fissura

parafloccularis). In the second stage those grooves become visible,

that are typical for the cerebellum of the Primates.

2"^'. After the primary grooves in the first stage having been formed

the further lobulisation and lamellisation lakes place in the second

stage in a regular way. In the anterior lobe all the grooves take

origin in the middlelijie and lengthen laterally ; the same happens

with the maingrooves of the region between sulcus primarius and

bipartiens, but in the last region there also arise grooves in the
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lieniis[)lieres wliich uiv ooiiliiicd fo tlie latter. Finally between the

sulcus bipartiens and the margo myelenceplialicus of the cerebellum

the grooves begin at the border of the hemispheres and grow out

mesially. The system of the grooves belonging to the Pyramis, Uvula

and Nodukis forms an independent system, which has no connection

with the systems of grooves existing in the adjacent parts of the

hemispheres. Consequently from a morphogenetic point of view three

zones may be discerned. Anterior zone: all grooves arise in the

middleline, grow out into the margin of the cerebellum or end at

some distance of it. In this zone the system ofgrooves is an unpaired one.

Middle zone: the grooves take their origin partly in the middleline

and extend to the margin of the cerebellum, partly they arise in

the middle of tlie hemispheres to which they are confined. This

system of grooves is a paired one. Posterior zone : there arise grooves

in the middleline which are confined to a narrow band, while inde-

pendently of these a second system arises in the hemispheres. In

this zone the system of grooves 2}0ssesses a threefold character. The

cei-ebellum of the Primates compared to that of the other Mammals

is characterized by a progressive development of the anterior and

middle zones and a regression of the posterior zone.

3«i
. After the first stage of development having been passed there

arise spheres of intense surface-expansion by the side of others, where

this expansion is minimal. This is the case with : the most anterior

part of the Lobus anterior, which develops into the Lingiila; further

with the Folium vermis, which at an early period of development

reaches the surface as a relatively large lamelle, and the Flocculus,

the surface of which enlarges very little. Spheres of intense surface-

expansion are: the region in the middle line, immediately surround-

ing the sulcus primarius; the forelip of the sulcus praepyramidalis,

from which arises tlie whole Tuber valvulae; the region between

the sulcus horizontalis and sulcus praepyramidalis. Especially the

human cerebellum is distinguished by the mighty development of

this part.

The facts brought to notice in 2 and 3 lead to the conclusion

that the cortex of the cerebellum is not an organ with a homo-

geneous distributed function, but a well organised entirety with

localised functions.

4'*^. In general tiie anterior lobe keeps ahead of the posterior

lobe in development, the lamellisation beginning latest in the caudal

part of the cerebellum.

5''', In connection with the dift'erence in the mode of lamellisa-

tion of the zones described in 2, sulci paramediani are wanting in
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the anterior zone, ii: llic niiddlo /.ouo llicv exist, l)nt continuity

between the hxmellae (it Ihe hcniiypiicrcs anil of liie vermis remains,

and in the posterior zone they form a complele division i>et\veen

the lamellae of the hemispheres and of the vernis,

Anatomy. — ••<>// the sijiniKilIu-iic ncn-otH .^nslein in Moitofiviiics."

By A. J. P. V. D. liiiOEK. (Cominiiiiicak'd by Prof. L. Uolk).

The tnliowinu' description contains the results of an inxestigation

on tiie striictnre of the sympathetic nervous system in Monotremes.

For tliis imestigation I had at my disposal a female specimen of

Echidna aciileata and of Ornithorhynclius paradoxus. The sympathetic

system of the two specimens resemble each other in many respects,

i.e. in structure and ramification; in other I'cspects they show

important difterences from |)lacental mammals.

In (he cervical sympathetic chord we find in Echiihia one, in

Ornithorhynchus two ganglia.

The ganglion cervicale of Echidna is (Eiy. J. g. c.) a rather large,

oval-shaped body, situated close above the Arteria snbclavia. Singular

or double rami viscerates connect this ganglion wirh the first as far

as the fifth cervical nerves included. The ramus visceralis of the

first cervical Jierve does not enter directly into the ganglion cervicale

but is joined to a nerve that appears at the upper end of this

ganglion and can be traced as far as the base of the skull (Fig. 1. a.)

where it eaters into a little foramen. Close to the base of the skull

(Fig. 1. b.) two little twigs branch olT this nerve, which go through

the M. longus colli to the vertebral colunm. Anastomotical branches

of this ner\e with the Nervus vagus ajid the ramus descendens

hypoglossi are under the base of the skull. (Fig. J. c).

In Ornithorhynchus a little part of the cervical ganglion, which

should be considered as the fusion of the ganglion cervicale supremum

and medium in placental mammals, is situated on the atlas as a ganglion

cervicale supremum (Fig. 2 g. c. s.) and is connected with the first

cervical nerve. A thick branch of the Nervus vagus enters into the

ganglion from the lateral side; at the medial side the Nervus laryn-

geus superior (Fig. 2 1. s.) leaves it. In its course this nerve contains

a little ganglion befoie dividing into i-amus externus (Fig. 2 r. e. 1. s.)

and interims.

The I'ami \iscerales [)arting from the seconil to the fifth cervical

nerves incbideil communicate in Oruilhoi'hynchus \vith the ganglion

7
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cer\iculi', wliii-li, as in Kcliidmi, is sitiialcd close above (lie Arteria

siibclavia.

The coiiiiminication between the ganglion cervicale and the

ganglion stellatum is formed in Echidna b_y two nervestems, which

form an Ansa Vieusscnii ronnd the Arteria siibclavia; in Ornitho-

i-hynchns 1 only found one nervestem passing backwards round this

arteiy. Iti both, the nerve that passes at the back of the artery is

connected with the rami viscerales of the sixth and seventh cervical

nerves, while that of tiie eighth cervical nerve passes directly into the

ganglion stellatum. This ganglion also receives the rami viscerales

of the first and second thoracic nerves. (The latter in Echidna partly).

The ganglion cervicale sends out some nerve branches to the heart,

close to rami cardiaci of the vagus nerve (Fig. 1 and 2 r. c). In

Echidna these braiiches are also sent out from the anterior nervestem

of the Ansa Vieussenii.

The cervical sympathetic system in Monotremes differs from that

of tiie placental mammals not only by the composition and arrange-

ment of the cervical ganglia, but also in tiie nervus ^ertebralis,

which is wanting in Monotremes ; in both Echidna and Ornitho-

rhynchus the rami viscerales of the cervical nerves run extravertebral.

If mechanical influences be the cause of the origin of the vertebral

nerve (cordon apophyso-vertrebrale of Theb.ault '), it is important to

point out the peculiarity of the cervical vertebrae in Monotremes,

in which the rudiments of the ribs only confuse at a very late stage

of development with the transverse processus of the vertebrae.

The visceral branches of the first and second thoracic nerves run

to the ganglion stellatum; the third till twelfth intercostal nerves

included ai'e connected by very short rami viscerales with the top

of triangular ganglia, situated in the spatia intercostalia.

From the seventh unto the eleventh spatium intercoslale the sym-

pathetic chord of Echidna is divided into two chords that run parallel,

the lateral of wiiich is much smaller than the medial one.

From the latter there goes a nerve in caudo-niedial direction,

which I could follow as far as the aorta. The rami viscerales of the

ninth and tenth thoracic nerves of Ornithorhynclius divide into two

rami and go to two sequent ganglia. With both animals the sym-

pathetic chord, where it receives the ramus communicans of the

thirteentii thoracic nerve, makes a curve in medial direction and

penetrates the dia]iliragm in froul of the vertebral column.

1) Thebault. V. Etude suf les rapporls i|ui existunt ciitie le systeme pneumo-

gaslrique et sympathique chez les Oiseaiix.

Anuales des Sciences iiaturellcs. Serie S. Tome VI, p, 1.
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If one will call this part of IIr^ cliord lioniolos'oiis to the Nervns

s|)lanchiiicn.s major of plafcutal iiiainiiials, it must be pointed out

that in this grou]) the Nervus splaiK-iniiciis is the entire sympathetic

nerve. So Ihe segmental caudal limit of this nei've falls in the region

of the thirteenth or fourteenth thoracic ner\'e.

In the abdominal part some dilferences appear between Echidna

and Ornithorhynchus. In the former the sympathetic nerve divides

under the diaphragm into two branches of very unequal dimension.

Tlie larger of the two passes in medial direction and disappears in

the corpus suprarenale (Fig. I g. s. r.) after having sent some small

branches to the kidney. The second, much smaller branch passes in

caudal direction and is the continuation of the sympathetic choi'd.

Into tiie latter tirst passes a branch, springing from tiie sympathetic

ganglion of the fourteenth thoracic nerve, after that the rami viscerales

of the succeeding thoracolumbar nerves.

In Ornithorhynchus the sympathetic chord passes under the dia-

phragm into an oblong ganglion. From the medial side of this some

fibres arise, that pass to the suprarenal body (Fig. 2 g. s. r.) and

the kidney (Fig. 2 n.). With this ganglion communicate moreover

the rami viscerales of the sixfeenth and partly that of Ihe seventeenth

thoracic nerve.

In Ornithorhynchus I did not liud a ramus xisceralis of the lifteenlh

thoracic nerve.

In Echidna there were separated gajiglia where the rami viscerales

of the fifteenth and sixteenth tlK)racic nerves join the sympathetic

nerve. A ganglion splanclmicum (Arnomj), whicli occurs in mammals
in tiie course of the Nervus splanclmicus major, Monolremes do not

possess. Probably this ganglion is slill contained in the corpus supra-

renale ; this organ we may therefore call in these animals "ganglion

supi-arenale".

Following the symjiathetic nerve further in the abdomen we see

(hat it receives the rami viscerales of the nerves in regularly arranged

ganglia of which sometimes two are joined to a single one. (e. g, in

Ornithorhynchus those of the seventeenth and eighteenth thoraco-

lumbar nerve). Here and there I found double rami viscerales which

then pass through the M. psoas in a curve.

On account of what I found in the lumbar part of the sympathetic

chord in other mammals I am inclined to ascribe the splicing of

the rami viscerales to mechanical influences, i. e. to the development

of the processus transversi of the vertebrae and the M. psoas.

A division of the rami viscerales in grey and white rami, embracing

7*
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flie inlorcoslal arteries, is described by Gaskfj.i, ') from the second

tiionxcic iiiilo llie second lumbar nerve in man. I did not observe

a similar splicing in tiie Monolremes.

Tiie most caudal brancli of the sympatiieiic chord to the abdominal

viscera leaves this chord in Ornithoriiynchus al I lie level of the

entrance of the ramus visceralis of the eighteenth llioraco-lumbar

nerve, in Ecliid)ia at thai of tiie nineteenth thoraco-iumbar nerve.

So tiie caudal limit of tiie visceral nerves in Monotremes is much

lower than in man, in whom this limit is described by Hisnop

IIakman ''), in accordance with Uaskell at the level of the fifteenth

thoraco-iumbar nerve.

In the caudal part of the sympathetic chord I found branches of

it united with the pudendic nerve. In Ornithoriiynchus these connect-

ing branches arose from the chord at the level of the sacral and

first caudal nerve, in Echidna al tlie level of the first till third

caudal nerves. The plexus hypogastricus, which in mammals is found

on the side of the caudal rectum end and the uro-genital canal,

I found only slightly developed in Monotremes.

A few observations about the ramifications of the sympathetic

branches to tlie abdominal \iscera may be added here.

On the medial side of the suprarenal body two groups of nerve

fibres appear (in the figures each of them is represented by one

single line).

The topmost of the two groups is going to the origin of the Arteria

coeliaca + mesenterica superior (Fig. 1 and 2 a. c. m.) and passes

into the plexus coeliacus, iu which in Ornitiiorhynchus two separate

ganglia are to be distinguished. The plexus coeliacus also receives

a branch of tlie Nervus vagus.

The second group of ner\e fibres runs to a little quadrangular

ganglion, situated in the })eritoneum at the medial side of the kidney,

which I will call ganglion renale (Fig. 1 and 2 g.r.). The ganglion

renale sends off small nerve fibres to the kidney, to the plexus

coeliacus (or in opposite direction) and continues at its caudal end

into a nervesteni, which runs parallel with the aorta.

In Ornitiiorhynchus this nervesteni ends in a ganglion (Fig. 2 g.g.j

which also receives the already described candal liniiting branch for

the abdominal viscera.

1) W. Gaskell. Tlie sympiiUa'tic iiurvous system. Nature 1895.

2) N, Bishop Harman. Tlio caudal limit of the lumbal- visceral effeieiil nerves

ill man.

Journal ol Aiiat. ami Physiol. Vol. 3'2 pg. 403.
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From this ganglion (Fig. 2 g.g.) nerve fibres pass to (lie Ai-teria

niesenlerica inferior and to tlie jieritoiienm in wliieli they could be

traced nnto tiie urinary bladder. In Echidna I found two separate

ganglia. In the topmost of the Iwo enters the caudal limiting branch

from the sympathetic chord, from the oilier llie nerve fibres run in

the same direction as 1 mentioned for Ornithorhynchus.

When we compare Echidna and Ornithorhynchus, it appears that

Ornithorhynchus approaches a little more to the condition of placental

luauimals in so far as in this species we find a Ihtle ganglion

cervicale supremum which is missing in Echidna and the sympathetic

chord does not enter directly into the suprarenal body as is the

case in Echidna.

Description of jigurct.

Fig. 1 : Sympathetic choril and prnicipal branches of Echidna

acnleata +.

Fig. 2 : Sympathetic cluu-d and principal branches of ( (ruilliorhynclnis

paradoxus I.

g. c. s. : ganglion cervicale snpremnm.

g. c. : ganglion cervicale.

n. 1. s. : nervus laryngeus superior

r. e. n. 1.: ramus externus iiei'vi laryngcT sup.

r. c. : rami cardiaci.

II. r. nervus recurrens vagi.

n. ph. nerxus [ihrenicns.

a. s. d. : arteria subclavia dexira (loo large in relaliou lo the

01 her arteries).

a. i.
J).

: arteria intercostalis prima.

a. c. m. : arleria coeliaca -j- mesenleiica superior.

g. s. r. : corpus suprarenale.

n. : kidnsy.

g. r : ganglion renale.

g. g. : ganglion at the origin of the art. mcsenlerica inferior.

a. m. i. : Arteria mesenterica inferidr.

s. s. : left sympathetic chord.
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Geology. "Sanir (i/isi'rriilio/is on ///i' i/rafdi/fcoJ s/.n(c/ure lUul orii/in

of llw llomlsnig" . liy Dr. II. (i. .Ionkkh. (Coinmunicaled by

Prof. K. Mai!TIn).

For some years already I have Ijceii oociipied in making obser-

valioiis on the slructui'e of the Hondsnig. These are far from being

eomplelo yet and also for oilier reasons it will be impossible forme

to examine that material with proper care for some time to come.

Indeed, 1 should have had no reason for writing abont it so soon,

had it not been for an essay on this subject b^' Prof. E. Dubois at

Haarlem published some years ago, in which a view is taken alto-

gether tliffering from the opinion generally adopted till now. As his

opinions seem to me to be wrong and yet have been [)ropagated lo

an uudiu' extent by their insertion into a little book for llie use of

si-hoo/s ') — 1 have lo thank Dr. .J. Loitiii for this informal ion —
I consider it my duty at once to develop in a somewhat detailed

crilicism, why I do not agree with him in his opinions.

Era. DiHois:
"

'/'//(' i/roIo<//fiil striicfiin' of tin' Honilsnoj in Drciitlie

(iiul I lie of'njin of lliitt r/(/j/i'. {I)i: (/roloi/isc/n' siniicii-

sliUnni I'll (li- ii''j:i' run oiilsliimi run ilrn Ilomlsrihi

In l)r,'ntlii')r

Hoy. Aofid. of Sc, I'roi'eci!. of llie Seel, of Sc, Mccling of .Iiiiio l^S, 1902;

Vol. Y, p. rt:!-]o:!. (Vci?l. v. d. gL'W. Vei'-. (1. Wis- en l\a(. Aid. van :!1

Mci vw L'S .Iinii l'.K);>; 1)1. XI, I, p. 4:! .".((, 150— 1.-)2.)

Ero. Driiois: '' Lu s/nic/urr i/i'o/o<//ijn<' I'l /'orii/inc iln //oin/snn/ (/mis

III jiroriiiri' ill- DrrnfJir/'

Ai-ch. nrcrl. (I. Sc. oxacl. el naliir., Si't. 2, T. VII, p. Is.-i— 4'.IG; 1'.102.

Further see:

J. LoKiK: " Jlrsrliri/rini/ run I'l-nii/i'vii'inri' (/ronillioriiii/rn, V," p. 20- -21.

l\l(_'(lril. oinlr. (1. jAc'ol. V. Nfdoiiancl, vciz. il. d. conim. v. li. a;o(il. ondei--

zock, n". '.'j'.'i.

Vcrli. d. Kon. Ak. v. Wet., 2e Sec-lie, dl. X, n». 5; 1904.

EiG. Dri'.ois: "(hi llii' (lirri-tion, iind tin' siiuihnj point of the. (lilvriiiJ

ici' niolion orrr tin' Xi'thi'i'lunils. [llirlitiini en iiiti/uin/s-

/nnif ili'i' ililnriiili' i/shenvijin// orer ons Iriinl)."

Pioy. Aead. of Sc, I'loreed. ot (he Seei. of Sc, Meeling of May L'S, 1904.;

Vol. VII, p. iO-41. (Veisl. V. d. t;:e\v. Verg. d. Wis- en Nal. Afd. v. 2S Mei

1901; dl. XIII, 1, p. i'l-^.-)).

1) Ovei'zielit van de geologic van Nedeiland ("( )iilliiies of the geology of tlie

Nelheclands"), wiillen ljy a leaelier for liis pupils.
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H. G. .ToNKKR : "_B/'/ilr/i</i'j> fdl (Ic /.finu's (Icr .ictliinciifnirc orer/steenen

III Xi'tli'rliiiid

.

[. Di' Hondsnuj in de provincle Gronhigen.

1 . /// h'idlng. Cnmhrische en ondersilurijiche zirevf.sfeenen."

Acad. Proefschrift, Cironingen, 1004; Stelling XV.

First of all this remark. By Uie i/onfferr*^ is nsnally meant a ridge

extending from (ironingen to Emmen in a nearly N. W.-S. E. direc-

tion. It should however not be thought that a perfeetly eoniinuous

ridge even of but a small height is found here. He who goes by

bicycle from Groningen by way of Znidlaren, Gieten, Gasselte, Borger,

Odoorn, to Emmen, will frequently find much difliculty in recogniz-

ing the ridge. As then the connection between the elevations

which in many places are distinctly to be seen, is not always per-

ceptible, and the examination of various of those parts has shown

a great distinction in structure, it is advisable to be very careful in

dealing with conclusions drawn from examinations of one part.

Though it may lie probable that the origin of the whole Hondsrug

is attributable to a single factor, this cannot be adopted a priori and

must be proved by comparison of the examination of the single parts.

Dubois has examined the southern part of the Hondsrug between

Buinen and Emmen, and has drawn conclusions from the observa-

tions there, which according to him hold goo<l for the whole Honds-

rug and even for the whole region of our Northern pi'o\'inces. It

might be expecterl therefore that the author had tested his new hypo-

thesis by previous observations of the region not examined by him.

This, however, has not been done; it seems to me that, if he had

taken previous researches properly into account es[)ecially (hose made

by Van Calker into the Groningen Hondsrug his opinions would no

doubt have partially changed ').

In the lirst communication — for particulars the reader is referred

to the English text, to which the cited pages mentioned below also

refer — the anthoi' demonstrates that the nucleus of the Hondsrug

in South-Drente consists in diluvium of the Rhine, over which the

ghicial diluvium is pretty regularly spread ; on tlia rUhje itself in the

shape of a bed of houlder-sand, seldom attaining a thickness of J M.;

on till' slde.i fretpiently as more or less thick banks of boidder-

clny. These rather local observations suggest to him the hypothesis

that all the land-ice has not reached oin- country in a direction

nearly at right angles with the Hondsrug, but on the contrary

') The essay does not mention a single source. It seenis to me llial lliis makes
it dillicull for tiie less expert reader to form an opinion.
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liiis lldwcd /// ///(' loiuj'ihulhiiil ilirri-lh))i of llie lltjiulsriii;- over our

Norllii'iii |ir(»viiicos. In acroi-dnucc willi Iliis was the iniidial sliding

of Mic pails of a spiil liouldcr of qnarty>ile observed i»_v Druois.

Tlial, is all. To preclude all misunderstanding I shall ([note the

following passage (p. 100)

:

"The situation of the elevated ridge of preglacial sand side by

side with the long and broad western ') strip of lioulder-clay makes

us also suppose that the direction in which the ice moved was not,

as is still generally admitted, from north-east to south-west or from

north to south ''), iuit the same as the extension of the llondsrug,

from uorlh-west to south-east. Now with this sup|)osition perfectly

agrees the at first sight paradoxical dii-eclion of motion as derived

from the shifted boulder of (piartzite."

After stating this hypothesis the author attempts to explain his

observations more in particular by this. I need not enter into these

explanations. He it only said that he tries to support his hypothetical

direction of the ice-flow by a second supposition about the ]iossibility

of the foi'cing back of the Scandinavian glacial flow by one coming

from Scotland in the following words (p. 101) :

"Now that it is known that the direction of ice-streams which

ended in North-Germany has often been considerably modified by

the form of the basin of the Baltic and also l)y the meeting with

other ice streams, it is less surprising, thai, uo!\\ilhslanding the

predominaliug or e\clusi\c' occurrence of Swedish, at least Scandi-

na\ian ") rock s|)ecies in Iho Ixtttom-morainc of our north-eastern

provinces, these can nevertheless have arrived there in noi'th-west-

south-caslern direction. Suchlike factors, as supposed to ha\ e modified

the direction of the North-German ice streams, may have been the

cause of the deviations of an ice stream, which, coming from Sweden,

firat took II sii/if/i-n-i'sfcn/ (iin't-fio/i uri'r Di'iinrirl- '), till il arri\ed in

the Norlh-Sea. We do not know how far llie ice which came down
from soutliern Scotland and northern Kngland did progress south-

eastward in the North-Sea; il might be possible, at least, Ihal as a

1) The English lexl is here nut peifectly coiTe.-^poniling willi llic Diilcli (p. 49);

sec for this tlie note on p. !l!l.

'-) I do not know who ascribe^; Die (llliiviiiia of oiii- A'orlliern provinees to a

glaciul How (liri'cleii Irom Norlli to Smilli.

•') Tliis addilion again suggests llial lin- aiilhor may Ihiiik of i\'or«'rt// as the ])laoe

of origin. Besides the greater part of the hoiilders in tlie ground-moraine of the

HDinhnKj is l<'ss of Swi'iJish than of Ha/lir origin. More alioul this question

Itelow.

*) The itafies nvv mine.



very powerful streiiiu it lias iiicl liuMc willi the ice stream coniing

from Sweden and lias pushed lliis [lark south-eastward in the direction

of Friesland, Groninghen ami Drenthe."

I wish to show first that the glacial cover of the Hondsrug in

Dubois's sense docs not exist. For this it is suUicient to pro\'e that

in various of the highest places of the Hondsrug boulder-cjav occurs.

1^'. Moreovei- Dubois himself, in his second connnnnication, in

which numerous observations of the occurrence of houlder-clay in

Sonth-Drente are enumerated, states its |n-esence in various places in

the Hondsrug between Bninen and P]xlo, it is true verv near the

Eastern border but in the highest points of the Hondsrug (p. 102)').

At a recent examination of the said section of the N. E. Local

Railway this also proved to me to be the case.

2'"'. Bonlder-cUiy occurs further at the highest point of the Honds-

rug near Gasselte. 'J'here the N. E. L. R. cuts the ground to a

depth of 5 M. and at the same place where a bridge has been

constructed over the new railway (about the highest point of the

neighbourhood) a bed of boulder-clav 2 'S\. thick is found under a

thin sandy layer of vegetable earth.

3"'. Moreover I wish just to make mention of a clay-pit near

Zuidlaren, about J"/, K.M. outside the village, about 300 M. north

of the road from Zuidlaren to Vries. Though there the hilly cliaractev

of the Hondsrug is less distinctly to be recognized, it is easv to see

that the mentioned place is one of the highest of liie surroundings.

The clay-bed is 3 M. thick there.

4'''. Finally I wisii to remind the reader of the characteristics

in Groningen and south of it. Though the Hondsrug is hardlv

noticed there, it is most characteristic as regards the shape. Well
then, there, in numerous places, boulder-clay occurs verv often al

the highest places; on the borders there is usually more sand.

1 am not of opinion that from these observations, rather regularly

spread over the Hondsrug, il follows that boulder-clay, quite contrarv

to Dubois's opinion, should chiefly or exclusively occur at the highest

points. For a conclusion a most accurate and extensive examination

is reqiured. I only wish, by the way, to call attention to an

') Still file aiitlioi- SOPS no rpason in lliis to ilrop liis liypolliosis, lhoiii;;ii lie

says on p. 102 :

'The origin of llio Hondsiiig ar-conling lo llio liypolliosis iiiilicalod in llio fornior

communication can tluis only be applied to llial wostorii strip of hoiilderclav",

hilt for llio rest lie maintains tlie opinion once pronounced as also appears from

his answer to Lopje's criticism cited before.
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o|tiiii()ii alroiulv proiKMiiiced witli reiiard (o lliis question in the

"Report of the Itojiid ol' the Dnich Society for tlie Reckiiming of

Headis to the Pid\ inciid Government of Drente about an inquiry

into the charactei' of I lie waste hand in that Province" '), where

may be read on p. J()—17 inter alia: "Red chxy especially occurs

on tiie Mondsruti- and chiefly in its highest parts."

On tiie other hand I do think I am entitled to say that from

what is said above appears sufficiently that a distinction between

houlder-sand on the ridge itself and boulder-clay only along the

sides is in reality wanting.

Moreover the author has, in my (t])inion, not satisfactorily proved

that the boulder-san<i of tiie elevations in South-Drento cannot have

been originated l)y the wash-out of boulder-clay. He mentions the

following reasons for this (p. 98—99)

:

J'^'. "The hard boulder-clay offers great resistance to eroding

agencies. This appears amongst others from its forming steep and

more or less projecting parts at the coast as the Roode Klif, the

Mirdumer Klif and the Voorst, and even islands, as Urk and

Wieringen."

Of course, there is no denying the truth of this statement, though

something might be said against it as regards the diflterence in action

between lateral and normal erosive agencies. But moreover may be

argued against this that the boulder-clay of the ground-moraine has

in a much greater number of places partially or altogether disappeared,

no matter how this may liaAe happened. Besides all kinds of

intermediate stages between original boulder-clay (as original as we know
of, at least) and altogether washed-out boulder-clay may be observed.

Ill Dri'iite e.g. boulder-clay is nearly everywhere washed-oiit so much,

that all limestone has vaiiislied from it. If we consider what impor-

tant (piaiitilios of rock have been lost in this way, the powerful influ-

ence of such a solution and wash-out cannot be denied. In other

places, on the contrary, the limestone is found preserved, but nearly

all the finer parts of the clay \vashed away, so that the boulders

lie ill more or less clayish sand (which can also vary in many ways
with boulder-clay which has remained more or less intact). I mention

these examples to [irove that a general appeal to the i-esistance of

boulder-clay to erosive factors in this particular case is of no value.

1) "Rapport, uitgebraclit door het Dagelijksch Besliuir der Nederlandsclie Heide-

maalscliappij aan de Provinciale Slaten van Drenllie omtieiil een oiidprzoek naar

dfii aaid der woesle gi-oiidcu in die pioviiieie." ('rijdsclii- d. Ned. HeitleinaalK'li.,

Jg. Xll, 1900.
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2'"'. Kroiii liis (il)scrvali(tiis Diiiois lias oulciilalcd lliat iilxiul '

/^^ of

the volume of llie luinlder-saiid hed lias consisted of boulders and as

in that region boulder-elay is very poor in stones, l)oulder-olaj of

enormous thickness must have been washed out.

I have not repeated this computation, but have this objection that

I have often observed that tiie percentage of stones in the bonlder-

clay — which indeed is very different in various places— increases

i^ery much towards the surface. The required thickness would decrease

very much by it and as we know so little about the original thicJc-

ness of the ground-moraine, this reasoning does not seem to me to

settle the question.

3"'. "The boulder-sand contains very little flint, the boulder-clay

very much, everywhere. Flint is (lie kind of rock most frequenlly

occurring in the clay (Odoorn, Zwindei'en, Nieuw-Amsterdam, Mir-

dumer Klif, Nicohxasga, Sleenwijkerwold, Wieringen, etc.)."

First of ail llic remark that the places outside the Hondsrug,

mentioned here had better not been taken into consideration. As

regards the Hondsrug (he decision that flint in boulder-clay is the

prevailing rock is in its generality no doubt wrong. In clay of the

Hondsrug in Groningen Hint is very rare indeed. For example: When
a pit, abont 2'/.^ M. dee[) and a diameter of 3 M., was dug in tiie

garden of "Klein-Zwitserlaud" near Harendermoleu ((he soil consists

there chielly of clayish sand and saiuiy flay, i>u( with \or\- much
limestone), there was not a single lliut among some Ihoiisands of

boulders which were produced ! This is, less strictly taken, every-

where the case there. In the Hondsrug in Drente I found some more
flint in \arious clay-pits, but it was ne\er predominant. Moreover

through the disappearance of limestone the percentage is doubled.

In this respect the lloiuisrug ditfers very nuich from other parts of

our glacial diluvium and this in uiy opinion very interesting cha-

racteristic will have to be explained saiistactorily. — To mention

also some observations ouiside the Hondsrug which argue the

reverse : the boulder-sand e. g. near Roden is exceedingly i-icli in

Hint, as it is in Steenbergen, etc.

This Hint therefore does not prove anything.

4'''. "Even the deepest and evidently not washed out parts of (lie

bonlder-saud, which rest inunedialely on (he Khiue-sand, are as a

rule poor in clay."

I do not know what enables Diiiois (o s(a(e that they are not

washed ou(. I beg (o remind the reader of the vanished lime-stone

it coiMained and (he numerous brown \eins soinedmes as (hick as

an arm, which occiu' mosdy under the boulder-sand in (he white
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i-ivei'-(lilii\ iiiiu and iXiTordiiig lo Hie aiillior himself have come from

the ii|i|HM--stra(mn (\t. 5)4— ilo).

5'''. "IJoulder-olay and houlder-saud are found juiiilly or tlie

hxtlcr alone without this being expressed in the form of the surface."

I cannot subscribe to this. My examination has not yet led to an

established opinion, but in some places I can decidedly conclude

from the relief whether we have to do with boulder-sand or with

clay. I take for example the already mentioned hill near Gasselte,

which runs nearly in the longitudinal direction of the Hondsrug. At

the top we have a thick clay-bed there, which towards the sides

passes into a thinner layer, at the deepest places altogether consisting

of boulder-sand. Further observations in this direction are of course

absolutely necessary before forinnlating this rule in general.

Taking all this into consideration, I am of opinion that, from the

fi\e mentioned reasons, it does not follow that the boulder-sand cannot

be washed out from the clay. In my opinion the author has not

taken either of the two ways in which this problem can possibly

be solved :

1"' the comparative mechanical analysis of boulder-sand and boul-

der-clay
;

2"'^ the study of the general petrographical nature and the charac-

teristics of the surface of the enclosed stones. Nothing has l»cen said

aixtiit this, whereas it seems to mo that oidy in this way it might

/ii'fhfips be pi'oved whether that is to be looked upon as inner-

glacial-moraine and not as washed out ground-moraine.

Taking all this together it gives suHicient proof that the su[)erficial

structure of the Hondsrug does not correspond with Dubois's opinion.

The direction of the glacial flow derived from this opinion is not

su|)ported by anything, apart from the piece of quartzite about which

1 ha\ e little to say. In my opinion oidy one observation like this

has but very little value ; a greater number of coui'se would be of

gi'eat importance.

Moreover as regards the possibility of a dexiation of the tlircction

of the Scandinavian glacial flow owing to that of Scotland, 1 wish

to make the following remark :

Not without some surprise have 1 noticed that Dubois represents the

glacial How from Sweden as moving tirst in a South-iventeni direction

to reach our country over Denmark, though one of the principal

results of the examination of our boulders by K. Martin, van Calkkr

and SciiKOEDKR van dkk Koi,k is that the glacial flow which has

produced the glacial diluvium in the North of the Netherlands has
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been a Bitltic one. Tliis makes the author's o[)inioii miexplaiiiahle, tlie

more so as \\\\ own researches of the last ycai's especially into the

Groningen Hondsrug have completely conlii-mcd fiiis result. Thougii

the examination of the dihnial honlders of Groningen will at least

take one or iwo years more, yet I have got so far that I commu-
nicated part of the tlrst results of my study at the 10''' Physical

and Medical Congress at Aridicni. 1 lefer for this to the Proceedings

which will no doubt soon be |)nl»lislKMl and only mention here that

the glacial tlow which has crealed I iie Groningen diluvium originated

somewhere in North-Sweden, passed the Alands-islands through the

Gulf of Bothnia to the South and '^owih-Enst and further reached

our country passing between Oesel and Gothland in the longitudinal

direction of the Baltic. About the question whether the direction

particularly derived as regards Groningen also ajiplies to all the

other parts of the Hondsrug, 1 will j)ronouiice no opinion as yet.

This must be examined more closely. Yet there is no denying the

pn'vaiUiKj Baltic character of the glacial tlow. Such a glacial flow

then, would have to be supposed to be deviated about 90° through the

one coming from Scotland. Perhaps after this elucidation Dubois, too,

may abandon the supposition. Otherwise I should like to point out

that, — from a parallelogram with the directions of those glacial flows

being the conterminous sides and that of the Hondsrug the resultant, —
it appears that for such a deviation a force must be ascribed to the

Scotch flow much greater than that of the Baltic, a conclusion which

is diametrically opposed to fact. It is the Scandinavian land-ice which

has forced back the Scotch, witness the numerous Norwegian bouldei'S

on England's east coast, and not the reverse. Nothing has ever been

heard about English erratics in the Netherlands. If 1 should find them

this year in the Texel, I hope to communicate this at once. Till

that moment this supposition is altogether unsupported and everything

argues against it.

In the preceding pages I have made an tittempt at refuting Dubois's

supposed deviating glacial flow. This seems first of all necessary to

me, because in case this conception is the right one a great number

of researches into our "Scandinavian diluvium" would become doubtful

and it would be advisable at once to begin a revision. Fortunately

there is no reason for this yet.

As regards the remaining contents of the discu,ssed essay, 1 wish

to remark that I also object to looking upon the Hondsrug a.y a vwAy/t;

as being a terminal moraine by itself. It would carry me too far
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licre lo (I'ace liow jukI on w liul jirmiiids ilii^; name caine to he

general. 1 intend lo explain lliis alleiwards at some lengtli.

Finally one remark more. Tlie niiclens of tlie Hondsrug in Sontli

Drenle is rightlj' said to be ola fliiviatile natnre. Yet it may be asked

whether the bonlder-sand, to keep to this, immediately rests on it

and whether nothing can be observed there of formations known as

stratified mixed and stratified glacial diliniiim. This would indeed be

very striking and in fact this is not always the case, though I must

acknowledge that I have found in the discussed part of the Hondsrug

only wilh great difficulty some profiles in which somewiiat acute

lioiindiug lines may be oiiserved. I nnisl however put off this dis-

cussion. 1 have mentioned here only so much of my own observa-

tions as was strictly necessary ; in a complete treatise of if I hope

to have an opportunity to entci' into flie (piesliou of the origin of

the Hondsrug more in particulars.

(Iniiuiiijcii, JMin.-Geol. luslitule, .lune (i, J 1X15.

Astronomy. ''Ajqn'o.r'uiniti' funiinlur nj n /ii<//i (f('i/nr of accn-

'''"'II
/'"' '^"' '"''" <'/ /^"' trldiKjIi's in. the detfvnundtlon of

(in el/ij)/i.c orbit from three observations \\." By J. Weedeh.

(Communicated by Prof. H. G. van de Sanue Bakhuyzen).

In connection with my paper on the same subject read on

22 April J 905 I now iuteml to derive simple approximate formulae

for the ratio of the triangles, which contain the 3 times of

observation and the heliocentric distances belonging to them, and

include the terms of the 5''' order with respect to the intervals

of time, it being easy to add. if necessary, those of the sixth order.

The same problem has been treated by P. Harzer, and in the

developments at which he arrived he attained a much higlier degree

of precision'). Nevertheless it appears to nie that his publicalioji

does not render mine superfluous because of the different methods

of the treatment and the conciseness of my results.

After the method, followed by Gibbs, to derive his fundamental

equation, we find with satisfactory api)roximation a general relation

between the values of a function F(r) at the three instants, its

second derivatives with regard to the time F{t) at the same instants

1) P. Harzer, Ueber die Bestimiming und Veibesseruug der Balinen von

Himmelsliorpeni nach drei Beobaditungen. Met einem Anliange unter Mitbilfe

von F. HisTENPART und W. Ebert bereclineler Tufcln. Leipzig 1901. Publication

der Sternwarle Kiel XI.
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and the two intervals of time r, and T^. Tlie \aiiie namely, of the

following expression

T. (^^.+^: —^^
J
- ^. yK^-K -^2 ) +^' (^^'»+^'» i^^

Avhere t, = Tj -|- t,, is of the (i"'' order with respect to tiie intervals.

I use the letters (\, t\ and C, to designate the midlipliors of the

second derivatives in this expression and put

.. _ TiT,T„—t/ _ T,T,T,+T^ ^ ^ ^ —^ »

12
'

12
"

12

Neglecting the terms of the 6''' order we tlien have for an arbi-

trary fnnctioi' of the time, the relation

T,F, - Cj\ - rj\ - C,F, + T,/'; - CJ'\ = i) . . {IV)

provided this function aiui i(s lirst four derivatives be continuous

and finite within the interval t,.

Applying this formula to the helioceidric distance /• and to >•'', I

obtain approximate expressions for the senn-parameter ^>, ami the semi-

axis major a of the elliptic orbit. By elimiiuiting/^ from the two well-

2 /) 1

known dilferential ecpiations r r' 4- r := p ami ?•' =
, I

r r^ a

find a differential equation which may be easily reduced to

(/' /l 1\ .. p-r— (»•') = 2
. According to these relations F =

</r' \raj r'

,

/'I l^
belongs to F= r, and F = 2 I 1 to /'' = »•'.

If as before I put z for '/,.3, the substitution of F rz. »• in formula

IV yields the following equation to determine p,

T,»-i — r,r, -t- T,r, — C,z, (p — r,) — C,z, (p — ?•,) — C,s, (/> — r,) =
whence :

(t, + C,z,) r, — (r, - C,^,) r, + (r, + C,z^) r,p^ rrnrT^-TTrT • • (^^
^T-^l T '-'3-3 -r I'S^S

Through the substitution of F z=z 7-^ in IV I obtain tlie equation

whence

'V'l <V A''3 «/ A''3 «/

1 V'\ '•» '-a/

2((7. + (7, + C,)
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T\\o (onus iiejilt'cltMl in llicso ex|)ressioiis for p and are of tlie
It

.5'' ordcM' willi resperl to llic inlci-vals of lime.

I shall now proceed lo sliow how we ran a\ail onrseKes of these

1
.

\alnes for // and lor llie caienlation ol llie ralios of Ihe (riangles.

In niv |)re\ ions papei' I lia\e denioiislrated liial the area of

llic Irian.u'le PZl\ considered as a function of t =r /• (/— ;,) satisfies

Ihe diUerenlial equation /*'-(- c /*'== 0. The same differential equation

is satistied by the area of the triangle l\,ZI\ couHidered as a

function of t = Ic{(^— t). The two areas niav, according to Mac
Laurin be expressed in series of the ascending powei's of t. If

the variable r takes the value /: (f,— /,) = r.,, the two triangles become

(Mpial to /'.,ZI\; therefore it will be possible to obtain a new expansion

in sei'ies for double the area L P..ZI\, by putting in the sum of the

two former series t^Tj. From tiiis new series we can easily

rcmo\e the terms with the even powers of t.

According to this plan I give here first some higiier derivatives

of the function F, expressed in F^ F, : and derivalixes of c with

respect to the same variable.

//Ill ^_;p_,p

/•'^' = (- z' + iP + Izz - c'^' ) /'' + 2 (3c,= — -J;'" )

/''

/'^" = ( ) /'+ (13^5 + 10-=-^ - 5c'^ — c') /'.

triangle FZP,
For T=0, Ihe value of the bmction ~ -= F\k{t—t^)^= F{t)

\/p

and that of its first derivative is known, viz. i^„ = and i^^^ := -|- i

The above mentioned expansion in series for LPZP^ is therefore :

LPZP, _ 1 T 1 T» . T^ 1
„ ..

T*
. . .-, „i

t'

n/?~~ 2 T ~ 2
~'

3/
~ '' l!^2 ^^''~^^i' Kr + ^''^~^'^- "'

^ q,^

,,„ „ .
LP^ZP

Ihe function = G \k{t^—t)] = G {r) and its derivative also
[/p

take for / = /, or t := the values 6",, = and (r„ := -j- i, and so
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for tliis function, beCcause it satislies llie (lifrerciitial equation (t-]-: G=^0,

tlie same expansion holds as for F{r), but while in the series for

LPXI\ (he tlerivatives are taken with regard to increasing time,

those in that for AP^ZP nnist be considered with regard to decreas-

ing lime. If we make use of the symbols i, i", s"^ etc. to denote deri-

vatives of ; with regard to increasing time, the signs of the odd

derivatives of : in the expansion for LP^ZP must be reversed.

Hence we obtain for LI\ZP:

LP.ZP I T 1 t' t^ 1 t' ,„ T«

\/p
~

2 1 2
~'

3.'
"^ '^

A! ^ 2
^~' "'' 5.' ^ '~' "~"' ' (5.'"^

anil by summation of the two sei'ies, for t ^ r,

^
l/p ~ 1 2

3.'"^^~^ ^''
i! ^

J/-^

+
|_

^
+ ^

"^4-
7.'^

atw.

If appears that in this formula the terms with even powers of

T, can lie transformed into scries of terms with the higher odd powers

of Tj. In order to do this I derive an expausiou in series by whicii

this aim is reached in a general manner for the ditference /'(y) — ,/'(•*')>/

being an arbitrary function which between ,i: and ;// does not show

y -\- ii;

singularities. Let here t be put for //
— ,(, and m for "

—

-^

— then

fill)
— /(a-)i= 1 ./"(»i + u) (III and after integration by parts:

/(.y) -./(^•) = y [./" (.y) + /" (•^•)]

-J
"/" ('» + ") ^^"•

8

Proceedings Royal Acad. Amsterdam. Vol. VIll.
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A,s i II f" (w) dn =z ;iii(l
/•" (m + //) — ./'" (m) = ( /"'" (m -\- r) dr,

-7, +7,

WO iiiav wfile iiisl(>a(l of I u f" {m -\^ n) ilu
, llie (l()nl)lo iiiteiiral

ladii
I

/'"' (w 4- ') '''' wliicli bv reversing (lie onier of integration

-V. " +V, +•'=

is traiisl'oriiH'd into |
/'" (?/( -|- '') dr I ?/ ,hi.

1 )iow proceed to integrate with resi)ei't to ?/, and so we obtain

the following relation :

'(//) -/(*•) = Y [./' (.'/) + •/" (''•)1 - ^/^"' ('" + ") (^' - ^ ^'') '^''•

The operations niaj be repeated and bv doing so we shall find:

/(//) -m = Y [/'(.'/) + .^"('•)] -
^4 f-^'"' ^-'^^ + •^'"' ('^^^^ +

+.7.

+^ J(t'
- 4«') (5 r^ - 4.')/^- {m + «) </«.

-7,

The expansion may be easily continued in the indicated manner,

bnf for the eiid I have in view tlial deduced aliove goes far enough.

If according to this formula we replace ^, — -\ by

T, T,'
-— (sj + i'l)— — (rj'"*' -|- ~/^ ), terms of the tifth order are neglected,
2 24

and if we replace (3 z, i, — 2 r^") - (3 z, i, - 2 c/") by

^ (3i- + 3^,2, - 2c,iv _!_ 3.^. + 3^^.^ _. 2.^W),

we neglect a (piantity of the third order. I projiose to terminate

the expansion ol 2 witli the term in r', then the above
VP

mentioned substitutions will uol alter the order of approximation.

So we obtain the folkn\ iug approximate fornuda

:
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1 2 3/^ (' = ^ ' ^ ' " ^ '|5/

The (leveloi)iiieiit is sjiinnetrical with respect to Cj aiul j^ and

their derivatives, and resolves itself into two parts, which Iiave the

same form, and which depeiid besides on t,, only on the value of

: and those of the derivatives of : at one point.

If the following series

T - ., ^ + (^/ + 2^0 ~ - (Sz,z, + 11^.^ + 81 .,iv + ,^') ^ . .

where only the o(kl powers of the variable t occur, be denoted i)y Ui{t)

and the corresponding series for c„ and its derivatives by U.^{t), we get:

anil the ratios of the triangles may be expressed in tlie following

way in these functions U

:

' z= u, =z '^ '' ^—ViJl .... (Vila)
LP^ZP, ' f/,{T,) + U,{x,)

'

and
LP.ZP, U,{r,) + U ,{r,)

LP.ZP, ' C/,(T,) + U,(r,)
^

In the series U{r) only such differential (pu^tienfs occur as can be

rationally expressed in p and . Hy means of the known differential
a

eipuitions of the 1^' and of the 2'"' order for /•

2 1 « , ?' 1
r' = and r = -^

1

we ol)tain by differentiating z ^= -

i = 3c--' ( 9 — 4 - — 5 -

iz 40 i'

while from the diflerential e((iiation c"' = 5 •

^
— cc by diffe-

rentiation with i-(!S|)ect lo T ami by climinalion of c"' the following

expression is found for :'^'

.
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f z' z y 20 zP 40?^"\

V,
5" 2' -" 3 «=^' ^ 3 z'J

1

As —
, /' ;xii(i the 8 helioceiilrii" distances r are known, J', i'

aiitl c'^ can he computed foi' each of the 3 points /*, , /-•„ and /•*,.

For a circular orbit all the derivatives of ~ are equal to zero

sin T \/

z

and the function U becomes ; . Accordiji"' to the in-ecedinff
\/z

r, I o

develo|)ment we ol)tain for an elliptic orbit the following approxi-

mate formnla for [J, which slill contains the 6^'' power of the

interval :

sin X y'z
U + ¥<,''{'-'-.-''') <""»

By means of the valnes which take ^'^i, U^ and U^ for (he

values Tj, Tj and t., of the argument t, we obtain foi' n^ and

H,, values containing the terms of the S'''' order with respect to the

intervals; while the approximation may be extended to the 6^'' order,

if we add to the above mentioned expression for U

:

r"'
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D and c/ could he derived from Tables I and II at the end of

Newcomb's paper M ; there, however, in agreement with the metliod

introduced by Hansen in his tables of the moon, the unit is not a

degree, but a mean day, so that the numbers derived from those

tables must be multiplied by 12°,19 and 13°,065 respectively in

order to be reduced to degrees. (/' could be deri\'ed with a sufficient

accuracy for our purpose from liie tal>les of Laroktk.au in the Conn,

des Temps for 1846.

The corrections found are, howex'er, not to he applied to the true, but

to the mean longitude, called by Hansen h d c, and therefore must be

reduced to corrections of tlie true longitude by multiplication by

(1 -\- 1e cos q . . . .), and tliese must again be reduced to corrections

of right ascension and decMnatiou; for the latter reduction I used

the moon's hourly motions in R. A. and declination from the Nautical

Almanac, whence the direction of the moon's motion with regard

to the parallel could be directly derived.

The corrections of the moon's ephemeris in the Nautical Almanac,

given by Newcomb on p. 41 of his InveKticfation for each day

from 1 Sept. 1874 to 31 January 1875, were corrected for (he

two tirst months by means of the values found; and in tiie calcula-

tion of the longitude from the occultations we have now applied

these corrected cori-eclions, instead of the corrections fni'uished by

the meridian observations. It Ihen woidd become evident which

corrections were to be preferi-ed, and it soon appeared that it was

the former. The large corrections in declination found for IH Sept.

and 16 Oct. 1874, (— 4".3 and — 4".l) foi' instance, in consequence

of which the second occultalion observed on 19 Sept. was formei'ly

rejected, were ap]iareiitly due to liie inaccuracy of the meridian

observations.

I now shall give the details of uiy calculation, (see table p. 112).

These corrections were added lo those given on p. 609 of my
first account as being interpolated from Newcomb, and I lieu the

required alterations were made in all the calculations of (he occul-

tations.

Before I passed on to this second communication, I have once more

thoroughly revised all the computations and thus was able (o applv

sonic corrections; some occultations which hail been rejected, could

now be retained after the error had been corrected.

1) S. Newccmb. Investigation of correction.? to Hansen's Tables of the Moon

;

with tables for their application, forming Part 111 of papers publislietl by tlie Com-

mission on the Transit of Venus, Wiisliington, Lioveinment I'linling (Jliice, 187G.



( J12 )



( ii:n

I shall briefly record the iiiodilloations of iiij pre\ious accoiiiit ').

The following are the numbers originally belonging to the obser-

vations mentioned there: 1, 3, 4, 7, 9, 10, 11, 12, 14, IH, 18, 20,

22, 23, 24, 25, 27, 28, 29, 30, 31, 32, 34, 35, 36, 37.

Hence were re;iected the numbers: 2, 5, (3, 8, 13, 15, 17, 19,21,

26, 33, 38, 39.

N°. 2, disappearance of Arg. Z. 233, N". 77, observed by me on

the ground of the harbour office on 19 Sept., yielded — 21^.31 for

the correction of the eastern longitude. It appeared that this large

value was for the greater part due to the large correction (— 4"3)

applied to the moon's declination as derived from the meridian

observations. The corrected corrections of Newcomb were — 0^45
and -j- 0".3 (that of the declination even with anodier sign), and

the correction of the eastern longitude became — 6^85, not larger

than several others.

N"^ 5 and 6, disappearances of Arg. Z. 311, N"* . 72 and 75

observed by me on the ground of the harbour office on 21 Sept.

It appeared that in reducing these two observations the correction

of the chronometer had been taken from the journal with a wrong
sign. After rectification of this error the results were satisfactory.

N°. 8, disappearance of a 9"' magnitude star, observed by me on

the ground of the harbour office on 22 Sept. at 7''38™25%07, hence

34'"9^ after that of 33 Capricorni. 1 ha\ e Jiot succeeded in rectifying

this observation. Judging from the maj) which liy means of Argelander's

Zonae had been constructed preliminary to the observations, it seemed

that the star could be no other than N°. 18 of A. Z. 255, but then

the correction of the eastern longitude would ha\e been -|- 58%24.

Supposing that an error might have occurred in noting down the

minute of the time of observation, 1 repeated the calculation adopting

the time to be 1 minute later, but now I got : Corr. of the E. longitude

-j- 20^07. The time of observation ought therefore to be taken another

half minute later, but 1 did not hold myself justified to do so.

There still followed two occiUtations, which were missed through

clouds, ju'obably ojie of these two has l)een A. Z. 255 'N". 18, and

the star observed by me does not occur in A. Z. Neither Schonfeld's

southern atlas, nor Gill's catalogue could help me to arrive at a

conclusion.

N°. 13, disappearance of 73 Piscium on 26 September, N". 15,

disappearance of 53 Geminoi'um and N". 17, disappearance of a star

>) In tfie 3rd column un p. 607 a lew clerical or printing errors have crept in

:

for Gordolia lit 1580 read Cordoba XVIIl 158!) and for Coidoba XVllI I2i read

Cordoba XVIII iOliJ.
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of (he 6'/./'' mngiiidulc, Itolli on 2 ( )cl(ilter, wore recoi-dod as uncei'laiii

iinci besiilcs (lie results were too discordant. Fnll moon had occurred

on 25 September; so these disa])|iearances took place at the bright

limli of I he moon, and it is well-known how uncertain their observation

is then. In this case a sudden disappearance can only be observed

with slars of the 1^' or 2"'' magnitude.

N". 19, disappearance of B.AC. 5800 on 15 October, also yielded

a large negative correction of the eastern longitude (—13%14), l)ut

there was no reason for rejecting it ; the disappearance took place

at the dark limb, the star was of the B',,''' magiiitude, hence very

bright in the telescope, and in the journal of observation uncertainly

is not mentioned.

N". 21, disappearance of A. Z. 223 N". 48, observed by Mr.

E. F. VAN DK Sanuk Bakhuyzen on 1(5 October, yielded -)-33%70;

N°. 26 disa])pearance of a star of whicii the place was 20''5"'16''

— 25°10'46", gave — J20%6. Both had therefore to be rejected.

Nor was I more fortunate with N°. 33. The star as determined at

Leyden gave an unsatisfactory result (-[-21 '"38^) and 1 could not

find in the catalogues another star which fulfills the requirements.

I succeeded better with N°. 38. N". 38 had been noted by

Mr. Bakhuyzkn as disappearance of ? Piscium on 28 October ; it

appears howevei- that this star was not occulted and that the occulted

star could be no other than 24 Piscium; assuming this, I airived

at a satisfactory conclusion.

In the case of N". 39, disappearance of 51) (Jeminorum at the

dark limb on 2(1 No\ember, we could only obtain a result, that

was not wholly inadmissible, liy assuming a combination of errors.

Although each of these was in itself not cpiite improbable, it was

thought necessary to reject also this observation.

About N". 27 I remark that on p. 607 I noted as observers S.B.

i. e. that both Mr. .Sorters and Mr. Bakhuy/en observed the occulta-

tion (disappearance at the dark limb) ; as the time recorded by

Mr. Bakhuyzen was 4 secontls /u/fr than that noted by Mr. Soeters, I

accepted the result of the former as the more probable one, the more

so as it agreed better with the other results.

Generall3', the endea\'onrs to rectify the occultalious, which at

first seemed to have failed, have cost more work than those where

nothing was wrong.

Finally 1 must remark that Mv. Soeteus himself had corrected a

small error of compulation in his reduction of the observations, made
to detei-mine the relative position of our different observing places,

but had neglected lo enter the corrected value in the final table of
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liis I'osiills. In ooiiso(|UPii('o of lliis cridr uo iiiiisl ronil tor tlio l(»ii!J,i1u(le

east of (ireeii\\ich of llic olis('i-\iiiii- \)\;\cr on llio yrouiid of our

chvelliim- house, as tiivcii on |i. (;04 ;)''4I '"4S\()(; inslpad or4(S\ll.

Taking into acoonnt tiic corrections mentioned above, the list of

resnlts connnnnicated in the Proceedings of Marcii ([i. 607 of the prece-

ding volume) must l)e modified as given at liie end of Ihis |ia|ier;

see tal)les la and lA.

We liien tind as coi'rection of (lermain's h)ngitnde:

Using disapp. and reapp. inditferently . . —2^90±(^.64 (m.error)

Treating them separately —0.81 ±1.22 („ „ )

It is mncli to be regretted we did not succeed in obserxing more

reappearances. There is always a greater chance to observe flie

disappearances than the reappearances at the dark limb of the moon.

A short time after new moon until a few days after first quarter

we can easily see with a good telescope on the east side of the

moon stars of the 8^'', 9''' or perhaps even the O'/,''' magnitude, of

which the disappearance may be easily observed ; no preparation

is required for this.

For the observation of reapj)earances at the dark limb, a prepa-

ration l>y means of star maj)s is necessary, which takes iqi mucii

time. We must calculate from hour to hour ihe i)aralla.\ of the

moon in U. A. and declination and hence dcri\e its apparcjit places,

draw them on the map, and then derive geometrically the instants

at which the stars considered must reappear. For the most southern

declinations Jhe star maps themsehes had to be construcled first by

means of AiKiia.ANDi'.u's southern Zonae. Moreover it is always desirable

finally to derive nu)re accurate results by a calculation according

to the kuouji fornndae.

The operations described here liave been e.xt'ciiled as well for the

days preceding full moon as foi- fhose following if, and il was our

bad luck that in llie lalli'i' pail of the lunation the weather was

always unfavourable.

After this revision of Ihe calcnlations a small uegali\e correction

of the longitude of .St. Denis according to Gernuiin seems [)robable,

although its exact anu)UJit is uncerlain. We have however, slill to

consider what follows :

AVhen in 1884 Auwkrs wanted to determine a fundamental meridian

for Australia'), for which pnr|)Ose he chose that of Syj)NEY, he

u.sed 78 occnltations observed from iw73 to 187(j in Windsor (N.

1) Astrou. Nachr. Vol. IIU p. 2S9—34G.
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S. Wales) hv Tkbim'TT and IH occnllatioiis observed by Ei.i.kry in

1874 and '75 at Melbourne, lie a|i|>lied lo llie cpliemerides of the

moon of tiie Nautical Abuaiiac the correetion.s of Nkwco.mh'h [nrcMi-

(/atioii and took for the relation between the moon's radius and

the horizontal parallax tiie value /t; = 0.27264 found by me. ( IV/'.s/.

en MecM. Akad. Amsterdam Afd. Nat. 1^^ Reeks, Vol. \ \). 25).

But as nevertheless a constant error might occur in the obtained

results, he calculated, as a test, a large number of occultations,

which had been observed either at Greenwich or at places of

whicli the longitude had been determined by telegraph, viz : 31

observed at Greenwich, 25 at Washington, 40 at Nikolajef, 44 at

Oxford, 30 at Luxor, 46 at Strassburg, 13 at Leipzig, 7 at Vienna,

2 at Konigsberg, 2 at Moscow, 2 at Pulkowa and 1 at Kiel.

Thus he was able to derive the correction to be apjdicd to a

longitude determined by a disappearance at the dark limb, and found

for tills after a grapliical compensation :

1873,0
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of the star, after the moon's paiallax, ealcidaled for the point where

the oceultation to(tk place, lias lieen added lo it willi a eontrary

sign, be denoted bv 1 ; let the geoeentric radius of the moon (as

it was used for this calculation) be = R, the horizontal |)arallax = TI

and the difierence in declination between the reduced place of the

star and the moon's centre = v, then we have

and hence

I d' + D
1 =— sec. 1/ 7?2

15 2 ^
^^

01 = ^^-07^,

but as R= nk

we liave d R= lid k

IRn ^ IR' dk
hence oi =z o / =r: . —

.

h" — v°- Ji' — v' k

The reduction to be added lo the star's R. A. to get that of the

apparent moon's centre is zp I -j- II, where the 2'' term is indepen-

dent of / and the upper sign of the (irst is to be used for disa])-

j)earances, the lower for reappearances.

If the hourl}' motion of the moon in 11. A. is Art, the correction

=F I +11
ot the Greenwich mean lime ot an occullation is X 3600^

and the correction of the eastern longitude dei'ived from it :

±1-/7
X '^'^***'''- ^ow as llie assumed \abie ot / was 0,272525

we have d/' = -j- (),()()()li5 :

0.000115 I/x"
and d E. L. — ± 3G00 X

= ± |0JS14|

0.272525 (R' — v-')Aa

IR"

{ir — >') A «

where the value in square brackets is a logarillim, and the loga-

rithms of the other factors may be deriAcd from the former cal-

culation. Tlie -|- sign is lo be used for (lisap|)earanccs, the — sign

for reappearances.

In this wav I have found the corrections given in table II and

thus obtained ccn-rected values for the longitude. I think it best lo

use indisliuclly the results from disappearances and reappearances.
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We tlicii lind as mean corroclioii of

Germain's longitude: — 2*,15 ± 0^,79 (mean error)

the supplementary corrcclion according

to AuwKKs is for 1874,80 : + 2%71 ± 0^50 ')

and tiie linal correction is -j- (>,56 ± 0^93.

Aldidiigh our calculations were somewhat modified and a systematic

correction was ai)plied, which seems to be required, we arrive at

tlie same conclusion as in our first paper, \ iz. that the correction of

the longitude of St. Denis found by Germain, in so far as we may

judge from the occultations observed by us, is very small. If we

pay attention to the mean error of our result, it is not even certain

whether it is negative or jiositive, though there is a greater i)roba-

bility in favour of a small positive correction.

In my previous paper I have not mentioned tiiat the reduction

to 1874 of the |)]aees of the stars from all the available catalogues

has been very carefully executed by Mr. H. Kress, "amanuensis" at

the Observatory at Utrecht. The derivation of the most probable

])laces from tlie wiiole material I have made myself.

It will be interesting to record that the meridian observations of

the moon, made at Leyden in Sept. and Oct. 1874 by Mr. H. Haga,

tlieu assistant at the observatory (now professor of piiysics at the

university of Groinngen), has yielded the following corrections of the

places in tne Nautical Almanac, previously corrected according to

Newcomb's Inrestuiattov. (see table p. 119)

1) This mean error lias been estimated, and is based on the argnment tlial the

value of the coireclion, which was found by graphic compensation, rests on about

2.5 occultations, while Auwers has arrived at tlie result (^l.A^ iW. 1 10, ro//n»// 33(5)

that one disappearance at the dark limb yieiils a loiigilude, of wliicli Ihc mean

error may be considered to i)e ±2^,5.
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hj means (if 52 cliroiioiiiolcrs on llic luiine

voyage ') 8''5()"4()\():!

from ohsei'\ali()ns of the modii :

from I I occLiKations (7 disajipearanoes and

4 r«i|(|)earaiices at the dark limh) 3ii5()'"40s.fiO ± Os.33

from J2 culminations of llic moon 42.6

Assigning to these two rcsnlts weigiit 2 and J,

we get as mean result oi'50'"4J".27

Reduction on St. Denis llag-stalF determined

liy transportation of chronometers — 8'"5;]\4i

Hence longitude of St. Denis flag-statf E. of Gr.

from the chronometers o''41'"46«.(i2

from observations of the nn)on 47 .H(i

The German observers found for tlie idugiludc

ot Solitude")

from G culminations of the moon 3''5()"'3n^52 ± 3*.29

from 3 occultalions
'

40 .33 ± 1 .{)]

whence in tiie mean 3 50 40.13 ± 1 .65

Now Solitude is situated O^SiJ west of IJelmont,

Itelmont 8'"53 ,41 east of St. Denis,

hence Solitude 8 52 ,52 „ „ „ „ .

Hence longitude of St. Denis (flag-staiF) E. of Gr. 3''41"'47\6J

Combining all these results, omitting only that from the chrono-

meters (comp. footnote) we have

:

by means of the longitude of Belmont,

(observations of the moon)

by means of the longitude ofSoLiTiDK,

(observations of the moon)

determination by Germain (culminations

of the moon) :

determination by Oudemans and Bak-

HUYZEN, (occultations with corrections

according to Auweks) : 47 ,96 ± ,93 1,16

Adopted longit. of St. Denis llag-statf 3''41'"47s69 ± 0^,44 4,38
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The longitude ol' our station now l)eiiig dctcrniiiicil a.s well as

possible, I shall proceed to eonininnicate our contact observations of

Venus and the Sun during the Transit on December 9'''.

Our place of observation was on the italtery, in the inunediate

neighbourhood of the pavilion of the heliometer; its longitude must

therefore be accepted to be 3''41'"47^81 + 0^26 =: 3''41"i48«,07.

The ingress took place very early in tJie morning, the sun being

only five degrees above the horizon. Unfortunately at sunrise the

sky was not quite clear. In the east, a few degrees above the horizon

there was a dark stratus, and il was to be feared that at the instant

of the second contact the sun would just be behind it. So il happened,

and this was the more unfortunate as the station Reunion had

expressly been chosen for the observation of that contact.

At the first contact the sun's limb was very unsteady. At 5''38'"2(>

mean time St. Denis, I thought that I saw an impression on the

sun's limb, which I held to be made by Venus. A passing cloud,

however, pre\ented me from seeing whether I had been right.

When, after a minute the sun reappeared, I could not distinguish

the impression on the limb any more. At 5''41"'20Mt could however

be seen plainly. The place where I then saw it was exactly the

same as that where I had thought to see it 3 minutes earlier. However,

as Venus had moved on 6" during those 3 minutes, the observation

of the first contact must be considered as having failed. The mean

between the two instants mentioned is no more than a very rough

approximation.

As said already, the second contact was missed.

But both Mr. Sokters and I observed the two last contacts.

The formulae, given in the Nautical Almanac of 1874 on [). 434

for the calculation of the contacts, are:

For the first external contact:

<=rl3''45'"58«— [2,5773] q .iu>. I— [2,7049] q cos Ico.s (A -f 136°39'.9),

for the first internal contact

:

t = 14'>15'"24^— [2,6992] q mu I— [2,7462] q cos I cos (}. + 147°55'.7),

for the second internal contact

:

t= 1 7h57"'26«+ [2,8253 ]
o sin I -f [2.5265] q cos I cos (;i — 55°37'.8),

for the second external contact

:

/= 18i'26'>'54^ -1- [2,7374] ^ sin /+ [2,5014] q coslcos{X — 37°50'9);

The times are given in Greenwich mean time; and q stands for

the radius, / for the geocentric latitude and ;. for the ioiigitiule east

of Greenwich of the place of observation.
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It' in these loniiuljie we ,sui)slitule loij o sin, J ^ 9.5488 (—),

Ay/ o n« / = 9.9707' (+); ;. = 55°2G'95 and ixM to the obtained

limes the adopted longitude of the l)atterj ;}''4ii"48^J, the error of

w I lie! I does probal)l\' not e.veeed one second, as appear.s from the

[)reccding investigation, we obtain the following results.

Con-
tact
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limbs of Venus are generally so ill defined Ihat there is noqucslion

of making microscopic measnremenfs. Dr. P. .1. Kaiser, assisted by

Mr. M. B. RosT v.vn Tonningen, lias done e\'erytl)ing in his power

to snccecd, bnt specially in malving photographic observations we
are powerless against atmospheric conditions.

I cannot tinish tiiis paper without expressing onr thanks to the

Dntcli and Dutch East Indian Government, who have assisted tiie

expedition to Reunion as much as they could, also to the Teyler

Society, the "HoUandsche Maatschappij der Wetenschappen", both

at Haarlem, to the "Bataafsch Genootschap" at Rotterdam and to

i\Ir. DE Beaufort, who contributed efificiently (the Teyler Society and

Mr. DE Beaufort by lending tiie photo-heliograph and a telescope) to

procure the necessary means to tlie expedition. We have also cordially

to thank the Governor of Reunion, (Mr. de Lormel) '), the iMaire

of St. Denis, (Med. Dr. Le Siner), the director of the "Banque de

la Reunion", (Mr. Bridet), who often assisted and advised us, and

further several other inhabitants of St. Denis, who opened tlieir

houses to us. Among these 1 mention Messrs. Bertho, Hugot, de

Touris and Pezzani. In Mr. Chailliey, watchmaker, we fortunately

found a clever instrumentmaker, who several times made the necessary

reparations to our instruments.

I must also mention that Mr. Soeters (engineer of the Geographical

service at Java) during the passage from Batavia via Aden to Reunion

suffered already from the fii'st attacks of a liver-complaint, which

a few years later, April 10* 1879 carried him to his grave. At

St. Denis he was sometimes, for several days luiable to assist me at

tiie heliometer, then Mr. Bakhuyzen obligingly took his place. On
these occasions he was looked after with the greatest cave by the

military surgeon Mr. Muircec.

Lastly I mention the valuable assistance in several respects given

by the "amanuensis" of the expedition Mr. T. ¥. Blanken.

1) Scarcely had we cast anchor in the harbour of St. Denis, vvlien the liarbour-

master arrived in a boat to offer us in the name of the Government his assistance

to carry ashore the passengers, the luggage and the instruments,

Proceedings Royal Acad. Amsterdanl. Vol. VIU.
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TABLE Irt.

Results for the correction of Germain's \alne for the eastern longi-

tude of St. Denis-Reunion, obtained from occultations, using

disappearances and reappearances indistinctly.
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TABLE lb.

Results for the longitude of St. Denis de la Reunion, from dis-

appearances and reappeai'ances separately.

The 3 reappearances give 2 (? = 2.19 S G aL = + 3.97 hence A iRe= + 1^81

The total sum was 21.80

Hence the disappearances alone 19,51

— 68.25

— 67.22 3^43

N». 6t-

Disappearances.

1

5

6

7

9

10

11

12

19

20

22

23

24

25

27

28

29

30

31

32

34

35

36

37

38

Reappearances.

+ 1.32

— 3.88

- 0.11

1.58

4.21

0.01

A LiMs

Mean — 0^81

+ 5s 07
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T AHLE 11.

Kcsiilts for L L aHer tlie npplicalion of tlie eoneotion for tlie

I'adius, disappearances and reapj)carances together.

No. Corr. hL.
COIT.

G.hL Gfi

\
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Chemistry. — "On some derivatives of Plieiiijlcdrbanuc acid."

By Dr. F. M. Jaeger. (Communicated by Prof. P. van Romburgh).

The following contains a crystallographic description of some deriva-

tives, chiefly ??77roderi\atives oi' p/iern/lcarhaiiiic acid C„ H^ . NH . COOH
which have been kindly presented to me by Prof, van Romburgh.

The substances belonging to this series, which have been investigated are:

Phenylcarhamic Metltyl-ester.

Methi/lphem/lcarbamic Methyl-e.sier.

lA-Nitrometliyli)henylcarhamic Metliyl-eder.

l-l-i-Dinitrometliylphenylcarbamic Methyl-ester.

l-2-4:-6-7rinitr07nethylphenyIcarbamic Metlujl-eMer. {ci-Modificatioii).

l-2A-Q-TrinitromethyJi)henylcarbamic Metliyl-ester. Qi-Modi/ication).

1-2-L-Dinitromethylphenylcarba'mic AethyheMer.

1-2-4-6- Trinitroinethylphenylcarbamic Aethyl-ester.

In addition, a description is given oi'l-2-4:-6-J]fethyIj)henyhiitramine

m. p. J27°C., Avhicli has been obtained from 1-2-4- Z^Mi/ifromo?zo?»^^/«//-

aniline m. p. 178° C. by means of fuming nitric acid, which aniline

is the product of decomposition of the two Diiiitromethylphenylcarbamic

esters on heating with strong hydrochloric acid ^), and which has been

already described by me in the Zeits. f. Kryst. Bd. 40 (190.5). p. 119.

1. Phenylcarbamic Methyl-ester.

Ce H, . NH . CO . (CHJ ; m. p. 47° C.

The compound crystallises best from

alcohol and always in the form of color-

less, elongated, rectangular little plates,

which are very poor in combination

forms.

Rlwmbic bipyramidal.

a:b = 1,5952 : 1.

The relation b : c cannot be determined

|3
on account of the absence of planes

from the zones of (100,001), and of

(001,010).

Forms observed : a = jlOOj, strongly

predominating often vertically striped

;

/i:=\llO\, very lustrous; »i = {120},

narrow or totally wanting and sometimes

as strongly developed as p; b=:\010\,

indicated only a few times; c^rjOOJ},

Fig. 1. reflects well.

1) VAN RoMBLROH. Oil the action of nitric acid on tlic esters methylphenylamino-

formic acid. Proc. 20 Dec. 1900, Vol. III. p. 451.
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Measured

:

a:p = (100) : (llOj — * 57°55'

a : m = (100) : (120) = 38 31

a:c= (100) : (001) == 90 4

m:2i =(120): (110)= 19 34

p : p = (110) : fllO) = 64 10

2):b = (110) : (010) = 32 10

Completely cleavable towards {OOlj and towards {100|.

Orientated extinction on all planes in the vertical zone. The optical

axial plane is jOOl} with n as acute diagonal. The axial angle is

small, the dispersion fair with 9 ^ r around the a-axis.

The sp. gr. of the crystals is 1,251 at. 19^; the equivalent

volume 120,7.

Calculated

:
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Very completely cleavable towards A.

The optical axial plane SOOlj whilst /; is the lirst diagonal. The

axial angle is small, the dispersion sti'ong and perhaps abnormal.

It was not possible to properly characterise it with the means at

my disposal.

The sp. gr. of the crystals is 1,296, at 19° ; the equivalent

volume 127,31.

Topical axes : x : V' : w = 5,1358 : 6,1099 : 4,0569.

On account of the symbol |201| the relation b:c = 'l : 0,6640 has

been taken.

3. 1-4-Nitro-Methyl-Phenyl-Carbamic Methyl-ester.

C,H, (NOJ . N (CH,) . CO . ^CH,) ; melting point : 108^ C.
f4) (1)

This compound crystallises from alcohol or benzene in the form

of small delicate needles, or large, pale-sherry coloured, somewhat

Hat crystals, which, however,

are very poor in planes, and,

therefore, do not allow of a com-

lete parameter-determination.

Monocllno-])rismatic.

a: 6 = 0,6640:1.

^= 70° 58'.

Forms observed :

r={001j generally strongly pre-

dominating ; m = jllOj well

developed; b=z\010\, narrow.

Often the planes ofmand/^are

curved and the crystals exhibit

greater anomalies in the angularFig. 3.

values.

The habitus is mostly broadly flattened towards c, sometimes c

and m are equally large and the habitus consequently becomes

rhombohedric.

Very completely cleavable towards {001 j.

The optical axial plane is probably {OlOj ; on c one optical axis

is visible On the border of the field of vision.

The sp. gr. of the crystrals is 1,522 at 14°; the equivalent-volume

= 137,98.
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4. 1-2-4-Dinitro-Methyl-Plienylcarbamic Methyl-estei*.

C.H3(N0,) . (NOJ . N(C1I,) . CO . U^CH,);
(4) (2) (1)

ni.p. B° C.

The best crystals are obtained from

xylene. Tliey are of a pale yellow colour

and have the appearance of small, thick

parallelogram-shaped crystals.

Monodbio-pvismatic.

r«:i:c = 0,7597:l:l,0875.

^= 88M3V;.

Forms observed: h = JOlOj, predomina-

ting and very lustrous; r ^ \U)1\, broad

and sharply reflecting; u>=:{lllj, also

broad and very lustrous ; o = {ill!, some-

what smaller than r but giving a good

reflection
; q = {011|, small and approxi-

mately measurable. The crystals are broadly

flattened towards b.

Fig. 1.
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5. 1-2-4-6-Trinitro-Methyl-Phenylcarbamic Methyl-ester.

C.H,(NO,) . (NO,) . (NO,) . N(CH,) . a)\ 0(CHO ; m. p. :1 18° 0.
(6) (4) 12) (1)

This compomul occurs in two modifications.

c(-Mod//icatio)i.

Fia Vie. 6.

This ft-modification is the one usually dei^osited from the ordinary

solvents, alcohol, acetone, benzene etc. The cr^^stuls described here

have been obtained from acetone. They are colourless or of a pale

sherry colour and very lustrous.

Monociino-jrrkmntic.

a:h:c~ 0,5758 ; 1 0,8382.

i?=75°41'.

Forms observed : m = !110|, broad and very lustrous ; c = |001j,

ideal retlection ; </ ^ {Oil}, large and very lustrous; (y = |121j,

generally broader tlian q, sometimes also narrower or even completely

wanting; a r= {lOOj, lustrous but narrow; ?'^={101| is often wanting

but reflects well; o = jl21} very narrow and dull.

Measured:

n:c =: (100) : (001) = » 75°41'

a : m = (100) : (110) := * 29 9'/,

c:q =(001): (011) = * 39 5

Calculated:
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Measured:
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rent ways, fluctuates between 114° and 118". A fiirdiei- investigation

will be necessary to see wliat really takes place here.

Rhombic-hipyramklal.

a: 6 = 0,6596:1.

The relation b-.c cannot be determined, for want of the necessary

terminal planes.

Forms observed : m = {llOj, broad and lustrous ; c = {OOlj, very

sharply reflecting; a =: {lOOj, narrow, well reflecting; p = {310\,

\'ery narrow and yielding bad reflexes.

3fensured : Ca Iculated

:

a : m = (100) : (110) = » 33°24i' —
m : m = (110) : (TlO) = 113 11 i 113° 11'

711 :c = (110) : (001) = 90 1 90

m:^> =(110):(3J0)=: 20 17 (about) 21

p : a = {310) : {100) = 13 2 (about) 12 24

Perfectly cleavable towards jOOlj.

The optical axial plane is |001j ; the first diagonal is the «-axis.

The apparent axial angle is in «-monobromonaphtalene about 86^;

extraordinary strong dispersion with q > v, round the first bissectrix.

Orientated extinction everywhere in the vertical zone.

The sp. gr. of the needles is 1,601, at 19°; the equivalent

volume = 187,32.

6. 1-2-4-Diiiitro-Methyl-Phenylcarbamio Ethyl-ester,

C, H, (NOJu) . (N0,,),2) . Nri) (CH,) . CO . O (C,HJ ; m. p. 112° C.

This compound crystallises

from a mixture of lienzene and

ligroine in the form of large,

corlourless, very lustrous crystals

represented in fig 8.

Mo7ioclino-prismat'ic.

a: i: 0=0,6525:1:0,7035.

/J= 69°59'.

Forms observed : c = [001},

predominating and very lustrous;

b = {010}, about as broad as c

and sharply reflecting ,m= {110},

well reflecting and properly

developed, sometimes with deli-

cate striping parallel to 7n : c ;

q =: {Oil}, narrower but readily

measurable ; ; = {101}, very dis-

tinctly developed and yielding

Fig. 8.
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sliai'i) reflexes; // ^ \[20\, very luirrow and dull; often absent

alloi'etiiei'.

Measured

:

Qtlcuhiled

:

H?:m = (100) Tl()) = «63° li'

/» :r =(110):(001) = *73 2 —
q:c = (Oil) : (001) = *33 28 —
q:b = (Oil) : (010) = 56 32 56° 32'

m : b = (llOj : (010) = 58 261 53 29

•m:j> =(110):(120)= 19 12 19 17

2):b = (120) : (010) = 39 23i 39 12

r:c = (TOl) : (001) = 58 10 58 5

r m = (101) : (110) = 58 12 58 18

m : q = (110) : (OlT) = 57 58i (cimx) 58 41

q:r = (Oil) : (Toi) = 63 41i (circa) 63 22

c:1, = (mi) : (010) — 89 58 90

Ver}' perfectly cleavable towards {001 j; like "glimmer" the crys-

tals may be reduced to very delicate lamellae.

On {OOlj orientated extinction; on jllOj llie inclination of the one

elasticitj'-axis towards the vertical axis amounts to 19°; on {OlOj

:

27° with regard to the side h : c, in the acute angle ^. The axial

plane is, probably, situated perpendicularly to {OlOj. ]ij means of

«-monobromonaphthalene etched figures were obtained on rn, c and

f), which are in accordance with the indicated symmetry.

The sp. gr. of the crystals is 1,461 at 19'" C; the equivalent

volume =184,12.

Topical axes: z : if : w = 4,9130 : 7,5296 : 5,2970.

7. 1-2-4-6-Triiiitrometliylplienylcarbamic Ethyl-ester.

C«tl, (NO,) . (NO.,) . (NO,) . N(CHO . CO . O (C,H,); m.p. 65° C.
If.; (4; (2) (1)
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Fig. 9.

Tlie cryshils wiiicli liavi- been meas-

ured are deri\ed iVoiii a mixture of

Iteuzene and ligroinc.

Delicate, very transparent, tlat, pale

sherry-coloured needles which possess

a strong lustre.

Monodlno-ivisinatic.

a:b:c = 0,9759 : 1 : 0,3929

/?=67°7'.

Forms oliserved : 6 = jOlOj, yielding-

ideal retle.\es and well developed

:

o = |T21|, a = IIOOJ, and c = {OOlj,

very narrow and dull ; ni = |ll()j,

broad and very lustrous; q=z\()ll\,

well developed and yielding sharp

reflexes; an orthodome {hok| is indi-

cated but not measurable. The needles

are elongated towards the c-axis and

somewhat flattened towards JOIOJ.
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8. 1-2-4-6-Trinitrophenylmetliylnitramme.

C„H . (NO,) . (NO,) . (NOJ . N (NOJ (CH,) ;
m. p.: 127° C.

(6) {*) (2) (1)

Tlie compound is obtained from benzene -f- acetone in tlie sliape

of small, very strongly refracting, pale slierry-coloured needles, which

possess a strong lustre and are, geometrically, very well built.

Fig. 10.

JfonocUno prismatic.

a:<^:c= 2,7823: 1:3,5242.

jj=75°31i'.

Forms observed : c = iOOI|, most strongly developed of all
;

rt= jiOOS and r=|101j, both strongly reflecting; q^:z\Oil\ some-

what more opaque.

Measured ;

a:c = (100) : (001) = * 75° 31

1

a : r = (RlO) : (lOl) = * 43 36*

C:q= (001) : (Oil) = * 73 40

C: J- =(001): (101)= 60 53

q:q = (Oil) : (Oil) = 32 32

a:q = (100) : (Oil) = 85 54

Calculated :

60° 53'

32 40

85 58 i

A distinct cleavability was not found.

Optical axial plane is {OlOj ; on jOOJj one axis is placed nearly

perpendicular. The double refraction is moclerate and negative

;

extraordinarily great dispersion with q ^ v.

The sp. gr. of the little crystals is: J ,570, at 19°; the equivalent

volume =182,16.

Topical axes : x : i|' : w = 7,4485 : 2,6772 : 9,4347.
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Chemistry. — "Om the presence of lupeol in some kinds of (jutta-

percha." Bj Prof. P. van Romburgh.

An investigation of the so-called resinous constituents of various

authentic kinds of gutta-percha, made first in conjunction with

Dr. S.\CK and afterwards with Dr. v. d. Linden, has shown that some of

them contain various cinnamic esters of alcohols which seem related

to cholesterol. One of these cinnamic esters, which appeared identical

with Tschirch's') crystal-albane, and occurs as a beautifully crystallised

compound m.p. 241° (corr.) I have submitted to a closer investigation,

with Dr. V. d. Linden. On saponification, an alcohol was obtained

melting at 210^, which on being treated with benzoyl chloride and

pyridine yielded a benzoate melting at 264° (corr.). The melting

points of these two last substances agree exactly with those of lupeol

and its benzoate.

Lupeol has been discovered by E. Schulze") in the skins of lupines.

At my request Prof. Schulze was kind enough to present me with

a quantity of lupeol and its benzoate for the purpose of compa-

rison, for which I wish here to express my best thanks. The alcohol

being mixed Avith the lupeol, the melting point was not lowered;

neither was this the case with the benzoates.

In addition to its occurrence as a cinnamic ester, lupeol also

seems to occur as an acetate in a substance related to gutta-percha,

called "djelutung", the product of the milky juice from some species

of Dyera, which is known in European commerce under the

name of "bresk" or Pontianak; this has been shown to be probable by

Mr. Cohen, who is making a study of this article in my laboratory.

In a consignment of "bresk" for which I have to thank Messrs.

Weise & Co., of Rotterdam, the amount of lupeol appeared to be

rather considerable, thus enabling Mr. Cohen to make a study of this

otherwise somewhat inaccessible product. On oxidation with chromic

acid a beautifully crystallised ketone (m. p. 169°) has already been

obtained, which also yields with hydroxylamine a crystalline substance.

Mr. Cohen, who intends to further investigate these substances,

has also found in the "djelutung" the substance melting at 235°,

which I had found previously in the gutta-perchjj, from Payena

Leerii, and which has been characterised as the acetic ester of an

alcohol melting at 195°.

1) Arch. d. Phaim. 241, 653.

2) Zeitschr. f. physiol. Ghemie 15, 415 ; 41, 474.
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Chemistry. — ''On. the (tcthm «J iiiiiiiuiiii'i <uul (tniine'i on alhjl

j'tHiniik". \>\ Prof. 1'. VAN IIoMiuiuiH.

The great ease with which all\ 1 formate is saponified b^- alkalis

iiKJuced me to try whether ammonia, which, as is well-known, acts

npon esters of fatty acids bnt slowly at the ordinary temperature,

would not react equally readily on this ester. The result surpassed

my expectation.

If gaseous ammonia is passed into allyl formate still containing

a little allyl alcohol, it is rapidly absorbed whilst the liquid gradually

becomes so hot, that it is necessary- to connect the flask with a

reflux apparatus in order to prevent loss of ester. If the contents

are heated to 120°, wlien the increase in weight slightly exceeds

1 mol. of ammonia to one mol. of ester, the excess of ammonia

passes off with the allyl alcohol and if now the residue is distilled

in vacuo, a fine yield of formamide is obtained (b.p.io J J 3"), which,

after a single freezing, melts at 2°.4 ').

If, however, dry ammonia is passed into pure allyl formate,

hardly any action is noticed in the first hour. The ammonia is but

slowly dissolved so that the concentration is only very small, but

gradually as the reaction jiroceeds the gas is more eagerly absorbed

and the tempei'ature rises increasingly.

If, tiierefore, we wish to prepare in a short time large quantities

of formamide by means of this method it is advisable to add to

the allyl formate a few percents of allyl alcohol, altliough this may cause

a slight diminution in the limit value ^), as happens, generally, in the

formation of amides from esters.

I showed many years ago that allyl formate may be readily

prepared by heating the diformine ") of glycerol, obtained from glycerol

and oxalic acid. As we can now obtain commercial formic acid of

great concentration (99—100 7o) ^^ ^ ^'^ry low price, large quan-

1) Franchimont (Rec. XVI, 137) found the melting point at 3°; other observers

state a lower figure.

Pure formamide may be distilled by rapid healing without perceptible decompo-

sition (b.p. 219^) ; at least with such a preparation 1 did not succeed in demon-

strating the formation of ammonia and carbon monoxide, wliicli are readily obtained

from an impure product.

~) BoNz, Zeitschr. phys. Chem. II, 865.

*) I tliiuk it is not superfluous to point out that the theory recently defended

by Nef (Ann. 335, 230) that the formation of allyl alcohol from glycerol and

oxalic acid must be explained by a dissociation of diformine into formic acid and

propargyl alcohol is based on an error. The main product of diformine on heating

is allyl formate.
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titles of allvl fbi-inate may be prepared in a still more convenient

manner by heating eqnal parts by weight of glycerol and formic

acid. The temperatnre is kept for some time at 125°, during which
dilnte formic acid distills over. Gradually it is raised to 240° and,

with a quiet e\olution of CO, containing a little CO, a mixture

passes o\er consisting of allyl formate, allyl alcohol and a very

little formic acid. This is again submitted to distillation, the portion

boiling up to 100° being collected. After treatment with dry potas-

sium carbonate, the licpiitl is again distilled and the portion boihng

below 85°, which niaiidy consists of allyl formate, is collected

separately.

This ester may also be procured by distilling allyl alcohol with

twice its weight of formic acid and collecting the portion passing

over below 85°. The product is then treated with dry potassium

carbonate and once more rectified.

After it had been ascertained that ammonia acts so very readily

with allyl formate it was decided to try the action of amines also.

The investigation showed that amines of the fatty series, primary

as well as secondary ones, readily react with the same. Benzylamine,

phenylhydrazine and piperidine also seemed to react but no reaction

could be observed with aniline.

If we mix one of these amines with allyl formate, in the majority of

cases a rise in temperature does not necessarily take place immediately.

This rise rather varies in the different cases ; whilst its maximum
is sometimes reached fairly (piickly, sometimes oidy after a lapse of

about 20 minutes.

The reaction appears to be of such a nature that when working

at a constant temperature we can ascertain its progress by means

of a quantitative determination of the absorbed amine.

I intend making a sex'ies of experiments with different amines. The
following contains a brief description of some qualitative experiments.

If methyl- or ethylamine is passed into allyl formate these sub-

stances are absorbed with great evolution of heat and the anaides

formed are left behind after distilling off the allyl alcohol.

5 grams of propylamine being mixed with 10 grams of allyl for-

mate the temperature rapidly rose from 19° to 60° and propylform-

amide (b.p. 219"—220°) was formed.

5 grams of isopropylamine being mixed with 10 grams of the

ester the temperatnre slowly rose to 50°, whilst a good yield of

isoprojiylformamide was ol)tained (b.p. 203°—204°).

10
Proceedings Royal Acad. Amsterdam. Vol VIII.



( 140 )

5 grams of isobulylamine lieing mixed with 7 grams of allyl for-

mate tiie temperature rose to 75°. The — not as yet described —
isobutjlformamide boiled at 229".

5 grams of allyiauiiiie being mixed \vitii 10 grams of tiie ester the

temperature rose to (55° and the allyl ak-ohol being removed by

distiUation, allylformamide was obtained (b.p. 220°. 5).

With lienzyhuniiie (5 grams) and allyl formate (5 grams) the

temperature I'osc from l!l° to 55°. Tiie alcohol beijig distilled off

and allowed to cool to the ordinary temperature, there remained

in the tiask a .solid mass, m. p. 62°. The melting point was not

altered after recrystallisation the compound from petroleum ether,

which is very suitable for this purpose.

Benzylformamide was first obtained by Hou.kman '), who described

it as a substance melting at 49-. This statement is probabl^y due to a

clerical error, at least, a specimen prepared by Prof. Hoi.lem.\n and

kindly presented to me by Dr. Vermeui.kn of the Groningen Labora-

tory did not begin to soften until 59°. Boiling petroleum ether

extractetl a substance melting at 62°, which on being mixed with

my own product did not alter its melting point.

Phenylhydrazine gives no rise of temperature with allyl formate,

but on being kept for a day, an abundant quantity of formylphenyl-

hydrazine forms, m. p. 145°.

With secondary aliphatic amines there is less heat evolved in

the action on allyl formate.

Dimethylamine readily forms dimethylformamide. The action of

7 grams dietliylamine on 10 grams of allyl formate causes (in about

20 minutes) a slow rise to 33°. Diaethylformamide was readily obtai-

nalile in a pure condition. Dijiropylamine (5 grams) mixed in a

Weinhold tlask will: 5 grams of the ester caused a slow rise to

35°.5. The dipropylformamide obtained boiled at 211° (corr.).

Judging from a preliminary experiment, diisopropylamine seems to

react less readily; 3 grams of both compounds beiug mixed, oidy a

slight elevation of temperature was noticed. This reaction deserves

in particular a closer study.

With diisobutylamine the evolution of heat is also trifling; only

3° rise 10 grams of each substance being mixed. All the same, a good

yield of diisobutylformamide was obtained, which boils at 227°—228°

(corr.) and which, to my knowledge, has not yet been described.

Methylbenzylformamide (5 grams) with allyl formate (5 grams)

gives a rise to 55°. The product formed has not yet been solidified,

1) Rec. 13. 415.
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Piperidine (10 grams) with alljl formato (14 grams) gives a rise

from 10° to 83°, and a very good j-icld of tlio forinyl derivative,

h.p. 220°.

The boiling points of tlie snbstitnted forniamides exhibit peonliai'

regularities to which I hope to refer later on.

The dialkylformamides and formylpiperidiiie have acquired some

importance owing to the interesting researches of Bouveaut,t ^), who
used them as a starting point in the preparation of aldehydes ; the

above described simple methods of preparation may peihaps prove

to be of service.

Chemistry. — "On the action of hydrocyanic acid on ketones".

By A. J. Ultee. ^Communicated by Prof. P. van Romburgh).

Although it is stated in every textbook on organic chemistry that

ketones maj^ combine with hydrocyanic acid, the conditions under

which this addition takes place have up to the present not been

studied, and only those few cyanohydrins which are solid and may

consequently be readily purified by recrystallisation have been isolated

in a pure condition ").

Three methods of formation of these substances are known

:

1^'. Action of dilute or anhydrous hydrocyanic acid on ketones,

either by heating the mixture for some hours in scaled tubes at 100°

or by simply leaving the two components in contact with each other

at the ordinarj' temperature for several montiis.

2""^. Action of nascent hydrogen cyanide on ketones, for instance

by very slowly dropping fuming hydrochloric acid on potassium

cyanide covered with acetone.

3''^. By double decomposition of the so-called bisulphite compounds

of the ketones with a solution of potassium cyanide.

A closer study of the nitriles of the oxy-acids was made in conse-

quence of an obser\'ation made by Pi'of. van Romburgh ') as to the

action of solid potassium carbonate on a mixture of dry acetone and

hydrocyanic acid ; a small quantity of this salt caused the mass to

boil and the temperature to rise to 70°.

The same phenomenon is caused by potassium hydroxide, potassium

cyanide, ammonia, amines, in fact by all substances whose aqueous

1) Bull. Soc. chim. [3] 31, 132^.

2) Acetonecyanoliydrin, obtained from Kahlbaum, seeined to contaiu much free

hydrocyanic acid.

») Meeting 27 June 189G.

10*



( l-i2 )

solutions possess liydroxyl ions; tlie presence of water greatly favoin-s

this catalysis.

If an attemi)t is made to isolate the evidently formed cyanohydrin

by distillation under reduced pressure it is again resohed for the

greater part into its components. If, however, the action of the

potassium carbonate is stopped by means of a few drops of sulphuric

acid, the mixture on being fractionated in ^acuo tirst yields a

distillate consisting of hydrocyanic acid and acetone and then the

nitrile; by a second distillation this may be obtained in such a state

of purity that silver nitrate witli nitric acid no longer gives a

precipitate of silver cyanide.

Traces of a base are, liowe\er, sufticient to again partially resolve

the pure nitrile into its components, which in this case is, of course,

accompanied by a fall in temperature.

Theory demands tliat tiie same equilibrium should be reached

whether we start from one niol. of acetone plus one mol. of hydrogen

cyanide or from pure cyanohydrin. In order to check this it is not

necessary to determine the equilibrium both ways by analysis; the

easiest plan is to measure some physical constant; for this I chose

the refraction.

Found, starting from a mixture of acetone (1 mol.), Iiydrogen

cyanide (1 mol.) and a trace of potassium hydroxide m/)'' ^ 1,39721.

Found, starting from the pure nitrile and a trace of potassium

hydro-xide n/)'^ = 1,39818.

It having been thus ascertained tliat it makes no difference from

what system we start, it became important to express tlie equilibrium

in figures.

For practical reasons I always started from the nitrites ; about

one gram of the compound and 0,2 milligr. of potassium hydroxide

(in a lOVo solution) were introduced into a tube, which was then

sealed and immersed in a beaker containing a solution of silver

nitrate acidified with nitric acid, and the whole was then suspended

in a tliermostat for some hours.

If now the tube is broken the nitric acid at once neutralises the

potassium hydroxide and the free hydrocj^anic acid will be precipi-

tated as silver cyanide. The liquid is decanted, the precipitate is

dissolved in potassium cyanide and the silver deposited electrolytically

in the usual manner. In this way it was found that one mol. of

acetone and one mol. of hydrogen cyanide combine at 0" to the

extent of 94,15V„, at 25" to the extent of 88,607„.

For ethylmethylketone these values are, respectively 95,57% and

90,36"/„; for diethylkctone 95,90"/,, and 91,29"/„.
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It is my intention to also determine tliis equilibrium in tlie case

of other aliphatic and aromatic ketones and also aldehydes.

The investigation of Ukkch's diacetocyanohydrin and the products

of the action of gaseous hydrochloric acid on oxynitriles quoted by

Pinner') but as far as I know not further studied, has already been

taken in iiand.

In the liglit of the above results I have examined the different

modes of preparation of tlie oxynitriles more closely.

jMethod 1. Dry hydrocyanic acid mixed with dry acetone and

kept for six months in a well-closed steamed flask is still completely

unchanged. On mixing, a slight rise in temperature took j)lace.

That, however, no ti'ace of the addition in-oduct has been formed

may be proved by first determining the total percentage of hydrocyanic

acid by means of the well-known titration with silver nitrate and

then by ascertaining the amount of free hydrocyanic acid in the

same way as was done in the determination of the equilibria. We
will then find the" same figures. After six months the mixture still

showed the same refraction, which also proves that no change had

yet taken place.

The reason why previous in\'estigators obtained cyanohydrin all

the same may be safely attributed to tiie fact that there were still

present ti'aces of moisture and that minute traces of alkalis from the

glass vessel considerably accelerate the reaction.

It is now also obvious why the methods 2 and 3 should lead to

a good result as the alkaline potassium cyanide is always present in

excess. It need hardly be said that the formation of nascent hydrogen

cyanide previously looked upon as the most important factor in

method 2 has nothing to do with the real reaction.

Although former investigators °) have not succeeded in preparing pure

cyanohydrin by the second method, nothing is easier than the isolation

of the pure nitrile by distillation under reduced pressure, if only care

be taken to have a slight excess of hydrochloric acid present after

the reaction has taken place.

The following are the chief properties of the nitriles, as yet

investigated.

Dimethylketoneajanohi/drhi is a perfectly colourless liquid |)ractically

odourless. Sp. gr. at 18° 0,9342. Decomposes on distillation at the

1) B. B. 17, 2009.

3) Urech, Ann. 164, 255.

TiEMANN u. Friedlander, B. B. 14, 1970.
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ordinary i)ressiire, Ilji. ;it 2'.i iiiin. <S2°, in.p. — 19,5°, n^^ ^ 1,40526.

Ethylmethylketoneciinniiliiidiin, colourless litjukl with a faint ketone-

like odour. Sp. gr. at 18,5° 0,9324. Boiling point at 20,5 m.ni. 91°.

Does not solidify in a paste of solid carbon dioxide and acetone.

ni2.5 = 1,41775.

Diethylketonecyanohydrm, colourless, a somewhat stronger odour than

the former nitrile. Sp.gr. at 18,5° 0,9300. IJoiliug point at 18.5 m.m.

97.5°, does not solidify in a j)aste of carbon dioxide and acetone,

n^ = 1,42585.

University Org. Chcm. Laboratory, Utrecht.

Chemistry. — "The moJcadur rise of the lower crlIleal temiwrature

of a biliary mixture ofnormal components." liy J. J. van Laar.

(Communicated by Prof. H. A. Lorkntz).

1. In the "Chemisch WeekJilad" of April 8"' 1905 (II, N°. 14)

1 derived an expression for the so-called molecular rise of the lower

critical temperature, viz

:

'VOyp - (1 + i|'),

in which 6 represents the ratio of the two critical temperatures

^, , , . ^.— and If' the ratio — .

3, b^

111 this I started from the approximate assumption, that the critical

temperature of a binary mixture may be represented by the simple

expression

fly

fR T^. = -.

The formula found is at any rate more accurate than that of

VAN 't Hopi, according to which the molecular rise would be coihstant

(Chem. Weekbl. of Nov. 21«' 1903 (I, W. 8)), and I adduced a few

examples to sho\v that the expression found l\y me represents the

experimental results of Centnerszwer ') very accurately — provided

the molecular weight of the soheiit SO, is doubled.

BtJCHNER in his thesis for the doctorate ^) came to pretty much the

same result with regard to CO, as solvent. He, too, had to double

the molecular weight of C0„ in order to get sufHicient concordance

1) Z. f. Ph. Ch. 46, 427-501 (1903).

-} June 1905, p. 125—130.
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Willi my rormiila t'oi- the substances examined l)_y liim (except for

naphtaline and chloro-nitrobenzol).

Now BtJCHNER thinks the assnmption of a (COj)^ bimolecnlar at

the critical temperatnre very doubtful, and Kuenen too recently called

my attention to the fact that according to his measurements ') of the

vapour pressures of liquid CO^ at dilferent temperatures, the vapour

pressure factor / presents a perfectly normal course, in opposition

to what the measurements of Regnault at 0° and 10" C, and those

of Cailletet at —50° to —80° give for it ^).

Nor has the assnmption of a bimolecnlar (SOJ^ really any foundation.

Now, just recently ') I have examined the accurate course of the

plaitpoint curves for binary mixtures of normal substances, so that

it is now possible to derive a more accurate expression than the

above, in which the critical (plaitpoint) temperatures of the mixture

were identified by approximation Avith the temperatures of the coin-

cidence of the inflection points of the successive if^curves. That this

was, of course, not true, was sufficiently known, and that tlie difference

can be considerable has been more than once emphatically stated by

VAN DER Waals. One look at the plate adjoined to my paper mentioned

above shows at once how perfectly different the course of the plait-

point line — also at the beginning, at 2\ — can be.

It will appear from the following derivation that the values found

from the above approximated formula should be more than doiiJiled

in many cases.

Keesom has already deriveil '') a general expression for the molecular

rise —
I

—-
) , but as he used the law of the corresponding states,

and as in his final expression, viz.

T, \ d.v. Jo

\^

there occur all kinds of cpiantities, which have either to be determined

experimentally, or have to be calculated from the equation of state,

I preferred to derive the required expression directly from the relation

found by me for the course of tiie ]ilait]ioint line for mixtures o

normal substances.

1) Phil. Mag. 61, Vol. 2.

2) See my paper in tlie Arch. Teyler (2) 9, 3<= Partie, p. 54.

3) These Proc. of June 1905, p. 33 et. scq.

*) These Proc; Gomin. Leiden N". 75, p. 6.
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2. Tliis relation was the Ibllowins: ')

..(1-
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For small values of ,r this heconics:

«p'(l-to)M-3(o(l+«.r)J

(l-«wy)'+ (/)(l-«>)M 3(l-«a)y)(l-2ntoy))-j ^^ ^1=0.

As viz. to approaches then to '/„ 1—w (1 -f ?),?:) is replaced by

1 — to, but 1

—

Sio{l-{-n.v) has been retained. Further introduction

of to = V> yields :

'A9'fl-3to(l+«,r)V

(1-V, «9')'+ V, 9' 3(1-V,«9,)(1-V, «</))+
"^ -Z Uo,

from which follows:

v. ^•(l-3»(l +»,.))
^ = - —77^— - 3 (1 - '/. "(P) (1-7. «»)

.

or, after division b_y — Vs *P'
'•

3to — 1 (1 — V, vwY 3

^ /«; y /o V*

If we now put m = Yj (1 + rf), we get:

6 a— ^lnifY 9 ,,-=^r^ + ^(i-V.«5P)(i-V,"</>)-«, • (M

as we may put 3 um = n. Thus we have separated in the first

member the only term in which numerator and denominator ajtproacli

to 0, whereas in the second member all infinitely small terms have

been neglected by the side of those of finite value.

Formula (la) indicates, in what way the volume v varies in the

neighbourhood of .?;= with x, when we viz. vary the temperature

in such a way that we remain in a plaitpoint.

3. Let us now inti-oduce the temperature.

For this the relation holds :
')

i?r = ^ [x (1 — x) 8' + a{v — byl (2)

Here 61 is again = av — ^\/a. Reduction gives successively

:

RT=^ ,,(i_.,) i-'^r^ + i_^ I

I' |_ V^ V a J cr \ V J I

to .r (1 — .r)
(

1 — nia {(f + .r)

J
+ (y> + xfM — to (1 -f w.r)

J
,

and

RT=—
6,

1) 1. c. p. 33.
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- -
., [^ l/«

as - = 7-, while - and — are ie|)la('ed l>v llicir values (see 4 2).
" 0, V a

1

V

Now

RT, = _ 8 «>'

., (1 _ ,,) 1 _ „io{<p + .v) ]-]-{<p + .vy 1 - «,(! 4- n,)J .
7'="/ T

</5 L

If we now put Tz=T^{l + t), to = '/s (1 + (>)- this becomes for

small values of w.

in the second member of which only terms of finite value and those

of the order ,/ I'ciuain. We draw attention to the tixct that according

to (Id) (f is of the order ,/'. Further substitution of io= ^/^{l-{-(f)

yields:

1+rf

f
(1 _ 7^ ,„ff + V, 9)'

(^1
+ 2 ^V - rf) (1 - /m)1

as 1 - CO = V, - V, rf= 7,(1-7,^), so {l-ior=\',(l-d)

The last expression becomes now

:

r n—'/.nwy ( x \
1 + T = (1 + rf) ,.^—^i^+ 1 +2 6-n..

L Uv \ *p J.

or if we neglect terms of higher order than the first

:

1 + T
mpy

+ 1 +
f

ti.r
j
+ cf.

And now it proves, that the terms with d \'anish, so tiiat we

(.lo not vinnt the value of - from (la) for tiie calculation of the limiting

value of tlie relation For the sake of completeness we have,

however, calculated this value, as it may be of importance for some

problems to know in what way v varies with x in the neighbourhood

of the lower ci-itical temperature (remaining on the plaitpoint curve).

») This is, of course, in connection with the fact that at the critical temperature

of the first component the spinodal line touches the hne x = 0, and — as tlie

spinodal curve is vertical at that place (i.e. // to the t;-axis) for very small values

of X — a change of v will therefore only bring about a change of temperature

(and so also of the plaitpoint temperature) infinitely smaller than the change of

temperaliirc, l)roughl about by a change of x.
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So wc liiul linallv:

- =—r,—r—I " ' (2«)

which is the required expression, by means of wiiieh (he hniiling

T
value of - at a- = may be oalcukited for every given value of

SP and 11.

4. Now it remains only to express the relations found in the

ordinary variables.

These are viz. (see § 1)

:

~ = 6; -=t|,.

Now the quantity rf introduced by us in § 2 and 3 is represented

by:

(p
—

while n is given by

:

l/«,-l/", l//>,?;-l//.,7\ ^/^,f,-l'

Formula (2a) passes therefore into:

+ 2(l/^t|— l)-(M'-l),

or

^ = 7. [(l/^«l'-l) - V.(f'-l)] + 2l/^.(' - (1 + tf.).

or finally, as t = —-;

—

-

:

—-^ = --^ =2t/^if— (l+t|.)+ 7. (l/^,f,-l)-V,(t,,_l) . (3)

The original expression, derived on the assumption that fllTr

(i.i-

may be approximately rei)resented I )y —, must therefore (see § J) be

completed by a term

:

7, j(i/^.f,-i)-V,(if,-i)j.'

This is the correction which must be applied, and it is easy to

see, that it can considerably modify the original approximated

expression.
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Let us now iiilrudiico liie ratio of the critical pressures of the

two eoni|)oiieiit8, viz.

— = 7t.

n

Evidently the relation i|' =^ ~ exists, -which changes (3) into:

1 fi ewi 1,1Y 1/3 1 1 \

:x 71 3t \2 '1 JTJ rr \^2 2 3tJ

or

7 , \^ (/,); y„ jr r jr v2 2 jry
)

being the linal expression for the molecular rise of the critical fem-

pei'ature on the side of the lower critical temperature.

Now a case of frequent occurrence is, that the erltlcnl pressures

of the two components differ little. If these pressures are tiie same,

jr = l, and {3a) becomes:

A = <9(^— 1\ (3/-)

whereas the former, a})proxiniated expression (see § 1) for this case

T —T
would yield: (i|' is then = ^) A — — lz=-^-^.

8o for the case Ji^=\ the former expression must he 'multiplied

by B = -;r^. In order to yield the correct e.rpresslon.

A few instances will pro\e that it is no lomjer necessary now to

doid)le the molecular formula of the solvent.

As -T is near 1 in most cases, and the formula (3/;) varies very

little with changes in the value of Jr, we shall use the formula

t\T=6{8— \) for convenience, the sooner as the values of T, (the

critical temperature of the dissolved substance) are all unknown, and

can be given only by approximation.

Let us first take the four substances which Centnerszher's expe-

riments induced me to calculate in the "Chemisch Weekbl." (I.e. p.

227--228). We shall now calculate the values of T^ from the values
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of A found experimentally, and see if the values found in 1 his way
are about the double of those of the (absolute) melting temperatures ').
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Here too, we iiiid therefore values for the ratio in qiiestioii, which

are not in contradiction with its empirical value.

Doubling the molecular fornuila of the solvent is therefore no

longer necessary, and we may, tiierefore, say tliat the formula found

hy us (3a) or approximated {Sb) represents the molectdar rise of the

lower critical temperature \'ery satisfactorily.

Finally I may point out, that tlie experiments — of Ckntnerszwer

as well as those of Buchn?;k — are not so accurate that the difference

between 1,9 and 2,2 for naphtaline is of much importance.

The reason of this is easy to see; it is exceedingly difficult

to observe the critical plaitpoint temperature accurately. For it

is required for this purpose, that tlie corresponding vohime be

accurately known beforehand, and that the volume of the tubes used

be chosen accordingly. Else, of course, not the plaitpoint temperature

sought, is found, but another temperature, situated more or less in

its neighbourhood. And this too can be a source of inaccuracies ').

From all that precedes it sufficiently appears that van 't Hoff's

assertion that the value of A is constant, and equal to about 3, is

altogether incorrect. For the value of A is quite determined by the

ratio (9 of the critical temperatures.

If 6 should happen to be in the neighbourhood of 2,3, then

A = (9 ((9 — 1) will lie in the neighbourhood of 2,3Xl>3=3.
And now it has been very misleading, that really for the examined

substances the values of ^ lie nearly all near 2,3. (For the five

substances mentioned examined by Buchner the mean value of S is

2,25, for the substances investigated by Centnerszwer this is also

the case). If ^ ^ 3, we should find about 6 for A, so this is twice

as much! Hence there is no question of constancy.

1) Also Centnerszwer calls attention to this in his paper (Z. f. Ph. Gh. 46,

p. 427—501 (1903). See specially p. 446, 459, 464-466, 469-470, 489— 492 and

497—499. It appears from these passages, how much trouble he has taken to

determine the exact "Fiilhmgsgrad", and in this way to get as near as possible to

the critical plaitpoint temperature- As the determination of the rise of the critical

temperature was only of minor importance to Buchner, the values given by him,

cannot — as he himself states — lay claim to the accuracy reached by Centnerszwer.
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Chemistry. — "On the siv isomeric tri/H-oino.ri/Icnes." By Dr. F. M.

.) AKGER and J. J. Blanksma. (Coinmunicatcd by Prof. A. F.

Holleman).

The six isomeric tribromotoluenes were prepared in J 880 by

Nevile and Winthek ') and again in 1903 in a different maimer by

Jaeger') witli tiie object of stndying tlie connection between niole-

cnlar and crystallograpinc symmetry with isomeric benzene derivatives.

In order to be able to extend this stndy to another series of com-

ponnds witli an analogous chemical character we have now prepared

the isomeric tribromoxylenes and give a short review of the mode

of formation of these substances; we intend publishing a more extended

i-eport later on in the "Recueil".

Tribromo-o-xylenes.

These substances are prepared by starting from the orthoxylidines

1-2-3 and 1-2-4 according to the subjoined scheme

:

CHj Cils Clls

y/\cm Bi/XcHi, Bi/\cHs
1.

I I

-*•
I
56*

1
-* |SC)J°

I

Br Bl-

eu, CIIj Oils

y\cui /^\cii, y\cHt
2.

I I

-^
1
03°

I

-^ li(ir.°|

\X Br^^-B. b\^B.
NIL NHj Br

The ortlioxylidines were treated in glacial acetic acid with the

calculated amount of bromine and in the dibromoxylidinos thus

obtained the NH.^-group was replaced by Br according to Sandmeyer's

method. The tribromoxylenes thus obtained were purified by distilla-

tion in steam.

Tribromo-»?-xylenes.

3. 2-4-6-tribronio-/;;-xylcne was prepared in different ways.

a. Starting from symmetrical xylidine,

oils

BrX\Br
I

^''°
I

l3r Br

The sym. xylidine was converted into tribromo-.sym.-xylidine and

CII3
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the NHj-groiip was then eliiniiiated by means of aniylnitrite with

addition of finely divided copper.

h. Starting from 4-6-dibi'omo-'2-aniido-//?-xylene prepared according

to AuwERs '), we also obtain 2-4-6-tribrouio-y«-xylene m.p. 85° by

replacing the NH.^ by Br according to Sandmeyek.

c. Acetoxylidide 1-3-4 yields on treatment with bromine and water

dibromoacetoxylidide °). If this is boiled with hydrochloric acid, so

that the acetyl group is eliminated and if in the dibromoxylidine so

obtained the NHj-group is replaced by bromine 2-4-6-tribromo-?«-

xylene is also obtained.

Clla CII3 CIIs

Biv/^Bi Bi>/\bi Biy^\Br

I

85°
I

^^cii, \yciiz \//^"'
NH NH2 Br
CO
CHj

4. <i. In order to arrive at 4-5-6-tribi'omo-???.-xylene 4-6-dibromo-

2-amido-//?-xylene was converted by means of bromine into 4-5-6-

tril)romo-//i-xyIidine and from this substance the NH^-group was

eliminated by diazotation and boiling with alcohol.

CII,



( 155 )

Starting; from 4-bronio-2-ami(lo-//;-xylcne prepared aoooi'ding- to

Noi.TrNG'), we obtained 4-5-dibronio-2-aniido-Hi-x3iene by bromiiiation

and from this 2-i-5-tribromo-»«-.\}lcnc was prepared according to

Sandmever.

6. Finally, tribromo-j;-xy]ene was prepared according to the snb-

joined scheme.

CHa
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The observed maxima of the eleven-year cycle were placed one

beneath the other, beginning with the greatest positive deviation of

the observed Maximum and ending with the greatest negative one.

Afterwards the cohl-fixctors found for these periods were put in

their places on both sides of tliat line of the Maxima, the dates

being recorded accurate within a quarter of a year. Of the series

thus obtained those before 1750 were pro\isionally left out of

consideration : they are much less reliable, according to Wolf and

Nkwcomb. The rest was divided into three groups (taking as limits

the deviations -\- 0.4 and — 0.4 years) : group A showing as a

rule a strongly positive deviation from the maximum, group B
containing small deviations in both directions, in group C the

deviation being on the whole strongly negative. The mean deviation in

group A (3 eleven-year cycles) is -|- 1.5 years, that in group B

(3 cycles) 0, that in group C (6 cycles) — 1.7 years. For each

group the cold-periods which fell in the same vertical column,

were combined and the three rows of numbers thus obtained were

smoothed.

The following rows (Table I) show the result ; M means the place

of the observed maximum, m and m^ the calculated normal minima

on both sides.

TABLE I.

Acceleration or retardalion of the cold wave with regard to the sun wave.

A 8 10 4 3 7 5 2 6 9 5 3 5 7 C 2 4 10

B 83G97G30 12005I0 536 8

C 4 7 9 10 21 26 15 G 5 13 17 7 3 11 19 17 8 7 12

m U mi

No conclusions can be deri\'ed with any ceitainty from this table.

Here again we tind some indication of a distribution of the winter-

cold, within the 11-year cycle, dilfercnt for the warmer and the colder

periods. Still however the curves B and C rather suggest a correlation

of the minimum of the sun wave with the Maximum of the cold-

wave. An other investigation seems to point in the same direction.

It was made by the method explained on p. 372 of our First Com-
munication'); it merely differs in so far that only the cold-factors

since 1615 were included. We thus obtain the following table as

a counterpart of Table 11 of the First Communication:

1) Table II of tlie Fhst Communication is based on a 35G-year period ; of sucli

periods, 3 are available. Each value given in that table represents therefore a

frequency for 3 years. The values thai follow hereafter represent a yearly frequency.
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TABLE II.

Wintercold aud phases of the 11-ycar suncycic since 1G15.

(Groups from cold to warm).
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least would not be displaced systeinatioallj. In that case indeed a very-

high wave of the sun spot curve would have to coincide with an

abbreviation of the normal ascendijig phase. When we examine

the oscillation more closely, however, it soon appears that the place

of the minimum varies systematically. We are thus led to inquire,

whether for a comparison with telluric oscillations just this accelera-

tion and retardalion do not present real advantages over the other

elements of the sun'sactivity. As by no means the observed deviations

of the maxima and minima always agree in amount and direction,

I investigated separately :

1. the deviations of tiie maximum,

2. those of the minimum,

3. those cases in which the deviations of M and in have the same

sign. Where such is not tJie case, we should not attribute it to errors of

observation without additional proof. However, case 3 will show the most

pronounced deviations of the oscillations. The investigation was made

first using the whole of the available materials ; second excluding

all periods before 1750 (that is of the least reliable observations).

As the result did not deviate very strongly, only those of the last

mentioned investigation are here communicatefi.

Meanwhile it seemed desirable to use not only Newcomb's list,

but also the data as given by Prof. A. Woli-'er '), because relatively

small deviations in the observed values may already have an appreci-

able inlluence. In this case also the difference of the results was

fairly small.

For the following tables I used Wolfer's data as a basis ; only

in the IV"" it was deemed necessary to communicate also (in paren-

theses) the result obtained from Newcomb's data.

In the tixbles III and IV, column 1 shows the groups of the periods,

arranged according to the amount of the deviations beginning with

those that are largest positive; column 2 contains the numbers of 11-year

cycles; 3 the mean amount of the deviations; 4 the quantity J/

—

in;

5 the length of the period; 6 the mean of the Relativ-Zahlen (accord-

ing to the smoothed table of Wolfer), in parentheses I placed the

means of the highest elevations of tiie curve ; 7 the cold-factors

(yearly frequency). Table V column 3 sliows tlie mean deviation as

computed from the two phases.

1) A. Wolfer, Astron. Mitteilungen, XGIll, 1902.
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TABLE III.

1 1-year periods, arranged according to llie deviat. of Uie max.

1
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sun's activity, but tlie course is irregular (the list which also contains

the periods before 1750 shows the same peculiarit\ j.

It apijears from Table lY that the correlation of the course of

the coklfactors with tlie deviations of the minima is evident according

to Newcomb's data as well as to those of Wolfer.

When we consider only those periods however, where the devia-

tions of III and AI are of the same sign, we find correlation between

all the elements of the sun's activity and the cold factors. (That the

extension is so small, proves that the acceleration of ^1/ and ;» is rather

to be explained as an accelei-alioii of the whole period). Unfor-

tunately, if we leave out of consideration, as in Table V, the data

\vhich must be considered iiisufliciently reliable, the materials becomes

so limited that the result can prove but little, and can only be con-

sidered as a strong indication.

In the preceding investigation the periods have not been chrono-

logically arranged ; it was not possible tlierefore to find any evidence

of a periodic modification in the deviations of the sun's oscillation.

According to our former results, however, we may expect that these

deviations will generally correspond Avith the great periodic wave.

To test this point the 11-year cycles have been arranged according

to tiie adoi>ted 89-year period ; the deviations have been compared

wh\\ the cold factors found for each period. An arrangement corre-

sponding with the computed maxima seemed preferable to an arran-

gement corresponding with the minima, because of the previously

iiulicated acceleration of the strong cold waves, beyond the observed

solar minimum.

In Table VLl the vertical columns represent the eight ll-jear

cycles contained in the 89-year period ; the first begins in 1648
;

in the 23'' and 24''' sipiare however I placed tlie periods 1026—1637

and 1637—1648, the [)oriods since 1894 being of course not yet

available. In each square the uppermost number represents the

deviation of the maximum, the second the deviation of the following

minimum according to INewcomb. Where the sign -|- or — follows

the number, the deviation amounts to at least half a year, either in

the positive or the negati\e direction. A indicates a smaller devia-

tion. The lower luunber gives the total of the cold factors between

two consecutive maxima. Those phases to which Newcomb assigned

a weight smaller than 3, lia\e been placed in parentheses.

Table VI /i contains the same data according to Wolfer ; however,

ill the last square but one 1 ha\e here written down the observed

phases 1894 and 1900.
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TA15LE XL
Deviation!^ ot M ami in and told I'actois in llio 11-yi^ai- cycles, arranged according

to the S9-year period.

J. Neiccomb.

I II III IV V VI VII VIII

(+0.2)0
(—0.3)0

4
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nuniher of tlie period the means of (lie last mentioned numbers

taken in pairs (viz. the means of liie niaxiinnm at the beginning

and at the end). For tiie curve c^ the preceding maximum value

was written down in the same place.

In table Vlld have been inserted cold factors as combined in each

column for the three last 89-jear periods.

Table VIIe» shows the sum of the cold factors between the com-

puted maxima of the ll-year cycles, obtained by addition of all the

89-year periods elapsed since 848. They are nothing else than the

totals of Table 1 in my first communication about this subject (in

e'' I gave a greater weigiit to the most recent data, see p. 163).

Figure I is a graphical representation of the curves of Table VII.

Fig. I. 89-y ear period,
a—c : Sun's activity.

d—e : Cliraale.
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TAHLE VII.

Deviation in the elements of the sun's activity, and 89-yeai' oscillation of the climate.

I II III IV V VI VII VIII

Direction of deviation. 3 +
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Tliei'c is no f'\i(li'iicc of ;i sinodtli (•(iiirsc, bii( rallier a siulden

iiicreasc ahoiil llie XH''' or X\'''' (•ciidirv. If tliere was any question

of slowly iiK-reasing refrigeration, tliis would appear most clearly

between the XV''' and XIX''' century, the material being- more

complete during this time.

For the three 356-year periods treated in Table I, First Commu-
nication, the numbers are : 25, 37 and 66. When treating this table

with the weights 4, 6, 10 for the l^t
,

2'"' and 3'<i "great period" we
obtain for the totals (see Table VII and fig. 1, f b) -.

I (848—1203) 1.6 4.8 2.0 2.4 2.8 2.0 0.8

II (1204—1560) 1.8 6.9 10.8 3.6 5.4 3.6 4.8 1.8

III (1561—1916) 240 18.0 15.0 14.0 23.0 16.0 11.0 4.0

Total .... 27 30 28 20 31 22 16
7~

In the recent material the depression about the middle of the

89-year period is pretty evident; we must remark however tiiatitis

not to be found in the even 89-year periods of Table I; the totals

for the even periods separately become

:

14, 17, 11, 12, IJ, 10, 4, 3.

This may be attributed of course to a 356-year period, in which,

as appears from the table, the thii'd 89-year subjiei-iod is strongly

anomalous.

I will now try to summarise the main results of the investigation

contained in these two communications.

We have seen — particularly when investigating the 11-year

cycles, leaving out of account their connection with any longer period —
that the purer our data the more evident the correlation between

modifications of the sun's activity and the deviations of the climate. In the

same degree however these data become more scanty and the acci-

dental deviations might perhaps have a predominant influence for

this reason.

In these circumstances the first of our final conclusions must be this :

our data are insufficient for any r i g i d p r o o f.

In regard to each several part of the investigation, we can at most

([ualify them as strong indications.

For some points, however, these indications tahen tO(/ether are so

strong that they may be considered con\inciug. Such is to my opinion

first, the e.xistence of a fiuctuation, both in the activity of the sun

and in the climate, larger than the well known ll-3'ear cycle of

the sun spots.

This conclusiun, though very probable, would not seem to be demon-
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sh'atetl, if it rested excliisively on llic dula alioiit cold winters.

(Table I First Coniiminioatioii).

A purely accideiilal coincidence becomes inadmissible however, now
that we have fonnd a sinnlar tliictuation in different elements oftlie

snn's activity, the more so, where tlie possibility — nay probability —
of a causal connection between the two phenomena is obvious. This

conclusion is strengthened b}- the correlation between the sun's

activity and the temperature in tro})ical regions, found by Koppen and

NORDAIANN.

On the other hand the exact nature of tliese tluetuatlons cannot

yet be established.

The parallelism of the frequency of cold winters and the Relativ-

Zahlen is most strongly marked, if we take as a basis the period of

356 years^32 eleven-year cycles (see tig. I of our First Communication).

Moreover we find both in the sun's activity and in the climate

indications of a shorter period. Meanwhile it is only the 89-year

periodicity which appears clearly in our data.

The matter may perhaps be cleared up by hypotheses about the

physical cause of the oscillations (hypotheses into which I have not

entered hei-e). Therefoi'e, what may be considered sufticiently demon-

strated about the nature and the length of the periodicity, comes

to this : R e t a r d a t i o n a n d w e a k e Ji i n g o f t h c 11-y ear
s u n s' s c i 1 1 a t i o n t o g e t h e r w i t h a d i m i n u t i o n o f

the n u m I) e r of c o 1 tl winters every 89 year s.

Moreover it seems sufticiently certain that strong deviations from the

"normal" 89-ycar oscillation occur at the same time in the sun's activity

and in the climate. They are perhaps caused by the existence of a

still longer period (see for instance the considerable acceleration and

increase of the suji's oscillation in the latter half of the 11"' 89-year

period — second half of the 18''' century — and the exceptionally

high cold tactors of that time).

Finally we may conclude from the whole of our investigation, and

this is perliaps the most important conclusion : that in connection with

meteorological phenomena, not only the frequency o f t h e

sun spots, but also other elements of the sun 's

activity c u r \' e deserve o u r a 1 1 e n t i o n.

Of course tiic possibility of a prediction of certain characteristics

of the weather, long in advance, with a considerable degree of

probability, is contained in our result.

Also its imjjortance for explaining geogra[)hical and geological

phenomena is obvious. I do not now wish to enter into details about

these matters.
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Chemistry. — "On cohrimetnj and <i colorimetric method for

di'teruihiiny tlw dissociation constant of acids." By Mr. F. H.

EiJDJiAN Jr. (Coiniiiiinicated l)j Prof. S. Hoogewf.rff).

On cohrimctry.

During the last few years I liave been obliged to undertake a

large number of colorimetric determinations, wliicli had to be made

as accurately as possible.

The impossibility of making really accurate colorimetric deter-

minations without taking a number of precautions, made Knkcht ')

utterly reject this method of working. As Knecht's method (titration

of the colouring matters by means of titanous chloride) is not apjdi-

cable in all cases, it was thought that an ellbrt to improve the colori-

metric method, would not be undesirable.

Pkinciple of the colorimetuic method.

Starting from the supposition that on dihiting a. solution of a

colouring matter, neither die amount, nor die nature of die colouring

matter irresent, undergoes a change, the principle of the colorimetric

method is as a rule indicated as follows:

If we examine in transmitted light two solutions, containing the

same coloming matter, the concentrations ivill be inversely froportional

to the heights of the layers of die same colour.

This formulation will be found in Ostw.ved, Handbucli fiir Physiko-

Chemische Messungen '') and in Heermann, Coloristische und Textil-

chemische Untersuchungen ').

The first supposition cannot at all be accepted as being general!}"

correct; in fact, in the practice of colorimetry the circumstances, in

which it is correct, occur but rarely.

In future those solutions of colouring matters, where these suppositions

are permissible and which may, therefore, be determined colimetrically

without precautionary measures, will be styled directly measurable.

If the colouring matters under examination are not electrolytes,

their nature and amount will suffer no change by dilution. Such

colouring matters are, therefore, directly measurable.

But with acid, or basic colours, or their salts the case is different,

as these can but rarely be determined directly. The cause may be

found sometimes in the electrolytic dissociation, in other cases in a

1) Journal of the Society of Dyers & Colorists 1904. p. 242.

2) Ibid. p. 179.

3) Ibid. p. 03.
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h.ydi-olic phenomenon, which plays its part. If we liave a sohition

containing aciil culours, wliose anioiis possess a diifei-ent coiour from the

undissociated acid, the solntion will exhibit a mixed colonr composed

of the coloiu- of the anions and that of the nndivided acid. This

phenomenon may be readily demonstrated by means of the acids of

the following colouring matters: Mi'f/u/Iojrmije, mefanilyelhw and beii-

zopurpurin 4 B.

That the change in colour, which these acids undergo when their

solution is diluted, must really be explained in this manner, is proved

in the second part of this paper, where an application is made of

the fact that such dilute solutions may be restored to their original

colour by addition of dilute acids ').

This explanation disposes of the theory of KiisTEi! ^) and of that

of Glaser ') as to the indicator methylorange and it appears indeed

that tlie methylorange-acid is, for an indicator, a fairly strong acid.

This phenomenon also occurs with salts of acid colours, therefore

when testing the so-called acid and directly-dyeing technical colours.

Such a case has been mentioned by C. H. Sluitek ^j, who noticed

it Avhen testing solutions of mmitrosoacetoplienoiisodium. He found

that these solutions assinned an increasing yellow colour on increased

dilution and he rightly attributes this to the more powerful electro-

lytic dissociation caused by the dilution. In this case the ionisation

in iV/10 solutions had proceeded so far that a further dilution caused

no further visible change in colour.

If however we want to measure solutions oi' benco-pttn'-blue, //enzo-

azuriii or allied colouring matters, it will be noticed that in solutions

containing from 0.1—0.05 gram in a Liter (approximately j\73000—
iV76000)the phenomenon is still of such an interfering nature, owing

to the great dilference in shade of colour, that a direct measui-ement

is impossible. Sluiter's dissertation only reached me when my researches

had already been brought to a close.

In theory, analogous phenomena are possiltle with basis coloui's

and their salts, but I have not as yet met with any such inslances

and in fact, have not searched for them.

When salts of x'ery weak acid colours are tested, the hydrolysis proves

very troublesome, if the colour of the anions and tiiat of the acids

1) Compare A. A. Noyks and A. A. Blanciiaud .Jouni. Amoric. Chem. Soc. 2^

p. 726 and Central Blatt 1901. I. p. 11 ii« 15.

*) KtisTER, Zeitschrift fiir Anorganische Chemie 8 p. 127.

*) Glaser, die Indlcaloren.

) C. H. Sluiter. Het mechanisme van eenige organische readies. Academisch

Proefscluift. Scheltema en Holkema. 1905.
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slioiikl lie diirereiit. As llic solutions get more dihitcd, they exhibit

colours approaching the shade of the colour-acid.

A very striking example, which lends itself well for practical

demonstration, is furnished by sodium carminate. Sodium alizarate

may be also used, only the solutions, on being diluted, soon become

turbid, owing to the slight solubility of alizarine.

From these examples it follows that the fundamental principle

of colorimetry ought to be expressed as follows

:

Solutions of the same colouring matter, when tested colorimetrically,

exhibit in layers of the same thickness the same intensity oj colour ij

they possess the same concentration.

The colorimkter.

This apparatus must l)c so constructed tliat the liipiid under exa-

mination may be brought lo practically (he same concentration as

the standard liquid.

The apparatus best suited for this purpose is that of Salleron 'j,

modified by Koppeschaar '). In this colorimeter the most concen-

trated of the two solutions is diluted with water until it has the

same colour as the weaker solution. From the amount of water added,

the desired concentration is calculated. It is a matter of indifference

whether the most concentrated or the most diluted solution is used

as the standard liquid.

As it is not possible, when using the colorimeter of Salleron-

Koppeschaar, to make rapidly successive readings of a quantity of

solution to be measured, the apparatus, which I am now using and

which is represented in the annexed drawing, is perhaps to be pre-

ferred. It is constructed from a colorimeter of C. H. Wolff "). The

tube containing the standard liquid, the standard tube S is Qonnccied

by means of a small horizontal tube E with the glass cylinder A
in which a plunger C is suspended. This plunger can be moved up

and down by means of a cog-wheel device along the standard B. Jn

this ivay the level of the standard solution may be raised or lowered -.

by providing B with a scale, the position of the liquid may be read

off on the same.

The actual colorimeter stands in the dark chamber D. It consists

of the standard tube S and the tube containing the liquid to be

measured, the measuring tube M.

1) Zeitsdiiift fiir Anal. Chemic 11 p. 302.

-) Zcilschrift fiir Anal. Ghcmie 38 p. 8.

3) Dingl. 236. 71.
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Tlie illumination of such a colorimeter is generally effected by

means of a mirror placed below the tubes, which reflects the light

from the sky. Owing to the clouds, this illumination may be very

irregular, therefore artificial light is preferable. Incandescent light

is very satisfactory. With ai'tificial liglit, however, a mirror cannot

be used, as small displacements of the lamp greatly affect the illu-

mination of the two colorimeter tubes; instead of a mirror, a piece

of ground milky-glass is then employed.

Above the tubes is placed the optical arrangement, which serves

to create a field of vision, which is divided into two parts, one of

Avliich is illuminated by the rays, which have traversed the standard

tube and the other by those, which have tra\ersed the measuring

tube.

In principle, it is preferable to make both halves of the field of

vision exactly the same shape, as they are then observed under

exactly the same conditions. These conditions are not satisfied by

the prism-system of Lummek and Brodhin, which has been applied

by H. KrOss to the WoLFF-colorimeter "), The field of vision is here

a circle surrounded by a ring. This may, perhaps, partly explain

the less favorable report of the Photometer Committee of the Nether-

land Society of Gasmanufacturers ').

The prism-system of P'hesnel, generally met with in colorimeters,

suffers from the drawback that it is liable to give way, when being

cleaned, and cannot then be again propei-ly joined together. This

creates in the field a heavy black line of junction, which greatly

impedes an accurate observation. A prism made from milky-glass ')

is not ad\isable on account of the transparency whicii causes the

two iialves to illuminate each other in the neighbourhood of the

line of junction. An equality of colour is then noticed before it is

really a fact.

I use a prism of polished telescope-metal with angles of 4.5°

illuminated by two little mirrors also at angles of 45° placed above

the tubes. The line of junction is then liardly visible and the prism

is proof against the influences of a laboratory atmosphere.

The apj»ai-atus is now used as follows : The standard tube and

the vessel A are provided with standard lic{uid, and fixed in such

a manner that the height indicated on the rod B really corresponds

with the jiosition of the liquid in S. The standard liquid would

have to be more diluted than the solution to be measured. A kno\A n

1) Zeilsclirift fiir Irislriimentenkunde 14. 102.

2) Report of the .said committee 1893.

3) Oitwald I.e. p. ISO.
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(|iKiiilitv of llic latler is llicii iiifrddiiccd iiilo (lie iiio;isnriiii^' liilto M
and wIr'ii the coldiirs are e(iual, a reading is taken. In many cases

il is nol possiliie lo take a reading, owing to the difference in sliade

of colour of the two liquids, but still we are able to see at which

heights of the standard liquid this is decidedly darker or lighter

than the measuring liquid.

The measuring tube is then tilled witii water uji lo the average

of those heights and definitive determinations are now made. The

difference in concenti-ation between the two liquids is now in most

cases so slight, that a difference in shade is no longer perceptible.

In any case it is desirable to dilute the contents of the measuring

tube up to the height found and to take a fresh reading, even when
determinations may be readily made without dilution.

In the case of acid colours this mode of working can .sometimes not

lie applied. The measuring liipn'd should then be gradually diluted

until, the colours being equal, the heighl of the measuring licpiid is

about the same as that of the standard liquid.

In the case of such small differences in the concentration it may
be safely assumed that the concentrations are invei-sely proportional

to the height of equally-coloured layers.

The great advantage of this method of working is this, that at the

final determination a series of readings can be taken, also that the

standard liquid can be alternately changed from darker to equality

of colour and from lighter to equality, as is done in polarLsation.

This renders each determination \'ery certain.

The readings may be rendered much more delicate by placing a

coloured piece of glass on the- ocular. It is necessary to choose such

a colour that the rays of light, ti'ansmitted through the measuring-

liquids are also tran.smilted through the coloured glass. A trial with

a pocket spectroscope or a consultation of Fokmanek's work "Der

spectralanalytische Xiicliiofls l-iiiistHcher oiyiuiischer Farbsto[f'e\ renders

the choice easy.

These glasses are readily made Uy dyeing old [)hotographic plates

with basic colours, which is easily done in the cold.

A colorimctric uwthod for deti'r)nhwi<i ihe dlssociittlon constdiit

of acid.'^.

Acid colours whose anions possess a colour different from that of

the acid itself, and which we will ccdl indicator-acids, ma,y he used to

determine the dissociation constant of the indicator-acids themselves

in the first place, and also of all olher colourless acids, if we have

12

Proceedings Royal Acad. Arasterdara. Vol. VIU.
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at (Hir (lisjiosal a colourloss arid the dissdciatioii coiislaiil of wliirli

is known wilii certaintv.

Principle of the method.

If the aqueous solution of an iiulicalor-at-id is diinled witii water

the colour will change in the direction of the coloui' of the anions.

If for the dilution of an indicator-acid solution an isohxdric solution

of a colourless acid is used, the degree of dissociation will not alter

and the colour of the solution will remain the same.

If liie solution of the indicator-acid is diluted with water, we may
titrate back with an acid of which the concentration of the H-ions

is larger than tiiat of the solution of the indicator-acid, until the

original-colour is restored. We have then preparetl from the water

and the acid solution a mixture, which is isohydric with the solution

of the indicator acid.

Starting from an acitl with a known dissociation constant— dtan-

(l(ird (ickl — and an arbitrary solution of an indicator-acid we may
in the same manner determine the dissociation constant of a second

colourless acid, by preparing as directed, from the standard acid as

well as from the unknown acid solutions, which are isohydric with

the same solution of the indicator-acid. The acid solutions are then

mutually isohydric and the calculation of the dissociation constant

is readily made from the above data.

The orEKATiON.

The above described colorimeter is best suited for this method.

The solution of the indicator-acid is introduced both in the standard

tube and the measuring tube. The amount of indicator-acid does not

matter, provided the quantity of it, in l)oth tubes, is exactly the

same. After most carefully adjusting the colours, tlie contents of the

measuring tube are diluted with an accurately known volume of

water, say, (tec. If now of a standard acid the dissociation constant

is A'l and if from this is prepared a solution of a dilution D{, we
then titrate with tliis solution the contents of the measuring tube until

the colours are again the same. If this should require /y cc the dilution

at which the solution of the standard acid is isohydric with the

given solution of the indicator-acid is :

If Jiow the dilution of the indicator-acid is known, or if we have

found in the same way the dilution at which an uidvuown dissocia-

tion constant yields an Lsohydric solution, then, calling both dilutions
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T/; , tlie imknowii di.ssociuliuii cuiiHtaut Kj; is I'uiiiul by llie Cullowiiig

ciilciihUioii:

It' ill the :?olutioii of tiic .slaiidiiril acid we call tlic dissociated

part <( then

Va
= Cu,

the concentration of the //-ions, therefore,

( II = ~-
1 + L 1

For the acid with an nidviiown dissociation constant yv'^',weniay

calcnlate the same from

-i/(.^+):
as ('// and Vp, are known. It is, liowever, simpler to make tlie

calculation as follows :

From

we find

:

^ K V and — ^ C
1 — « V

C — C K.
V

As both acids are isoiiydric in dilntions of, respectively, V^ and

Vu, ^'n will be the same in botii, therefore

from wliich

Ka Kb— L II Ka =7^: tuKu

Ka = Kb
Va 1 - Cii Vb

Vb ' I- Cu Va

Test Experiments.

In order so show the accuracy of the jnocess, I have made three

determinations. In the first one 1 have determined the dissociation

constant of benzoic acid, taking tlie constant of salicylic acid as

known. In the second experiment 1 have determined the dissociation

constant of anthranilic acid, using the lignre obtained for benzoic acid.

In a third experiment, the dissociation cgnstant of propionic acid has

been also determined with the aid of benzoic acid.

Determination of tlie dis-iociation constant of benzoic acid.

Given

:

Ks = 0.00102 r, = 150

(7, = 100

12«
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[iidiratiir : iMefaiiil\ ollow-acid. Tlic oliarige in colour of tliis iiidicivtor

on (lihitioii was not sirong enougli. Therefore, the solution was mixed

before nse, with a few drops of hydrochloric acid, wiiicii cansed tlie

di/Tcrence in colour to be more decided and more readil}' observable.

Tliis addition niaj be made without fear, for (he colour is used as

the indicator for the concentration of the hydrogen-ions and an equal

concentration of the hydrogen-ions always gives the same colour. Only

we nuist take care to use the same indicator solution for the whole

series of determinations.

Found

:

15 cc of indicator -[- 50 cc of water. Colour again restored with

9 cc salicylic acid solution, therefore:

50 + 9
•

—

—- X 150 = 083.5 — V,

15 cc of indicator -|- 1'* *'«" of water. Coloui' again restored with average

22.5 cc of benzoic acid solution, therefore

10 + 22.5^ ._ X 100 = 144 = Vi,

22.5

from which :

0.00102

and :

A',, =r U.00102 .

1 +U^fc + 1

.00102 X 983.5

144 1 - 0.0006294X983.5

0.000(3294

-= 0.000063.
983.5 I — 0006294x144

l!y the electrolytic process the value of Kb = 0.00006. ')

Detei'inhiJitidii of tlic <l/ssoriiifioii coiistnnt of antlmmUlc acid.

Given: In = O.OOOOtj n, = 200

v„ = 100

Iiidkator : methylorange-acid.

Found:

15 cc of the indicator in both cases diluted with 50 cc were titrated

back to the original colour.

For this was required

Benzoic acid : 0.87 cc

Anthranilic acid : 1.56 ,,

1) Nernst. Theorelisclie Uhemie, p. 404.
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0.00006

n

( i75 )

50 + 0.87

and

Ka — 0.00006 .

•1 +

3306

11690

0.87

50 + 1.56

X200 = 11690

1.56
X 100 = 3306

+ 1

0.00006 X 11690

- 11690 X 0.00004749

- 3306 X 0.0000474fr

0.00004749

= 0.0000089.

The electrolytic process gave 0.0000096. ')

Determination of the dissociation constant of propionic acid.

Given: /u = 0.00006 n= 442.5

V,, = 1020

Indicator: metliylorange acid.

Found :

15 cc of indicator were diluted willi 25 cc of water; the colour

was restored on adding 1.5 cc solution of benzoic acid.

n=-
25 1.5

1.5
X 442.5 = 7816

15 cc of indicator were diluted with 10 cc of water:

was restored on adding 6 cc solution of propioinc acid.

10 + 6

the colour

0.00006
Ch =

2

and

A'/, = 0.00006

1 -i

2720 1

7816 '^ r

X 1020 = 2720

+ 1

0.00006 X 7816

7816 X 00006261

= 0.00006261

= 0.0000128 ').

2720 X 00006261

Found liy tlie electrolytic process: 0.0000134.

Tins method may, perhaps, piove useful in cases wliere the

electrolytic method meets witii (liflicuhies, for instance in the dcler-

mination of \ery small concentrations of hydrogen-ions or in the

determination of the concentration of hydrogen-ions in presence of

otiier catiiions. I intend making further experiments in that direction.

Lahoi'atori/, ISfetlierland Teclmical School.

Enschede, 15 May 1905.

1) OsTWALD. Zeitsclir. fiir Physik. Ghcmie 1889, p. -JIU.

3) OsTWALD. Zeitschr. fur Pliysik. Cheinie 1889.
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Mathematics. — "<hi the vmnher of common tangents of a cwi've

(111(1 (I siij[f((cc'." By ])r. W. A. Vkksi.i'vs. (Communicated by

Prof. D. .1. KoKTK\VK(i).

§ 1. Let Ci be a plane algebraio curve of class 7\ and >S, an

algebraic surface of class iii.,. Every (angent of C\ touching S^ is a

tangent of the section x of llie surface -S'j willi tlic piano T of C\.

Conversely, each common tangent of C\ and .v is a common tangent

of C\ and S^. The curves (', and .v being of the class r^ and id^

respectively, they have r, /»., common tangents. Hence, S., and C\

have r, m, common tangents too.

Let the plane V of C\ occupy the particular position of touching

S^ in (! points of ordinary' contact and in 2 points of stationary con-

tact, the class of the sei-tion .v is now

Hence, the curves .v and C^ have now

'1 {»h — 2(f — 3x)

common tangents. Every tangent of C\ passing through one of the

points of contact (f and / is a common tangent of d and ,S".^, Avithout

being a common tangent of C\ and .s-. In § 8 will be jiroxed, that,

if /Ji be the developable formed by the langents of C'l, eacii generating

line of Z), touciiing S^ in a point d counts for two common tangents

of C, and /S'.^ and each generator of D^ touching ,S'^ in a point •/

counts for three common tangents of C^ and S^. If f\ be a plane cur\e,

the developable Z), is tiie plane F counted )\ times. Every ordinaiy

contact (f gives thus 2i\ common tangents of Ci and -S'.^, and every

stationary contact x gives 3i\ common tangents of (.\ and .S'„. Thus,

the total number of common tangents is

r, (m, _ 2 rf - 3 X) + 2 d r, + 3 X »•, = r, m,.

If the i)lane 1" of C\ and the surface S^ touch along a line, then

every tangent of C\ touches /S'„ and the nundier of commoii tangents

becomes intinite. This case presents itself if -V be a developable and

V one of its tangent planes. Every tangent of C\ touches S^ twice,

if *S, be a torus and I^ be one of the planes touching ;Sj along a circle.

If C'l be a curve in space the number of common tangents of C\

and *S, is still i\m^, where r, is the rank oi' C\. Tliis will be proved

first for some special curves and surfaces and afterwards for the

general case.

§ 2. Let /S„ be a cone with vertex 7\ the projection of a common

1) Versluys, Tliese Proceedings. May 27, 1905.
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tangent of d and S, on an arltiti'arv plane T^, not passing throngh

the centre of projection 7', is a common tangent of tlie projection j^i

of (\ and of tiie section .v oi' S., witli T". Tlie conxerse is eqnally

trne. Tlie class of /)^ and .s- t)eing /, and in., respectively, the num-

ber of common tangents of />i and .v and llnis of (\ and S^ is i\m,.

If <S', be a developable D„ a tangent t of (\ touches 7^^ if a

tangent plane of D„ pass throngh t, and conversely'. Let D\ and

C's be the polar reciprocals of C\ and D.^. To a plane of D^
passing throngh a tangent / of (.\ corresponds a point of C\ on a

generator f of D\, and conversely. The number of these intersections

of C"^ and D\ is r, /»,,, for the cnr\'e ("., is of order ii)„ and the

developable JJ\ of order /,. Then, since there are i\ id., planes of

Dj passing through tangents of C\, these are /•, iii^ common tangents

of C, and >S;.

We can show in a very simple way, that if the curve C, be an

arbitrary algebraic curve of rank i\, and tlie surtixee S^ be an

arbitrary algebraic surface of class iii.^, the nnmiier of common
tangents is still i\ ui^. For the tangents to S^ form a comjjlex of

order m^, and the tangents of i\ form a ruled surface of order i\.

Now according to a theorem due to H.vi.phen ') the number of their

common rays is r, uk, which proves the proposition.

§ 3. Some theorems concerning the contact of a developable with

an arbitrary suiface will be deduced from the theorem proved above.

Let (_\ be a twisted cubic T'^ and 1)^ the developable formed by

its tangents. Let S.^ be an arl)itrary surface of order ii.^, havijig a

cuspidal and a nodal curve respectively of order r.^ and §5 and let

D* and S^ have an ordinary contact in rf and a stationary contact in

/ points, whilst none of the tangents of 6" is an infle.xional tangent

of aSj and C^ does not touch S^. The number of common tangents

of 6" and -S, is now also for this [larticnlar position y, in., or 4 111^.

These common tangents of ('" and S^ are: L"' the tangents of ('"

touching the curve of intersection .v of /)' and S., and 2"'^ the

tangents of C touching ,S'.^ in the points 'fand/ where the surfaces

D* ami S„ touch. Let every comnion tangent of ('" and S^ |)assing

through an ordinary point of contact 6 count for ); common tangents

and let every common tangent through a stationary point of contact

/ count y times.

The number of common tangents of, 6''' and .v will be

4 m^ — .» cf — 7/ -/.

1) R. Sturm, Liiiieu Geometrie, 1 p. -14,
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Lot, K l»e (lie de\elo|iiil»lc lurmod liy the tangents of .v. Let / be

a i-oniindii tangent (if ( '' and >S'.,, tcniehijig C^ in It and .v in /''.

One of the tangents of 6''' consecntive to / meets /S^ in two real

points of .s', consecutive to P, as / is supposed to be no ])rincipal

tangent of *\. The osculating plane V of C in R contains tiierefore

foiu- consecutive points of s, so it is a stationary [jlane « of .s^ in P.

Consequently the plane V is also a stationary tangent plane of A'

along the generating line /. So C has in 7. three consecnti\'e

points in common with K and no more.

The 'in^ points where C" meets S^ are cusps ,iofi''), so they arc

tri[)lc points on the developable K.

Each of these 'in^ points ;? counts at least for three points of

intersection of 6''' with K. Eai'h of these points /? counts for not

more than three points of intersection, as we have assumed that 6"

does not touch S^, and the tangent in ^ to C does not lie in the

triple tangent plane of K in /?, which triple tangent plane coincides

with the osculating plane of s in ji, i. e. with the tangent plane of

aS; in ii.

The curve C^ meets Yv only in the 4 /h^ — x <i— //,(,' points R
and in the '611^ points /i, as every tangent to .v lies in an oscnlating

plane of C", and through a point of 6" no plane can pass osculating

6''' still elsewhere. The ordei' of K or the rank of s is

,. = 4m, + 3<^, _ 2d - 3x =).

So the niuuber of points of intersection of C" and K is

3(4w, + 3«, - 2ff - 3x).

As the only points of intersection of C and A' are the points

R and (i counted three times, we fnid the relation

3(4(/(, -i- 3«„ — 2(f — 3/) = 3 X 3//, + 3(4»a, — .ni — //•/)

from which ensues

,(,• = 2, y = 3,

or in words

:

If the developable D* and an arbitrary surface S.^. have an urdinarii

contact, two consecutive generating lines of D* touch S^.

If the developable ly and an ordinarg surface S^ have a s/atianarg

contact, three consecutive geu'vafiug lines af D* touch ,S'„.

These theorems hold good loo in the case that the developable is

a cone °).

1) Versluys, Mem. de Lioge. 3me serie, T. VI, IVIO.j. Siir les nonibi-es Pliicku-

riens etc.

2) Versluys, These Proceedings May 27, 1905.

3) Versluys, These Proceedings May 27, 1905.
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The two tlieorenis ineiitioued above and (heir reciprocals aiul some

sjjecial cases will now lie tivated a!,u,eliraicallv.

§ 4. Let C'l be a rational (wisled curve of rank /, and »S'a surCacc

of order n, possessing no multiple curves. Let

ax -\- h]i ->- oc -|- (/ =:

represent the osculating' plane of (\, (i,f>,c,(I being integer rational

algebraic functions of /. Dilferentiating we tind for an arbitrary tangent

of C^ ctpiations of the form

a, x + A, >, + c, z + d, = 0,

«. - + K y + ^^ - + d, = 0.

Solving y and z in function of ,r and t we ilnd :

Ax + B Dx + E
C C

{A)

in which A, B, C, i) and A' are functions in t of order r,. If we

substitute the values (J) in the equation of the surface ^S', we arrive

at an equation (7J), which is in x of oi'der n and in t of order

n i\. For every value of / this equation (Z>) furnishes the // values

of ,(.' belonging to the points of intersection of a tangent / to (_\.

If two of these values become ecjnal, the tangent / will meet the

surface S in two consecutive jioints and as *S' is supposed to have

no multiple curves the tangent / will also be a tangent of>S'. Those

tangents of (\ are excluded which are at right angles with the A-

axis, all i)oints of intersection with N [tossessing the same .v;; so all

roots X coincide, without the j)oiiits of intersection coinciding. Every

line being at right angles with the A-axis meets the line at inlinity in

the plane a' = 0. So the number of these particular tangents of ^
i
is/',.

The equation (li) has two equal roots in ,;: for a certain value of

t, when this value of t causes the discriminant of (/i) to vanish.

The discriminant is in the coefticients of (/>) of order 2 (»,— 1) and as

the coefticients of (/i) arc of order r, v in /, the discriminant is of

order 2 1\ n (n—1) in /.

By a parallel displacement of the axes the plane .v:=i) can be

made to pass through one of the taiigenis of (\ which is at right

angles with the A'-axis.

Writing t -\- q for t, we can take q in such a way that this

tangent of C'^ lying in * = coi'resi)onds to the value / = (I. The

equation {B) has then passed into an equation {B' ] where for / =
all roots ,1' vanish.

The tirsl equation (.4)
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A .V -\- B C y — B
y = or ,/; =
•^

C A
must now pass into x=zO for i=:0, so tliaf C and 7? must contain,

after the change of variables, t as a factor, A not lieing di\'isible

bj t. As the projection on the plane ,r = of the tangent lying in

this plane can be any arlntrai'y line and as (J vanishes for t = 0,

D and E must also vanish for / =r 0. In the equation (i?') the coef-

ficient of X" will be divisible by t and the coefficient of ,r' divisible

by t"-'-.

According to Salmon ^) the discriminant of equation {B') will

be di\isible by t"i"-'^). For each one of the ?, i)articnlar tangents

of C\ which ai'e at right angles with the A'-axis n (n—1) roots of

the discriminant of equation (7?) become equal. That discriminant

possessing 2i\ n {n—1) roots, there are left r, n {n—1) roots, to each of

which corresponds an equation {B), possessing two equal roots. So

there are r, n («—1) ta,ngents of 6\ which also touch »S. As S
possesses no multiple curves (he class »; is 71 (n— 1). The number of

common tangents of (', and -S' is thus as before mentioned

j'j m.

§ 5. So far we have supposed that ('; occupies no particular

position with respect to S. For particular positions of (\ two or

more of the common tangents of f\ and ,S' oan become consecutixe

tangents of (\. TiCt t be a tangent of C\ touching S in l\ and let a

tangent of (\ consecutive to t be also a tangent of *S'. The developable

7J, formed by the tangents of (_\ and the surface -'^ will touch

in P. We shall Udw iiucstigale \\heu the contact is ordinary and

when stationary.

For simplification 1 assume for (_\ tiie twisted cubic 6"

(,r = y* + /,// = f% c = /»).

The equation of the developable IJ^ or D' is now :

c= ^ 6 (,, + I,)
,/ : + 4

I/' + 4 (,/• + pY c — 3 U + />)-' ;r = 0,

or

3
i) = z 1/' -\- etc (.4)

A p'

If we choose for point P where the surlace N touclu^s IJ^ the

origin of the coordinates the equation of S is

= c + «,(.- + 2 // .r;/ + bf + ,'lf {B)

The surfaces /J' and *S' have stationary cdutact in t lie orioin when

1) Modern Higher Algebra, § 111, note.
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"(' + i7)
1,^ — 0.') {C]

Tlie equation of an osculating plane of C is

«' — 3 (,r + p) e + 3 // A — c = 0.

The equations of a tangent to (" are

/^ — 2 (,r + /-/)/ + ;v
= 0, (,( + II] r — 2 7/ / -1- c = 0,

01-

y = 2 {.V + j>)t — P, : = 3 (,r + j>) P — 2f

.

Substitution these values of // and : in the o(|nation of .S', we tind

an equation of oi-der //, in :r

^ '^, + '/., .( + ii.^ .r" -\- a., ,(' -|- etc.

where

a, = 3 />/- 4- 4 hir f — 2 f — 4 A/y/-' -\- etc.,

,/, = 4 /////- + 3 r^ — 2 A/--' + 8 Ayy/-^ — 4A^" + etc., . (I))

a., = a -\- A hi -t- 4 bP + etc.

The discriminant of this equation is of the form

"o f + «i' V"'.
')•

As a,, and r/j contain respectively f and < as a factor, whilst (p

and If' are in general not divisible by f, the discriminant is divisible

by P or the discriminant has two roots ^ = 0. As to everv root

of the discriminant (except the particular n, {n—l)-fold ones) corre-

sponds a common tangent of (" and ,S', the A'-axis counts here

for two connnon tangents of C" and S, or the two consecutive

tangents of ( ''' lying in the common tangential plane of /) and >>

both touch also .S'.

The discriminant is a determinant, which gives when developed

according to the elements of the tirst two colunnis

{2 wr«„ (i..^ — {n—l)a;'\ <f^ + ir «„- </>, -f /(-(„ r,,
(f^ + n^' <p, . {E)

§ 6. If the A'-axis does not coincide with one of the inllexional (or

])rincipal) tangents of ,s' in the origin P, then the )'-axis can lie taken

so that h=z{); to this end we have but to take for J'^axis the diameter

of the indicatrix conjugate to tiie A'-axis. The expressions for the

coordinates of a point on t" will not change if we now also

lake for plane .r = the i»lane determined by the new i'-axis, and

one of the two tangents of C meeting the F-axis outside /-", and for

plane at intinily the osculating plane of C" in the point whei'o C"

touches the new plane i- = U, whilst for plane >/ = is taken the

I) Salmon, Three Dim. § 204.

-) Salmon, Modern Higher Algebra. § Ul.
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plane <letcrniine(l by the A-a.\its and (lie point where C tonehes ,*.' = 0.

When It = the terms of the lowest order in t in the coefficients

a^, «i and a^ are respectively of order 2, 2 and 0.

The terras of the lowest order in t of the discriminant appear in

the first term of the cqnation {E) at the end of the preceding §,

namely in the tei'm 2na/i^(p^. So the terms of the lowest order

in t are

Ca (3p + Ahp'') e

where C reitrescnls a constant. The discriminant possesses three roots

; =: or the A-axis counts for three common tangents of ('"' and /S, if

a (Zp + Up^) =
or if

a = 0, 3 + 46jo =r 0, j3 = 0.

If 9 -|- 4Ayj ^= 0, the surfaces D" and S have according to (C) a

stationary contact, as Ii. is also equal to nonght. The origin Pis now

an ordinary point (not a parabolic or donble point) on the snrtace

S and the common tangent (the A'-axis) does not coincide with one

of the inflexional tangents of S in /'.

This furnishes the theorem :

//' iin arbitrary surface S and a developabh D" have a stationary

ci'ufdc/ in. an ordinary point P of both surfaces and the generating

line I of ly through /' is iK'itln'r of tlie tirn injle.ridiiitl tangents of

S in. P, ilwn. I coiiiits for three coiiuiion taiigoits of tlie cuspidal

curve C" and of S.

If a ^ the snrfaces ly and /S' have according to (C^) still a

stationary contact, as still h = 0. The origin P is now a parabolic point

of »S' whilst the A'-axis is the oidy inflexional tangent. The coefficients

a„, «! and a.^ all contain the factor /^ So the discriminant possesses

the factor t\ so that now the discriminant has four roots / = 0. So

the A'-axis now counts for four conunon tangents of (_'' and ,S'.

If n r=: 0, then ('^ touches -S in tlie origin P, whilst tiie osculating

plane of ('" in /'' coincides with the tangent |)lane of S in P.

The terms of the lowest order in / in the coelHicients a„, a, and (/.,

are now respectively of order 3, 2 and I). So the discriminant (E)

is divisible by t\ so that 6" and S now have in the origin i-* three

common tangents. Writing in the equation (/i) of the surface >S for

the coordinates of a point on ('" the expressions ,r = /, y= f, c r= f,

we obtain an ccpiation in f, containing /' as a factin-. The cnrve C
has thus in the origin only two points, but three tangents in common

with S.

If h = a^=p = 0, then ( '' touches the surface ^' in a parabolic
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point /', tlic laiineiil in P (o ('' roinriilL's wilii llic princiiiiil l;i,nii,ent

ill P of S, whilst the osruUxting plane of (.''' in I' coincides w itii the

tangent plane of S in P. From the expressions (D) for a„, r^j and

(t„ follows that tiio tliscriniinaiit [K) is divisible by t\ so that T'' and

S have now four coiiinion tangents in coniinon in the point /'.

If li ^^ h ^ p ^{) then ( '" touches N still in a parabolic |ioint ;

the only ditl'erence to the preceding case is that C'' no longer

touches the principal tangent. From the equations (Z>) and (/i) ensues

that ('" and S jiossess only tiiree connnon tangents.

If // = // = and // ^ t), then /'is a parabolic point for which the

pi'iiicipal tangent does not coincide with tlic laiigeut to (''. From

{D) and {E) ensues now readily tiiat the .V-axis counts iiut for two

common tangents of 6''^ and S.

§ 7. When the A'-axis coincides with one of the principal tangents

of S in P then the axes cannot be taken in such a way that //= 0;

but we have now it = 0. The terms of the lowest order in t in the

coefficients a^,, ((^, a„ {D) are now respectively of degree 2, 1. J.

So the discriminant {E) is only divisible by f, so that now the X-

axis counts for two common tangents of C" and S. The A'-axis itself

has now with »S' in P three consecutive points in common, so it

connts already for two common tangents. A tangent of 6'" following

the A'-axis does not touch ;S' any more.

The term of the second degree in t of the discriminant {E) has

now for coefticient 16C7«^y>% where C is a constant. So the discrimi-

nant has three roots t =: 0, when h = or ji = 0. The case h =
is just the one treated in § 6.

If p = a = then C" touches in P one of the principal tangents

of S in P, wdiilst the osculating plane of C in P still coincides

with the tangent plane of -S in /'. Out of the expressions (D) for

a„, cii and a^ it is evident that these coeflicients ai-e respectively

divisible by P, f and t. So the discriminant {E) is divisible by V or

it has four roots < := 0. The A'-axis counts thus for four common

tangents of C" and S. By substitution of x = t, y =^ t", : = P in

the equation {B) of the surface S we find that f " and S now have

in the origin three consecutive points in common.

§ 8. Let C\ now be an arbitrary twisted curve and D^ the

develojjable formetl by its tangents and let D^ touch the arbitrary

surface S in P. Let / be the generating line of D, toucliing ;S' in

P and let li be the point, in Avhich it touches C\. Let F be the
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oscillating plane of L\ in II. Tiiiongli It and (i\c points of C, con-

secutive to It a twisted ciiliic ("' can be brougiit, on the condition

that It, I and V are an ordinary point, an ordinary tangent and

an ordinary osculating plane of (\. The developable D^ formed Ity

the tangents to 6" and the developable /), have in common the

line / and four consecutive generating lines.

If / must count for 2, 'S or 4 common tangents of C" and S,

this is also the case for (\ and *S'. The theorems proved in § 6

and 7 for 6" hold good for any twisted curve. This gives rise to

the following theorems

:

//' the developable Z), con-cs/)(iii(/iii(/ hi curve C\ lourlu's any

surface S in point P u^liilst the (/cn.eralivi/ Hue I of 1)^ throutjii P
is no hijlexional tanyerd of >S, the line / counts for tu-n or for three

common tam/ents to C\ and S aecordiuy to tlw surfaces huriuy iu /'

an ordinary or a stationary contact.

If the point of contact P of D^ and S l>e a parabolic [loitit on S,

then I coimti for four or for two couunon tanyents of C\ and S
accordinq as the inflexional tanyent of S in 1' coincidiny with I or not.

If the point of coutiwt /' of />, a/ul S be a hyperbolic point on

>S and if the tanyent I of (_\ coincides with an inflexional tanyent

in the point P of S, then I counts for four or for two couvnoa

taiK/eats of C^ and accordiny to It coincidiny with P or not.

If C\ touches S in P, ivhilst the osculatiny plane of (\ iu P
coincides ivith the tanyent plane of S iu. P, then the tanyent I iu P
to C\ counts for four or for three couvuou. tanyents of t\ au.d (J,

accordiny to I beiny an inflexional tanyent of O in P or not.

The tlieorems proved here for curves \n space hold with a slight

modification (see § J) still for plane curves. They can be easily

proved by taking for (', tirst a parabola //' after \vhicli they can

be directly extendcii to an arbiti-ary conic section and after this to

an arbitrary plane cur\e.

Delft, June 1905.

Physics. — The shape of the .•<eeliuiis of tlw surfwe of .saturation

noruuti to the x-axis , in case (f a thi'ce phase pressure between

lu-o temperatures." By Prof. J. D. van der Waals.

In these Pj-oceedings of March 1905 I have (tig. 4, 5 and 6)

represented in a diagram some sections of the (/*, 7', ,r)-surface normal

to the 7-axis for three temperatures, at which three phases can

exist simultaneously. The three temperatures chosen were: I'" the



(
i^^

)

(eiiiperaliire \\ liicii w r iiiii;lit i-nll llie (raiisroniiiitioii teiuiiL'iatiuc ;ui(l

wliifli I sliall indicate bv 7',,. (fig-. 5), 2'"' a temperature a little

below the transfonnatioii teiiiporature (tig. 4) and 3'<' one a litiic

above Ti,-.

In the case tliat these sections are known for ail possible tem-

peratures, the saturation surface is of course quite determined and

known, and so all other sections e.g. those normal to the .f-axis,

are also determined. But it appears from the given figures, that

though the realizable part of the saturation surface has a compara-

tivelv simple shape, the noii-realizahle part has a fairly intricate

course — and that it is necessary to know also that intricate portion

if we wish to get an insight into the course of the part that is to

be realized.

To the intricacy of the hidden part it is due that though all the

sections normal to the .I'-axis are given by those normal to the 7-

axis, the shape of the (/^ 7')x-sections will not always be easy to

derive. Now that I for myself have obtained an insight into the

course of these sections I have thought it not devoid of interest to

try and make clear the properties of this cur\e by means of a

series of successive figures.

If we wish to represent these {[>, 7')j- figures in a diagram, all

the surface must of course be known — in other woi'ds accoriling

to the course of our derivation from the (/^.(•)r sections — (ill the

(2), x)t sections must be known.

Between two temperatures which are known by experiment, see

fig. 4, 5 and 6 I.e., such a (/>, .i')/' section has two tops, viz. /-"and

Q. If 7' is raised, the |iart that has F as top, is narrowed, and

the part that has Q as top widens, and the reverse. This property

is perhaps not quite fulfilled in the schematical figures of the paper

mentioned, biit it follows immediately from the fact that with con-

tinued rise of temperature the top Z' vanishes, whereas with sufficient

lowering of T the top Q vanishes. Let us call the temperature at

which F vanishes 71, and that at which Q disappears 7'„. I choose

these symbols 7^ and 7'n, because I think of the mixture of ethane and

alcohol as an exanqile for the shape of the (/>, 7',.7')-surface discussed

here. Of these mixture the plaitpoint circumstances have been deter-

mined by KuENEN and Robson. At 7^ tiie whole top the plaitpoint of

which is F, will have contracted, and the only trace left on the

outline of the (/;, .r)-ligure of the complication found at lower values

of T, is a point, at which the tangent is horizontal, while at that

place there must lie an iidlection point in the (/>, ,r)-curve, which

has for the rest a continuous course. For T eipial to 7', this is the
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civsi' I'oi- llic poiiil (^ \aiiisliiiig uii (lie oiiUiiie. .Iu:st us experiment

yields (lie values of 7',, and T„, il also gives us (he values of x^

and ,r„ a( which (he (ops /* and (^ will disappear. For tempera(ures

higher (han Tc and lower than 7'„ (he (/y, .c)? -curves have lost

(he complications which (hey had for values of T between 1\ and
7',. Ojdj at temperatui'cs which lie little above 7\ or little below

T„, there is still a deviation to be found from the well-known

looplike shape of these figures, as there are inflection points to be

found. So at T^ and T„ the complications which I shall call exter-

nally visible complicadons, have disappeared. But before we can

say we know all (he par(icuiari(ics of (he whole
( y^ 7', .(')-surfaee,

among which J also reckon the hidden complications, the question

is to be settled whether the disappearance of the extei'ual complica-

tions involves the disappearance of the hidden complications, whether

perhaps the hidden conii)lications may continue to exist long after

the external complications have disappeared. Figures (i) and (2)

make clear betweeji which two alternatives a choice must be made.

According to tig. (J) the disappearance of the external complications

would involve the disappearance of the hidden ones. According to

(ig. (2) the hidden ones continue to exist when the external ones

have disappeared. Ami even when T rises above 1\, they are still

there. At higher values of T the hidden complication gets detached

IVdiu Ihc outline. The spinodal curve retains i(s maximum
and niiuimum, and (here are s(ill two [ilaitpoints, \iz. at this niaxi-

nmm and luiuimnm. And only at a certain \alue of T lying above

7',, (hat maximum and minimum have coincided lo a double poin(

and the hidden com|)lica(ion is about to disappear.

For the point Q a similar question occurs. Have all the complications

disappeared at 7n, or is it required that T descends lielow Ta before

the hidden complications have also disappeared on this side?

I must own that I have long been in doubt on this point, as will

appear when we compare the answer I shall now give to this

question with remarks I made prcxiously on the experiments of

KuKNEN and Robson.

According to Korteweo's result a double plaitpoint will always

originate on the spinodal curve. But in itself this does not seem

decisive. For according to both figures, to tig. 1 as well as to fig. 2,

a double plaitpoint disappears or appears on an existing spinodal

curve. But in fig. 1 this takes also place on an existing binodal

curve. And now i( is Korteweg's opinion, that such an appearance

of a double point, \ i/.. on an exisdng binodal curve, would be such

a s[tecial case (hat we nuist not conclude (o it but in (he utmost
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necessity. Tliis is in fact an ari;inuciit Ihat speaks for lig. 2, l»u(

which did not seem to me perfectly conclnsive. For who warrants us, that

these very special circumstances do not occur here ? It is chietly to

decide this point, tiiat I have also examined the course of the (p,7')i-

lines. And this examination has taught me, that the particularities

which occur in these lines, do not clash with the assumption which

leads to tig. 2 — whereas we should be confronted with difticidties,

when we concluded to fig. 1.

Then tig. 3 is drawn up on the supposition that there are still

hidden complications beyond the values of T^ and J'a. In this figure

is drawn in the tirst place the projection on the (7', a')-plane of the

phases coexisting at the three phase pressure, viz. tiie continuous

curve DEAC. So this line represents the locus for the points xl'^dJ" of

the figs. 4, 5, 6 of the paper of March 1905. The value of T for

the point E is therefore Tc, and for the point A, T has (he value

of 2\i. That this broken line consists of three almost straight pieces

is not essential, but it luis been assumed that it does not change its

direction continuously at the points E and A.

In the second place the projection of the plaitpoint line has been

given by: — . — . It consists of a piece which may be considered as

the |)rojection of the points P of the figures of March J 905, i.e. the

left part up to the point E. The part lying on the right from the

point ^1 represents then the projection of the points Q of the figures

1. c. Every part of this line lying between E and A is projection

of the hidden plaitpoints.

As we make one double plaitpoint disappear at T^ Tc, and

the other at T <^ Ta, this middle part starts on the left still

running to higher values of T, (the piece EM) and on the right

there is a piece mA, that also runs to higher values of T. The remaining

part of this plaitpoint projection cur\c, \iK. the piece Mm descends

therefore with increasing value of .c. That this plaitpoint curve

possesses a maximum and a minimum value will be shown presently.

This middle piece is the locus of the plaitpoints R of the tigs. 4, 5,

6 1. c. The part betw^een E and M, and also the part between A
and m is the projection of the higher j^l'^ifpo'"^ of the hidden

complication in the cases that this complication still exists either

above Te or below Ta.

In tlie third place the three phase pressure is traced. In the points

of the line DE thinner lines have been drawn parallel to the^)-axis,

increasing in length as we reach the point E. The three phase

pressure itself is denoted by . We must, of course, take

care that points of the branch of the three phase pressure lying

13
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cabove EA, and also of (he braiicli lying above AC mus^t fulfil the

condition that for the same value of T the pressure must have the

same value for the three branches.

In the fourth place for some values of T sections parallel to

the (/>,.r)-plane are given and (hose parts of these sections are

drawn which correspond (o the pieces A'PA and AQA" of (he figs.

4, 5, 6 1. c. We must (hen, of course, (ake care (hat the maxima of

the curves fall above the projection of the plai(point curve. It is

hardly necessary to remark that at any rate as long as 7' lies between

7\ and Ta the plaitpoint pressure for the left-hand branch, and

also for (he right-hand branch is greater than the three phase pressure.

15ut if we want to compare the value of the plaitpoint pressure and

that of the three phase pressure at the same value of .r, we have

to carry out another construction. Let G be a point of the projection

of the three phase pi-essure. Let us draw the line GH parallel to

the T-axis, then // (a point of the projection of the plaitpoint curve)

has the same value of ,;•, and so above H a point must be sought

of the i)laitpoint curve itself. How high this point lies depends on the

value which the plaitpoint pressui'e has for this value of ,v. In the

point H a somewhat thicker line has been drawn parallel to the

^^axis, whose length would have to denote the value of this plait-

point pressure. This length is lcf( unde(ermined in (he figure —
but is clear (hat it will be smaller than the amount of the three

phase pressure for the same ^'alue of x. For at the value of

T, as it is for the jioint G, the pressure above G in the section

for the chosen value of x is equal to (he three phase pressure.

The value of T for (he poin( H is smaller (han (hat for G. Between

these two values of T the (^>,7').,-sec(ion of (he (2J,7',.x')-surface has

a continuous course, and in such a (j),7').i-curve the pressure rises

with the tempenature. Only in the case that a maximum in the (^j,,}')!"-

curve occurred, the pressure abo\'e H, so the plaitpoint pressure could be

smaller than that above G. But in our diagrams we shall assume the

more general case. Themodifications which would ensue from the

assumption that in the region discussed here a maximum pressure occurs,

would render numerous new figures necessary, and it will not be

difficult to give them when the more common case has been understood.

According to fig. 3 there is in our case a maximum and a

minimum for J".,;, so that there are values of x for which —;—= 0.
' d.v

For a plaitpoint (
—^

) is equal to 0, because it is a point of the
\d.v''Ji,'f

spinodal cuive, and at the same time ( -^-^ I is equal to 0.
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The ditfereiitial e(iii;Uioii of (lie spiiiodal fiirve is

The differential equation of the plaitpoint curve is

From (1) follows

:

(:iTjspin (tr\

dp
If we substitute this value ot -— in (2), we find

:

dl

and

\ilx-'),,T \d'0*J,('^ \d.v-'Jj,T \d'0*JpT ™

(4)

dp\ {d.v^XTW)pT

From this equation (3) follows that
j
—

j
can become when

fdT\
at — ca:

/dp\
0. In this case (

— 1 is not equal to 0. A similar case is

\dxJi,i

found for substances, for which no tliree phase pressure occurs when

there exists a minimum critical temperature. It is wellknown that

in this case the binodal curve splits up, and that there is a point of

inflection for the isoj)iest in this point. There is a double plaitpoint

also then, which originates or disappears at a certain temperature

;

but though we can speak of a double plaitpoint, the value of

V<t«V,r
not = then.

In the case under consideration the value of (
-—^ I is eciual to

fd^^\ .

-p, IS equa

in the point at which a double plaitpoint appears or disap-

13*
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pears, as may be derived from the figs. 1, 2, 3, 1. c. Between

cei'taiji values of p and at suitable values of T there are isopiests,

on whic'li -~ is four times e(iual to (). <)u sucii isopiests— is

d'i;

three times and — twice eipial to 0. We now can choose

the value of p and 7' such, that these two points in which

— is 0, coincide. As then two values of.;; in which — =0
also coincide, such a point is a plaitpoint. For such points

I
—-

I
and --

I
and

f
~ ".

) is equal to 0. These three ecniations
ydivy^T \d.v'Ji,T V'^-*' //?

determine then the \alue of a\ p and T, at which such a double

plaitpoint aj)pears or disappears.

/'d'i\
It in (3) and (4) we put the tiuantilv --—: ^0, then both

• \.d.c'Ji,T

dT\ /dp\— and — will also be equal to 0, from which follows that
dx Ji.i \d'Vj,,i

TiOt only the plaitpoint tenqierature, but also the plaitpoint pressure

will present a maxinniui and a mininnim. As we only assume the

dp
case that ^, is positive, there will i)e found at the same time a

dl

maximum value or a mininnim value for the two curves. In the

points E and ^1 there is therefore no maximum or minimum for

the plaitpoint curves, and this is also to be expected for the curve

of the three phase temperature, though this pej-liaps might call for

further examination. For the properties which are to be derived by

us this is, however, not of great importance.

Let us now proceed to describe the properties of the sections of

the {p, T, .i')-surface normal to the ,i'-axis or in other words the

course of the (/;, 2')x-curves.

We remark then in the first place that for values of x below

xd and above xc the {p, T).c-curves will present their usual shape

without any complication. For values of x between xd find xe and

also for values of x between xa find xc there is a complication in

these {^p, 7').i-lines. For values of x between xd and xe the three

phase temperature lies higher than the plaitpoint temperature; the

reverse is the case for x between xa and xq. On such (/>, T\-
curves the usual plaitpoint occurs, but at a plaitpoint such curves,

considered in themselves, do not present any particularity. But a

point also occurs on them at which the three phase pressure is reached.
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and at such a point the curve suiters an abrupt change of direction.

As for every value of x the line DEAC is met only once, this

sudden change of direction occurs only once in a {p, 7')j.-curve.

This determines the external course of such a section sufiicieiitly.

Beyond the point of change of direction the points for which lF„j

and T'^j, are equal to will give rise to a maximum value and to

a critical point of contact. But we conline ourselves here to the

niodillcations which are the consequence of the three phase equilibria.

In the points, at which such an abrupt change of direction

occurs, a part of the internal or hidden course of such a (p, T)^
curve begins and the series of figures (a, h, c, d etc.) indicates

this hidden course for the values of x, foi' which the three phase

curve is met. Seen on the {p, 7'),i-cur\'c such a point presents itself

as a node. The part of the curve coming from below continues

through the node, also the part coming from above, while there

is a third part which joins the points, where this onward course

stops. The temperature of the node is, therefore, quite determined

by the point at which DEAC is cut by a line parallel to the T-

axis with the given value of x as abscis. But the size of the ludden

pai't is very ditferent. As it has quite disa|)peared beyond xn and

xc, it is but small for values of x oidy little greater than xj) or

only little smaller than .r^. But chiefly the different hidden parts

are distinguished b}' the occurrence or non-occurrence of a plait-

point and when it occurs by the place wiiere it occurs.

In what precedes it has already been remarked that the plaitpoint

does not lie hidden for values of x beyond xe and xa- But for all

values of x between xj? and xa it lies on the hidden part, so on that

which might be called the loop when the {p, 7')^-curve is drawn.

This appears at once when the (p, .«)7'-figures are consulted I.e. But

depending upon the value of x the plaitpoint can have three different

places. It may either lie on that part of the loop which may be

considered as the continuation of the lower part of the (^;, T)x-c\xv\Q

— or it may lie on the branch of the loop joining the points at

which the onward course from below and abo\e stops — or it may
lie on the part which may be considered as the continuation of

the part coming from above.

The first case occurs for x between xe and xm, the second when
X lies between xm and .r„, and the third case when x lies between

Xm and XA. So if we have drawn a {p, 7')i-curve, e.g. one of the

figures of the series (a, h, c, d etc.), and when we proceed in the

same direction in such a part, also following the loop, we follow

the motion which the plaitpoint has when x changes continuously.
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A plailpoint always being a point wiiere the stable and nnslable

region meet, it wonld be incorrci-t to spoak of stable, nietastable and

unstable plaitjKiinls. Bnt when we pay attention to (he coexisting

phases in the neighbourhood of (he plaitpoint, the preceding names are

apjiropriate for such phases according to (he described sitnation of

the plailpoints. As long as the plait])oint lies on the external part

of the (i^,
T, ,r)-surfac6, the coexisting phases in its neighbourhood

are stable; as long as it lies on (hose parts of the loop which

may be considered as a continuation of the external branches, the

coexisting phases in its neighbourhood are nietastable, and Aviien

(he plailpoint lies on the remaining |)art of Ihe loop, the coexisting

phases in its neighbourhood are unstable.

In the series of the figures {a, b, c, d etc.) is, besides the looj)

of the {p, 7'),i-curve and the place of the plaitpoint, also the shape

of the spinodal curve indicated. This spinodal cnrve is the section of

the spinodal surface with the plane which has the chosen value of ,r.

All the points of the loop which lie below the spinodal cnrve represent

unstable phases and those which lie above it, nietastable or stable ones.

Thus e. g. in fig. 4, in which the plaitpoint lies on the retrograde

branch of the loop, the spinodal cnrve is a curve which cuts tlie

loop iu two more points. In concordance with (he fignres 4, 5, 6 1. c.

are the points of intersection indicated by the letters D and C. By

raising the (emperature in these figures, the point C is moved to the

left, and when the temjierature is lowered, D moves to the right,

which makes it possible for them (o come into the chosen .r-plane.

If from a {p, 7').i-curve for a chosen value of ,t' the cnrve is derived

fdp\
which belongs to a value of x -\- dr, the value of _- I must

be known for every value of T.

If ( -) is =: 0, the (^;, 7'),-curve for the \alues .c and x -\- d.r,

must have the same value for ^>. If we draw both the (^>,7').c-curve

and the curve (pT),i-\-ih as has been done in the figures 4, 5 and 6,

there Avill be intersection of these two (j>,J')-curves in all the points in

whicli ( —
I
=0. In the figures mentioned the curve for .t; -|- (/,i- is

represeiiled by .
. , and now Ihe two (^;, 7')-curves will cut every-

where where the spinodal curve cuts the first (/>,7')-curvc, according to

the i)ro|)erlv that for coexisting phases -— = when --— =0.
yd.vjr \^'-'« JpT

Also in the point where the spinodal curve touches the curve {p,T)j, so

in the plaitpoint, such an intersection of the two following (^>, 7')j-curves
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takes place. This ma}- be assumed as already known from the projierties

of a (p,j^')j,-eurve, when (here are no complications by hidden

equilibria. It might possibly be expected (iiat in a plaitpoint, where

besides |
—

| , also
f
—

- I is equal to 0, double intersection and so

contact would take place. If, liowever, we develop the equation

which teaches us the wahie of (
-7- 1 viz

for the case of a plaitjjoint in the form :

feX.-^- [d.jr ^"^-"'^ \-^~ WJ.rl
or

it appears that in the case of a plaitpoint, the quantity (
—

)

is onl}- once equal to on account of the factor x^ — ir\.

It may be remarked here for the better understanding of the series

of ligures (a, h, c etc.) that the first set of four viz. a to d holds

for values of x lying between a point halfway ,?•£• and xa and tiie

point E itself, x moving to continually smaller values. Fig. d
holds for xip. The second set of four values holds for x between

XE and XD, and Fig. g is the representation for T^= Tu-.

The remaining figures (//, c etc.) hold for values of x lying on

the right side. Fig. g' is the representation for T= T",,- on the right

side and fig. d' holds for x = xa-

Physics. — "The {T,x)-equilibna of solid andfiuid phases for variable

values of the lyressure'" ^ by Prof. J. D. van der Waals.

In two communications (October and November 1903) I discussed

and represented in diagrams for the case of equilibrium between a
solid and a fluid phase 1^' tlie (^y, .^-figures for constant value of

T and 2°'^ the {p, T)-tigures for constant value of x. So only the
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trcaliuent and discussion of the (7', /i:)-figui'es for constant value of

p Avas left. I have not given the third coinniunioation, in which these

last figures were to be discussed, first because they could be derived

directly from the other coninuinications on the discussed equilibrium

and secondly because I woidil not make it appear as if I attached

too much importance to the hidden equilibria, showing the continuity

between the equilibria which can be observed and which seem

discontimious without the hitlden ones. However, some noteworthy

particularities would have presented themselves, and so, induced by

questions of Dr. Suits on subjects in which suchlike particularities

occur and at his request, I will briefly discuss at least the principal cases.

The differential ecpiation (see the preceding communication) has

tiie following form for constant value of p :

Let us think the {T,x)ij-cuv\e of the fluid eciuilibria inter se construed.

If the second component is more volatile than the first, the two bran-

ches of this curve descend. In fig. 1 tliis (T,,c)-curve is closed on the

side of the second component, and it is therefore assumed that the

pressure chosen lies abo\'e the critical pressure of this component.

Further in fig. 1 the curve of the fluid phases has been drawn, which

coexist with the solid body. For so far as these phases lie within

the curve of the fluid ecpiilibria, they are not to be realised or with

difficulty. In fig. 1 it has been assumed that the circumstances are

chosen in such a way that this curve passes the region of fluid e(iui-

librium twice, as is the rule for lower pressures and so also for

lower temperatures.

If the value of the pressure increases, and so also the value of T,

the curve of the fluid equilibria inter se ascends, while its form is

modified at the same time. The curve of the equilibria with the solid

phase ascends also with p, but in a smaller degree, at least on the

side of the liquid equilibria. Now in fig. 1 we have ascribed such

a value to the pressure, that there are still two different three phase

equibria, while in tig. 2 a value is ascribed to p, at which the solid

body coexists with a plaitpoint phase of the fluid equilibria —• so

that abo\'e that pressure the curve of the equilibria with the solid

phase passes only once through the region of the equilibria inter se

of the fluid phases. In fig. 3 ji has ascended so fixr that there is

again equilibrium between the solid body and a i)laitpoint phase.

For still higher >alue of p there are no longer three phase equi-

libria and the curve for the equilibria of the solid body with a fluid
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phase has got quite detached from tlie curve for tlie equilibria inler

se of the fluid jiiiases.

In the two previous communications on this subject 1. c. I discussed

tlie values of — and Wsf, and I refer to Iheni for more particulars
dv^pT

on the course of the (J',.i)),,-cur\es.

I will oidy discuss here one more particular point occurring in

these cur\es for the case (hat the two surfaces of equilibrium, viz.

that for a solid phase with a fluid phase and that for the lluid

equilibria inter se, get detached at a value of T and p lielow I hat

of the plaitpoints.

The figures 4, 5, 6 and 7 refer to this. In this case the two intersections

of the curve of equilibrium between the solid and the fluid phase with

the region of the fluid phases will meet at a certain pressure in a point

of the spinodal curve on the liquid side, and then concur to one

single curve. In this case the meeting point becomes a double point,

and at still higher values of jj a part is detached, as it is drawn in

fig. 6, and at still higher value of -p it has contracted to a siugle

point lying on the spinodal curve on the vapour side.

It has further been assumed in these diagi'ams that Ihe two

branches of the spinodal curve, also if wc have lo do wilh a (y^.r, 7')-

surface, lie inside the surface. At high temperatures antl in the neigh-

bourhood of a jilailpoint this is, of course, the case. At lower tem-

peratures, however, the branch of (he spinodal curve, which lies on

the liquid side in a (r,.r, 7')-surface, moves to the vapour side in a

(p,.r, 7')-surf;xce, and gets even far outside the surface. In the same
way the branch of the spinodal cur\e, which lies on the vapour side

in a (y,.r,7')-figure, moves (o the liquid side in a (/^.r, 7')-surfaee,

and at low temperatures it has e\en got outside.

This is the consequence of the fact, that (he value of .c and T
determines a phase indubitabl}^ only when moreover the value of v

is given. If the value of p is given, (hen three different phases may
be indicated by this value. I shall, however, not enter more closely

into the treatment of the conqdicatioiis which are the consequence

of this, here. I shall only just mention that the point where the hidden

equilibria disappear in fig. 7, can lie in quite another place than is

the case in fig. 7.
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Physics. — "On the hiil'len eqmUhriit in the p-x-diagram of a

himirij system in consequence of the appearnnce of solid

substances." Bj Dr. A. Smits. (Coiuniunicatcd by Prof. J. D.

VAN DKR WaA],s).

J. Some time ago Prof, van uku Waals ') showed that in a

bijiary mixture (^1, Jl) one of the two ^y-jf'-liiies for the three phase

pressure, viz. that which runs from the eutectic point to the higher-

melting substance {II), can present some particuhxrity.

It proved, namcij^ that at the triplepoint tliis ^;-<-linc must have

the direction of the melting line (of B).

As for most substances vi^ iig, or in other words the substance

expands when melting, increase of pressure canses as a rule a rise

of tiie nielling fioint.

If in the y;-/-projeciion, (Fig. 1), the triplepoint of the substance

]i is denoted l>y d, tiien liie melting lijie d g will in most cases

run from the triplepoint to the right, and as the three phase line

( (/ must have the direction of dg at d, this three phase pressure line

will have to present the particularity, that it does not only possess

a maximum of pressure, but also a maximum of temperature, as is

represented in Fig. I in an exaggerated manner.

2. As has been shown before^) and will be further discussed in

the seconti pajicr, in a dissociating composition the same course may
be found on a larger scale, and it is this part of the three phase

line, that is the most important in com[)Ositions. Therefore it seemed

desirable to me to examine the 2>-.i'-iliftgi'iiras from the triplepoint to

higher temperatures for the simple case discussed just now, and to

treat the compositions afterwards.

3. The p-,r-diagram at the triplepoint, and at a temperature

slightly higher are presented in Fig, 2.

As appears from Fig. 1, we find a double section of the three

phase line for the fu'St time at the triplepoint, when coming

from lower temperatures, and a consequence of this is, that

besides at the triplepoint pressure, three phases may also occur

at a much higher pressure. This case is more closely defined in

Fig. 2 by the jj-,!'-diagram corresponding to the temperature t^.

The lowest three phase pressure or the triplepoint pressure is repre-

1) These Proc. Vol. VI, ].. 230.

") Bakhuis RoozEBOOJt, Zeitschr. f. pliy?. (-iliem. 4. ;)1.

Storte.nbeker, , , , , 3. 71.
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sented by the ]i(iiiit </, wliere (lie liiiuid curve (icij, the vaiioni

curve a e y aud tlie solubility isotlierui/'cf^ meet.

The second three-phase pressure is represented by the curve e c s

and lies considerably higher. The coexisting phases have here difterent

concentration, and are denoted' by e, c and .s-. Here c is the saturated

liquid phase and e tlie \apour phase which coexists with the solid

phase .S-.

If we now start from these three phases, and lower the pressure

at constant temperature, we reach the region for solid B -{- \ apour,

as Fig. 1 rejyresents. So below the three phase pi-essure e c .v and

above the triplepoint pressure of B, only A'apour can occur by the

side of solid B in stable condition, and the curve representing the

vapours which can coexist with soliil B is the lo\vest bi'anch of the

continuous solubility isotherm, viz. eq.

The line a c denotes the unsaturated liquids coexisting with the

vapours lying on the line n e. The lines c (/ and eg represent meta-

stable conditions, viz. supersaturated solutions with (heir coexisting

vapours. Tiie curve c /, the upper part of the solubility isotherm

represents the liquids coexisting with solid B.

The second ^j-.i'-diagram, represented in Fig. 2, corresponds with

a somewhat higher temperature t.,. We are now above the triplepoint

temperature and the lowest three phase pressure is not a triplepoint

pressure now, but perfectly comparaljle with the highest three phase

pressure. A result of this is, that we get below the lowest three

phase pressure a reflection of what takes place above the highest

three phase pressure. The solubility isotherm /\ c^ e, l'\c\/\' cuts, as

it were, a portion out of the region for liquid -\- vapour, on account

of which between the two occuri-ing three phase pressures indicated

by the curves 6\ c, s^ and e\ c\ s\, only solid B can coexist Avith

vapour in stable condition. The line c\/\', like Cj/i represents now
the liquids coexisting with solid B, and the portion r\ e\ the vapours

coexisting with solid B.

As to the whole course of the solubility isotherm it may be observed

that this line has now two maxima, two minima and four vertical

tangents. For the portion /\ c^ i\ the points of contact of the vertical

tangents lie in the metastable or the stable region, whereas those

for the second piece e\c\/\ are situated in the unstable region.

At higher temperatures the three phase pressures draw nearer and

nearer to each other and coincide linally, as may be seen from tig. 1.

When we examine this change in the ;)-.i'-diagram it appears that

the points e^ and c, move downward and at tlie same time to the

right, whereas the points e\ and c\ mo\e upward and to the left.
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As to the jtoiiils d^ and ^j, lliej move upward wiili increase of

((Mii|iei'atiire.

Tlic result of (liese sliifiiiios must of course be, as has been just

said, liuit at ilie maximum temperature of the three phase line (see

Fig, 1) the two tlu-ee phase pressures become equal, and the points

Cj and c\, like (\ and e\, coincide; then the solubility isotherm does

not cut the licpiid line any longer, but just touches it in the point

where c^ and c\ have coincided, after which no three phase pressure

is possible and the solubility isotherm has got detached from the

liquid line.

Though all this seems vcr_y simple, the representation of the inter-

mediate stages i)resented some difticulties, which Prof. v. d. Waals
was kind enough to remove by allowing me to examine some 2\v-

diagrams corresponding with pressures respectively smaller, equal

and larger than the three ]ihasc pressure, in which exactly the same

succession of states occurred ').

What has been drawn in accordance with this in the tigs. 3, 4

and 5, ma_v be brought into ^vords in the following wa}'

:

When the two three phase pressures have drawn so near, that

the two branches of the solubility isotherm would touch, intersection

takes place, and we get a curve as is indicated by /i c^ e\ e^ c\/\

in Fig. 3. Immediately afterwards, i.e. at somewhat higher temperature

a portion gets detached, as lopresented in Fig. 4 and we get two

solubility isotherms; one is fee'/' and the other forms a closed

cui've (' (/' (/, a part of which {e e') runs through the stable region.

At the maximum temperature of the three phase line the two

throe phase pressures e <• s and e' <' s have coincided, as is represented

in the diagram corresponding with the temperature t^, in Fig. 4,

and the solubility isotherm /, Ci/,' no longer cuts the liquid curve,

but only toiir/ti's it in the |ioint Cj.

With the exception of this one point it runs therefore wholly

through the stable region. The other closed branch no longer cuts

the vapour curve, but only touches it in f, ; further this branch

as a whole has contracted through the shifting of (/ to d^. This

second branch of the solubility isotherm lies therefore at the maximum

three phase pressure partly' in the unstable region, partly in the

metastable region.

At a temperature slightly above the maximum temperature of the

three phase curve /., the solubility isotherm //' is quite detached

from the liipiid curve, as is represented in Fig. 5 ; in the same

1) See tlie foregoing paper by van der Waals.
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way llie closed l)i'aiu'li has got (letacliod {Voiii llie \a|i(iiu' Iiraneli,

and lias fiirtliei- contracted. At the teniperatiire /^ tlie distance l)olween

the sohdiility isotherm /",/'', and tiie liqnid curve has increased, and

the closed brancii has vanished, after having contracted to a point.

4. In the figs. 6, 7 and 8 I have drawn the I'-f-sections of the

?>.p-^space diagram for the case discnssed here; they follow immediately

from the f-.c-sections, given by me last year ^).

The section indicated by conlinnous lines in Fig. 6 holds for the

triplepoint teniperatni'e t^. There a i' c /> is the region for liqnid -|- va-

pour, e h c the three phase triangle, h t' d the region for solid

.B -}- vapour, bcfm the liquid region and e h n f the region for solid

B -\- liquid.

The curve for solid-tluid or the solubility isotherm dec/ meets

the metastable vapour branch t; (/ exactly on the line for the substance

B, because at the triplepoint temperature of B the vapour which is

in equilibrium witii solid B, is perfectly the same as that which is

in equilibrium with liquid B.

At a somewhat higher temperature the curve for solid-tluid cuts

the vapour and liquid curve twice each, just as was the case in

the ^^-,i'-diagram. The curve for solid-tluid has then a shape as is

indicated by the dotted line f\ c\ (\ e', c\ f\ in tig. (> -). Just as in

the p-x-diagmm, this line cuts a piece out of the liquid-vapour region

;

in consequence we get two separated regions for licpiid and \;ipour

viz. «! <?! Cj /^i
and l'\ d^ A, c\. From this particular situation ensues

further the existence of two three piiase triangles, \'iz. c'l t;, </i and

c\c\(/i, between which is situated the region for solid i)* -}- gas

f/j Cj c'j, two liquid regions h^c^/\vi and h^c\f-^ and two regions

for solid i> -j- liquid viz. g^c^f-^ and </iC\/\'.

With increase of temperature the line solid B -j- fluid assumes the

shape of a loop, as is indicated by the line / r e' e c'
/' in fig. 7 ; on

this follows immediately detaching of a part, splitting up into two bran-

ches, viz. into the Yme /\ c\ c\ /\ and the closed line c\e\o. At the

maximum three phase temperature (fig. 8j the line /c/' touches the

liqnid line and the closed line e o e touches the vapour line. Above

this temperature the two lines get detached from the liquid, respec-

tively the vapour line and the closed line t\ o^ e^ disappears as a point

in the metastable region.

1) These Proc. Vol. VI, p. 484.

^) At a temperature, only very little higher than the triplepoint temperature,

a part of the branch e'l c'l f'l will fall outside the line for B.
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5. Fiij,-. 9 represciilfs I lie must iiileresting pari of the projoctioii of

tlie />-/-,/-.space diagrain on tlie ^>-7-plane for the case that tlie plait-

point curve meets the solubility curve, as with etiier and antJira-

quinonc. In this ti^-. the possibility has moreover been assumed,

that the second plaitpoint temperature t^ of a saturated solution lies

above the triple[)uint temjierature t,. Fig. 10 represents for this case

the /^-.('-sections corrosponiling with the temperatures /, and t.-^ (see

tig. 9).

The section for /, dilfei's from the second section in Fig. 2 only

in this, tliat tlie liquid branch passes continuously into the vapour

branch willi the point 7v' as plaitpoint. If we now pass on to lower

temperatures, the downmost three phase pressure becomes smaller

and the upmost greater, while the plaitpoint pressure diminishes. In

consequence of these last two changes the points e, c and K get

nearer and nearer to each other, and when we have descended to

the temperature t^, the points e, c and K liave coincided or in other

words the upmost three phase pressure has become a plaitpoint

pressure; this circumstance is accounted for in the p-A'-section, corre-

sponding with the tenqjerature t^ (Fig. 10).

At the temperature /,, the triplepoint temiierature, for which no

^)-a'-section is drawn here, liecause it immediately follows from that

for t^, the I'emaining downmost three phase ])ressure has become

triplepoint pressure, and the points e\, c\ and r/j have coincided.

Below this tenq)erature the y^-.oscctions over a certain temperature-

range consist oidy of a solubility isotherm of the shape of e\ q/^
in Fig. 10, as has been discussed before.

That the case assumed in Fig. 9 is not often to be realized, is

obvious, bid that it is a possible case, is, in my opinion, not doubtful

Ainsierchau, June 1905. Chemical Laboratory of the Universitij.

Physics. — "Contribution to the hioivledrje of the px- and the pT-

Jincs for the case that tivo substances enter into a combination

tohich is dissociated in the liquid and the gasphase." By Dr.

A. Smits. (Communicated by Prof. J. D. van der Waals).

The purpose of tiie following paper is to give a connected repre-

sentation which is in logical connection with the^,a;,^diagrara which

has been recently drawn up by Bakhuis Roozeboom and in which it is

assumed that only the components can occur as solid phases, for the

most inqiorlant particularities of the equilibria between a vapour,
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liquid and solid phase for the ease (iiat the last is a dissociable

combination.

Some of the points mentioned in what follows had already been

given by him '), but it was not till now that they could be

combined into a connected whole through the knowledge obtained

during the last time (see inter alia tlie preceding paper).

1. For the case that two substances A and B enter into a com-

bination, I shall distinguish three cases.

1^' that the vapour tension of the combination lies l)etwcen that

of the components, (fig. 1).

2°<J that the vapour tension of the combination is smaller tiian

that of the components, (fig. 2).

3''' that the vapour tension of the combinatit»n is greater than

that of the components, (fig. 3).

2. If we bear in mind that for the case that the combination

does not dissociate, a ^j-.*.'-section for the system A-{-AB-\-B is to

be considered as a junction of the two systems x4 -]-^4jB and Jj5-|-i?,

it is not difficult to combine the ^'-.c-sections for the system .1 -}- .1 /> -|- B
for difiereiit temperatures into one diagram.

If we first examine case 1, where the vapour tension of AB lies

between that of the components, it may bo observetl, tiiat in the

system A -j- AB, A is the substance with the higher and AB that

with the lower vapour tension, whereas in the system AB-\-B, AB
has the higher and B the lower vapour tension. Bearing this in

mind, we get, led by the diagrams given by me before ^), to fig. 1,

in which the hatched regions amEE^l, EE^ee^e^dc^c^c^dd E'E\e'
and E'E\ l'l\l\I\a'm\m\m\'m' indicate the vapours and liquids which

coexist with solid phases {A, AB, AB and B) at different tempera-

tures. We shall call these regions henceforth the three phase regions

;

they have as base the line which joins the points E with Ei res-

pectively E' with E\ and are bounded on one side by a vapour

line and on the other side by a liquid line. The latter has already

been called solubility curve before. At and below the eutectic

temperature the ^;-.i-section is simplest and it consists for each of the

two systems of two lines representing the vapours which can coexist

with solid A or solid AB respectively with solid AB or solid B.

Such a ^>.c-section is found in the lines ko ijo E\k', where it must

be expressly stated that o go and goE\ do not form a continuous

curve, but are two separate branches, wliicli cut at go.

1) Rec. Trav. chira. 5, 335 (1886).

2) These Proc. Vol. VI, p. 484.
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In tlic |i(iiiil coexisls a \a|)(iiii' with the two solid pliases ^1 and

A/i and ilie point E', denotes llie coniiiositioii and tlic pressure of

the vapour pliase which ean coexist at the eutectic temperature

witli a liquid E' and two solid phases AB and B.

In the second p-.i'-section the curves
/(^i /,^i e,^i e' and

/(,'i
/' represent

vapours coexisting with solid pliases; the lines mc and m' c' denote

the liquids coexisting with the vapours e I ami e' I', while the lines

ms, c f, c^f and m' s represent liquids coexisting with solid phases.

What change this section is subjected to with rise of temperature

is so easy to follow frf)ni the diagi-ani, that it does not call for a

discussion.

It may only be observed here that for tiie case that the combi-

nation reaches its critical point sooner than the components, we get

somewhat above this temperature a ^>-.i'-section which consists of two

loops h^x and b\>l, in which the vapour branches have continuously

passed into the licpud branches, and an opening has been formed

between the two loops. Tiiis, iiowever, does not complete the p-x-

section, for, solid piiases ma}' still occur by the side of liquids at

higher pressures, though above the critical temperature of A B and

the melting point of A and B, when viz. A, B and AB melt with

increase of volume, as generally happens. Thus the lines h^s^ g^f^,

(j^ f\ and k\ s\ represent the liquids which can coexist with a

solid phase at the same temperature.

After this discussion of tig. 1, it is not necessary to give a fur-

ther explanation of tigs. 2 and 3, which represent the second and

tiiird case, as these ligures do not present any essential differences

with fig. 1.

8. It is more interesting to see what happens, when the combi-

nation .1 li dissociates somewhat. In this case the total ^j-.i'-section

is no longer to be considered as two sepai'ate />-.i--figures joined, but

as one whole and we arrive therefore at the conclusion, which sounds

rather paradoxical, that tiic characteristic feature of a combination

becomes ap[»arent only wheii the combination is somewhat decoinposed

into its components. All the curves which meet at an angle in the

figs. 1, 2 and 3 at the place of the line for the combination, now

pass continuously into each other. Tiiis applies, therefore, not only

to the gaslines, but also to the lines which bound the three phase

regions.

With regard to the gradual transition of these tlirec phase regions,

it may be observed, that it does not fake place at the point wliere

the three phase region lines cut the line for A B, but always left
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or right of this line, dependent on (lie mntiial inflnence of the

vaponr tension of the components.

In order to olneidate this important point I liave indicated in the

figs. 4, 5 and 6 what sha|)es the tin'ee i)hase regions liatched in the

figs, 1, 2 and 3 can assume in I he noiglibonrhood of the line for

the combination, in the case that a slight dis.sociation takes place in

the liquid and gas phase. It is not improbable that there will also

be dissociation in the solid phase in this ease, but this is not takeri

into account here, in the first place because it is most likely exceed-

ingly slight, and in the second place, because the diagram becomes

much more intricate, when this dissociation is taken into account.

Fig. 4 corresponds to fig. 1, fig. 5 to fig. 2 and fig. 6 to fig. 3.

For fig. 4 it may be remarked, that for the case that the vapour

tension of the combination lies between the vapour tensions of the

components, the liquid and the vapour line draw very near to each

other somewhat past the line of the combination, on the side of the

component with the smaller vaponr tension, but that they do not

i-each each other, so that there remains a gap between them, from which

follows, that in the series of liquids and vapours which can coexist

witli solid AB, not a single point can be pointed out where vapour,

liquid, and solid phase have the same concentration, nor is there a

point where a vapour and a liquid |)hase have the same concentration.

This latter is only the case when the xapour tension of the combination

lies between those of the components, for when the vapour tension of

the combination is smaller or greater than those of the components,

we get according to a rule of Gibbs a three phase region with a

minimum, fig. 5, or with a maximum, fig. 6, and at the place of

this minimum or maximum the concentration of the vapour and

the liquid phase must be identical.

If we now discuss figs. 4^ 5 and 6 at the .same time, we may

remark, that there for a special temperature the situation is indicated

of the two three phase pressures ecs and CiS^d'^ and the continuous

line for solid-fluid or solubility-isotherm. This line must have an

horizontal tangent at the point where it cuts tlie line for the com-

bination. For this case is viz. Xf= Xs, or the concentration of the

fluid phase is the same as the concentration of tiie solid phase and

then it appears from the equation tlrawn up by van der Waals for

the equilibrium solid fluid:

dj? _ .t's—Ay/^'g \

dxf Vsf ydiv^/JpT

that

^ = 0.
dx/

14

Proceedings Royal Acad. Amsterdam. Vol. VIII.
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If we now exaiuiiie the changes with rise of teniperatnre, it is

noteworthy, as will presently become clear from the />-^lines, that we
have here to deal with changes qnite analogous to those discussed in

the preceding paper. The three pliase [)ressnre lines e c s and c, e^ s^

approach each other and coincide at ECS. This coincidence takes

place at the maximum temperature of the 7>-^line for the three phase

pressure. One of the two three phase pressure lines s e c and s^ t'l Cj

must therefore pass througli the positions indicated by e\c\ and e'c',

before it coincides with the other. Now it follows from the three phase

pressure line e\ c\ that the gas j)hase e\ has the same concentration

as the solid combination, while the liquid phase c\ has another

concentration. The three phase pressure line e c' on the other hand

indicates, that the liquid phase c' and the solid phase have the same

concentration, while the gas phase e' has another concentration.

We see therefore, that the three pliases solid-liquid-gas have not

tlie same concentration at any pressure, but that they become two

and two equal. We may express this also in this way: When a

combination dissociates in the liquid and the gas state, then this

combination has no longer a triplepoint, for this point has split up

into two other points where vapour and solid respectively liquid

and solid get the same concentration.

After I had written this paper, I found to my surprise, that

already in 1897 van der Waals had arrived at the same result by

a way which I intended to discuss later on and for which the diagrams

had been already drawn ').

4. In order to make the difference i)etween a non-dissociating

and a dissociating combination more apparent, we considei- the case,

that we bring the dissociating combination AB in solid condition

into a vacuum, and make the temperature rise continually.

The solid substance AB will, when the volume is not too large,

coexist with its vapour, till the pressure has become equal to that

indicated by the point (?,'; at this moment a third phase appears,

viz. liquid. As the total concentration must always be that of AB,

it is necessary that the concentration of tiie \apour phase lies on

one side, and that of the liquid pliase on the other side of the line

for AB; as follows from the figures 4, 5 and 6 this is really the

case. With rise of temperature three phases continue to exist for

some time side by side and the vapour and liquid phases coexisting

with solid AB lie on the same horizontal line. The liquid phase

lies on the liquid branch c' c/ and the vapour pliase on the vapour

J) Verslag Koninkl. Akad. 21 April 1897, 482.
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braiii'li t;Vj', wliile llie «)li(l pliase lies iialni'allv on tlie line GG'.

With a suitable volume the three i)hases may now continue to

exist over the whole range of pressure and temperature indicated

by <'/ c', but tiien the vapour phase must lia\e disappeared when
we have reached the point c', for in the ]»oint c' the liquid has the

same concentration as the solid combination.

Beyond the maximum, respectively minimum in figs. 5 and 6 the

concentration of liquid and vapour is, of course, always dill'erent,

just as in tig. 4, and as the line for the combination never coincides

with this maximum, respectively minimum, wlien there is a maximum
or minimum, in the above mentioned case the two phases will

necessarily only get the same concentration, when two phases

coexist.

At c', we leave the three phase region, which we had entered

at e/ and coexistence of solid A B -\- liquid at higher temperatures

can now only take place under higher pressure.

Van der Waals has called the temperature of the point i\' the

mnximum suhJlmation tempemiure and that of the point c', the

minimum meltiiu/ point temperntire or the melting point irroper of

the combination.

Further it is worthy of note that as appears from the tigs. 4, 5 and 6,

the highest three phase temperature cannot be reached when we
start from pui'c AB, as this temj)erature corresponds with a total

concentration which contains more A than the combination.

It is obvious from the foregoing, that the distinguishing feature

between a non-dissociating and a dissociating substance is this, that

whereas for a non-dissociating substance the three phases can only

exist at one temperature, they can coexist for a dissociating substance

over a certain temperature range. We may express this also in this

way : a non-dissociating substance has only a three phase point,

but a dissociating substance a three phase line.

Before leaving tigs. 4. 5 and 6 I will point out, that the solubility-

isotherm at the maximum three phase temperature has a shape

which is indicated by the line f'Cf\. This line touches the liquid

branch at C and has an horizontal tangent at the point where it cuts

the line for the combination. At higher temperature the solubility

isotherm gets detached from the liquid line and moves as a whole upward.

5. It is obvious that the two three phase pressure lines ecs and

e^ c^ s^ must coincide at tlie maximum tliree phase temperature, but

where the place of coincidence in the three phase regions must be

drawn is a point which calls for further elucidation from the sub-

joined ^><-projections.
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III tlio figs. 8, 9 and 10, I lia\c drawn pi'ojoctions for tlie cases

1, 2 and 3. Fig. 8 corresponds to case 1, fig. 9 to case 2 and fig.

10 to case 3. The meaning of the different lines is indicated li^y

letters; thns A denotes the solid snbstance A, B the solid substance

B and AB tlie solid substance AB, L denotes liquid and G gas.

E and E' are the two eulcctic points, a and a' the (riplepoints of

pure A and B.

The ^'-'-projections show further that we have here a three phase

line for AB ~\- L -\- G consisting of two branches |)assing continuously

into each other, and that we must find here the j)henoniena discussed

in the preceding paper, on a larger scale. As already api)eared from'

the ^?-a'-sections, the triplepoint has split up info two poinis F and

F'. In (lie point F there is contact with the line for AH -\- L and

in F' with the line for AB -\- G.

Though for the systems A B -\- L and A B -{- G we ha\e to deal

with systems of two com])oncnts in two phases, they behave as

monovariant systems, because the concentration of the two phases is

identical. This is however not the case for the system liquid A B -\-

vapour, and this is the reason why the line for L -{- G, Avhicli begins

in F, cannot be represented ; at constant tenqicraturo, (he pressure

is here still depending on the volume.

The ])oint F does not cori-espond to the maximum three phase

temperature, and that is the cause of tlic analogy with (he case

discussed in the preceding paper.

For the cases 1 and 2 the three phase line must have the direction

of the melting line at the melting point F, as van der Waals has

proved. As in most cases vi > Vs, the melting line runs from the

melting point to the right. This involves the necessity that the point

F, (see fig. 8a) lies below R, i. e. at a pressure smaller than that

corresponding to the maximum three phase temperature. If we there-

fore proceed to higher pressure, the succession is : F', F, R. It is

also obvious from the relative situation of these three points, that

in figs. 4 and 5 the pressure corresponding to the maximum three

phase temperature ECS, must lie somewhat above the melting point

pressure e' c'.

Let us now consider the rare case that vi <^ Vs, so that the melting

line runs to the left, as is represented in fig. Sb. Then the point F
lies above the point R, and the succession towards higher pressure

is F', R, F. A consequence of this situation is, that in this case the

two three phase pressure lines ecs and Cie^Si (figs. 4 and 5) must

coincide between the pressures corresponding tot F' and F. This,

however, not being the only modification which occurs in figs. 4 and.
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5, I have reprosonteil in tig. 7 (lie ligiiro into wliicli lig. 4 is

changed when vi <[ *'*

We see then, that something peculiar appears i. e. a continuous

closed solubility isotherm Gecfc^ei, which contracts more and more

with rise of temperature, and disappears from the stable region at

the maximum three phase pressure.

Wiien tlie lower three phase pressure line i\e^s^ has ascended to

t'l'c/, or in other words, when we consider the temperature of the

point F', the solubility isotherm has assumed the shape indicated by

the line e,e^' c\'f\c^. At this temperature the ???mmi<ni of the solubility

isotherm, which was still in the stable region before, gets into the

metastable region.. If we raise the temperature up to the melting

point of AB or to the temperature of the point F, the former phe-

nomenon is repeated with respect to the maximum, which just below

this temperature was still to be found in the stable region. Accordingly

at still liigher temperature no maximum or minimum occurs in

the portions of the solubility-isotiierm passing through the stable

region, and we only retain the lines c^c\ and e,e\. These lines

become siualler and smaller with i-ise of temperature, and the two

three phase pressure lines e, c, and e\ c', approacli each other more

and more, till tiiey have coincided at tlie maximum three phase

temperature in ESC. The branches of the solubility isotherm touch

at this temperature exactly hi the points 7i and C. With further rise

of temperature they retreat altogether to the metastable and unstable

region, after which they disappear').

In the case that vi^Vs solid AB can still coexist with liquid

above the maximum three phase temperature, viz. under higher

pressure, but this is not the case when vi<^v,,, which also follows

already from the ligs. 8a and 8l>.

We see further that in fig. 8 two three phase lines occur with a

maximum temperature, in lig. 9 only one, and in fig. 10 three.

Fig. 9 shows, that the case 2, where the vapour tension of the

combination is smaller than that of the components, is certainly the

most interesting case, as it can yield a three phase line with a

minimum and two maxima, which had been unknown up to now.
As to the situation of the two branches of this peculiar three

phase line we may still remark that only one of the possible cases

is drawn here. These branches may pass through each other or

partially coincide, but this does not make any essential difference.

Remarkable complications present themselves, when it is assumed

stabl

1) Later on I hope to discuss the course of the solubility isotherm in the mcl.i-
ible and unstable regions between tbc temperatures of F' and F more in details.
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(liat iiioetings take place l)et\veeii soliil)ilit_v lines and plaifpoini lines,

liiil 1(1 lliis I lioi)e to oome back afterwards.

Ill (lie lower pai'ls of (igs. 8, 9 and 10 the projections of the

soliibilitj lines on the 7-.r-plane or the melting curves nnder the varying

three phase pressure are represented. From this we see that these

lines, commencing at the components or the comliination, must not

always be drawn descending from the beginning, but that they will

often first ascend, and descend after having reached a maximum.

These particularities have disappeared when we trace the melting

curves at constant pressure or a ^.p-section at constant [i.

Aiiislcrddni. June 1905. Chemical Laboratory of the University,

(August 17, 1905).
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Physiology. — "Anahjsis of the ctirves obtained tnith the string

galvanometer. Mass and tension of the quartz loire and resist-

ance to the motion of the string." By Prof. W. Einthoven.

(Sequel to foniier coiniminioatioiis on the string galvanometer).
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8. The tension of the quartz wire.

9. The practicability of the galvanometer for special purposes.

I. Introduction.

When recording the mo\'ements of the quartz wire in the string

galvanometer \vilii the object of i)ecomiiig acquainted with various

irregular oscillations of electric tension or current, we may in

many cases see in the directlj' recorded curve an accurate or

nearly accurate image of the oscillations sought. These cases are

met with if the deviations of the quartz wire are aperiodic and

quicker than the oscillations to be recorded. As an instance we

mention here the galvanometric tracing of the liuman electrocardio-

gram, the various tops of Avhich are reproduced in the exact pro-

portions by the recorded curve, as was shown on a former occasion').

When very rapid oscillations are to be recorded, it is necessary

to make the deflections of the galvanometer also of very short

duration, which can easily be done by giving a great tension to the

string. In doing this, the movements of the string must in some

way be damped, however, in order to avoid oscillations. The condenser

method can render good service here '), especially if it is applied in

such a way that the motion of the string is nearly brought to the

limit of aperiodicity.

1) Vide: these "Proceedings" 6, p. 107, 1903.

-) Vide; these "Proceedings" 7, p. 315, 1904.
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We must remark, however, tliat the galvanometer loses in sensi-

tiveness when its deflections become quicker. If the time of a

deflection which is always kept at the limit of aperiodicity is

reduced a times, the sensitiveness diminishes a" times.

Now it sometimes iiappens that very rapid alternations of current

must be measured, which are so small, that they require a sensitive

position of the galvanometer in order to be perceptible and measur-

able and in these cases the condenser method can no longer be

applied.

If under these circumstances the deflections of the galvanometer

are less rapid than the oscillations of the current which must be

studied, the curve, recorded by the quartz wire, Avill no longer

render these oscillations accurately. We must then, as has also been

done with many capillary-electrometric curves, calculate from the

properties of the instrument used and the data of the directly

recorded curve, the value of the real oscillations. This calculation

may lead to the construction of a new curve, which now in all

particulars is the correct expression of the oscillations.

The manner in which capillary-electrometric curves may be cal-

culated, is known '). Do the curves, recorded by the string galvano-

meter, fulfil the same conditions aiul is it possible to apply the same

calculation to them?

The answer to this question must in general be negative. We
shall try in this [)aper to analyse the curves of the string galvano-

meter and to show that they admit of equally accurate constructions

as the capillary-electrometric curves, but that the manner in which

they are calculated is different.

Ill this connection some propei'ties of the galvanometer, more

especially the tension and mass of the string and the resistance to

the motion of the string must be discussed. We shall try to e.xpress

the value of these three quantities in absolute measure, by which a

clearer light will be shed on their significance for the practicability of

the instrument generally and for the modifications which might

advantageously be made in order to render the galvanometer service-

able for special purposes.

2. The -prindples of the method.

In the analysis of the curves, recoi'ded by the string galvanometer

we start from the assumption that the resistance offered by the air

1) For literature on this siifiject vide : Pfluger's Arcliiv f. d. ges. Pliysiol.

Bd. yO, p. 472, l'J03.

15*
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to the motion of tlie quartz wire, increases proportionally to the

velocity of motion of the wire.

This assumption, which is justified on theoretical grounds, will later

appear to be also pi'actically proved by the results of analysis.

If we assume it to be true, we must also expect the motion of

the string to be completely determined by the laws that govern the

motion of an oscillating body with electromagnetic damping. For

electromagnetic damping, as in our case the air-damping, de\elops

a resistance, increasing proportionall}^ to the velocity of the moving

body. In the string galvanometer both electromagnetic and air-damping

occur. They can be expressed in the same units and their combined

eiiect is always equal to the effect of either of them, if only in the

latter case the amount is made equal to the sum of the two, taken

separately. In other words : if /•« represents the resistance through

air-damping ') and ri the resistance through electromagnetic damping,

we may reckon for the total damping resistance:

1- = 'n + ''6 (^)

The laws of motion of an oscillating body with electromagnetic

damping are e. g. extensively dealt with in Kohlrausch' textbook ^).

They agree with the laws determining the charge or discharge of a

condenser through a conductor having resistance and self-induction,

which are found in various textbooks on electricity '). The foi'mulae

given in the above-mentioned works form the foundation of our

further calculations.

If we denote by

:

VI the virtual mass of the image of the string,

}' the virtual resistance, damping the motion of the string,

c the sensitiveness of the galvanometer for constant currents,

two conditions may present themselves. In the first the motion is

oscillatory and

( /4m
^<\/-

' ' '
(2)

in the second condition the motion is aperiodic and

t / 47/i

'>l/ T <^)

') Besides the air-damping and the ordinary electromagnetic damping still otlier,

very feeble, damping influences are active, which may however be neglected here.

They will be dealt with in chapter 7.

-) Lehrbuch der praklischen Physik, S. 4iS. 1001.

^) Vide e.g. J. A. Fleming. The alternate current transformer. London. I, p. 370. 1890.
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Tlie units in wliicli //(, /• and c are expressed and the meaning

which must be attributed to the words "virtual mass of the image

of the string" and '•virtual rosistance" are dealt with in tlie f()lh)\ving

considerations on

3. The mass of tJie striiuj.

In practice it is iniiiossiblc or scarcely possible to (ind the mass

of the string bv direct weighing. For lliis the weight is too small.

Also a calculation of the mass from the dimensions and the specific

gravity of quartz and silver does not lead to the desired result, since

the measurement of tlie diameter of the fine thread and ofthetliick-

ness of the still mucii tiiinner layer of silver cannot be carried out

with the necessary accuracy, the nioie so because the layer of silver

often shows inequalities and its thickness is irregular.

So we must proceed in another way and we reach our purpose

in the simplest way if we start from the "virtual mass of the image

of tire string". The imag-e of the midtUe of the quartz thread, which

is projected with great magnification, moves along a straight line

over a millimetre scale eacli time the string deflects. Instead of this

image we imagine a material point, acted on by a force which is

equal to the force that moves the whole string. The acceleration

experienced by the fictitious material point from this force, determines

what we call the "virtual mass of the image of the string".

The unit in which this virtual mass m.ust be expressed depends

of course on the units cliosen for the force and the acceleration. As

the cause of the motion of the string is the electric current passed

through the gahanometer, tlie moving force can be expressed in

units of intensity of current. We choose for this purpose the micrampere.

The unit of acceleration is determined by the units chosen for the

distance and tlie time. In accordance with tlie millimetre scale along

which the image mpves, the distance is expressed in millimetres,

while it is found practical to take the millimetre also as the unit

of time. For the deflection of the quartz thread is recorded on a

plane which is moved along with uniform velocity perpendicularly

to the direction of the motion of the image, so that in tiie recorded

cui'ves, from which we must always derive the data for further cal-

culation, time is represented by a length.

The above mentioned units of force, distance and time form a

system which may be called the inillimetre-micrampere or [rnm—nA\
system. Expressed in this system the unit of virtual mass m is the

mass which experiences from a force of I micrampere an acceleration

of 1 mm. distance per mm. of time.
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The unit of virtual resistance (or Ijctter of tiie virtual resistance

coeiliicient) ') /• is the force of 1 niicranipere resisting the motion of

the string when the image of the string moves with a velocity' of

1 mm. distance per 1 mm. of time. The unit of sensitiveness c is

the sensitiveness witii which a force of 1 micrampere causes a

deflection of the image of 1 mm.
These units are constant as long as the field intensity H between

the poles of the electromagnet, the length / of the quartz thread,

the magnification b of the image of the string and the speed V of

the recording plane remain unchanged.

If the string is strongly stretched and is suddenly passed by a

constant current, it will perform damped oscillations. We have then

the condition which we will in the fii'st place consider more closely

and which is expressed by formula (2):

l/v
To this case also the following formulae (4) and (5) apply:

T = 2rr \/mc. (4)

l/' + l
Here means the period which we would obtain without damping,

whereas ?' represents the real period with damping.

A =. IffH k, (6)

k being the damping ratio, k = — =:— = etc. in whicli «;, a^, «,

are the deflections with damping.

From the formulae (4), (5) and (6) follows:

m = (7)
c [39,5+ 4 (/(/nlfj

^
'

As the period 2Ms expressed in millimetres, the value of ?/« changes

if the velocity T'^ of the recording plane is changed. In our measure-

ments V was nearly always 500 mm. per second. Only with a few

photograms the sliding frame had a different velocity, so that with

these a reduction will have to be applied in order to render the

values of m comparable.

1) Tlie word "resistance coefficient" expresses the meaning of r better than the

word resistance. But the latter is simpler and is also used as a coefficient in the

theory of electricity, wliere it denotes olimic resistance. In this paper we shall

repeatedly use 'resistance" instead of "resistance coefficient".
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in order to express lUy, in tlie niillinietre-niicrampere uni(s for a

photograni of which the speed of the sliding frame is V^. mm. per

second, m^ being tlie known valno for a sjieed F,5, we use the

rekxtion:

m« = m,3 X (77?^
I

(8)

From what precedes we see that the measurements required for

a calcnkxtiou of the value of m when (lie value of I' is known,

are limited to

:

the sensitiveness c,

the deflections «,, «, . . . etc. and

the period T.

The measurement of the sensitiveness c presents no diflicnlties.

The intensity of the current is known from the electromotixe force

of the source and the resistances used. The source consisted of

storage cells, the electromotive force of which remained ver}' constant

and might be put at 2 Volts, while the resistances were taken either

from manganin resistance coils or from a graphite resistance of

Siemens and Halske which had previously been checked.

The deflection of the quartz thread is measured on the photogram

on which the network of square millimetres is found. With the

magnifying glass it is easy to estimate 0.1 mm., so that a deflection

of 30 mm., which is often used, is known with an accui'acy of 0,3°/„.

If the permanent deflection is u mm., the intensity of the current

w= I micrampere, then the sensitiveness is c = ^ millimetres per
i

micrampere.

The values of the oscillations «i, «,, etc. are, like the permanent

deflection, read off directly from the network of square millimetres.

But as these values are smaller than u and the absolute error in

each measurement remains unchanged =: 0.1 mm., the accuracy of

the value found for k=z — =.~... etc. is not great. Moreover a
«, «,

distinct difference is often found between — and — , so that we are

obliged to calculate a mean vahle, e.g. by putting k =
{
y^— ,V «s

Fortunately the value of /;, as it occurs in our ineasureinents, has

only a small influence on the final result, relatively large variations

in k scarcely causing any difference in the calculated value of nu
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Of tlio G;rcatest importance is tlie nieasurement of the period T
Avliich in foniiiiia (7) ocnirs squared. Tlie total amount of 7^ is

always very small, in some eases even less than 1 mm. so that it

is desirable to carry out this measurement with an accuracy of a

very small fraction of a millimeter.

For this purpose I first used an excellent astronomical instrument,

destined for the investigation of celestial photograms, and which

was put at my disposal by the kindness of the director of tlie Leyden

Observatory ').

fjater I used exclusively an ordinary microscope stand, pattern

I" of the firm Carl Zkiss. The stand is provided with the large

movable cross tai)le of the same linn. On this table a small wooden

board is fastened, which follows the cross movements, being always

supported by a smooth plane on which it can slide easily. On this

board, which has in the middle a spacious opening, the photographic

plate to be measured is placed.

As object-glass a.^ is used with a focal distance of 40 mm., while

for the eye-piece that of Ramsdrn is used, also made by Zeiss, with

micrometer screw and drum reading. The eye-piece is so adjusted

that the direction of motion of the measuring wire coincides with

the direction of the abscissae of the photogram. After the microscope

has been sharply focussed on the photogram and at the same time

care has been taken that the image to be measured and the image

of the crosswire lie in the same optical plane, the microscope tubes

are firmly screwed on to the stand by means of a clamp, which is

expressly made for this purpose. The tubes must be quite immovably

connected with the stand. Also the eye-piece is screwed on to the

microscope tube so that it can be touched with the hand without

observing the slightest displacement of the crosswire with respect to

the image to be measured. For measurements requiring some accuracy

these arrangements are indispensable.

With the microscope tubes pushed in, 1 scale division of the drum

corresponds to a little less than 5 (x on the photogram, and since 0.1

of a scale division can easily be estimated, the error in the reading

is less than 0.5 ft. It would be a mistake, however, to suppose that

also the result of the whole measurement can now be known with

the same accuracy. For there remain errors of a difierent origin.

So e. g. we start in our measurements from the shadow lines

which in the photogram form the net of square millimeters, a base

1) I wish to express here my best thanks to Prof, van de Sande Bakhuyzen

for his kind assistance.
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wliicli ill itsoll" is not free from errors. The ordinates of tlie net

are reeordeci l»y a (|uiei<ly revolving dislv wilii s[)okcs, casting 500

shadows per second on the photogra|)hic plate. The \ariations in

the rotational speed of the disk cause only small errors. Reserving

a more extensive description of this time-marker for a later occasion,

we may here mention that the rotational speed is very constant and,

in all probability, always agrees to 0.1 V„ with the pre-determined

value. But we have no guarantee that the mutual distances of the

spokes, although carefully marked oif on the lathe, come up to the

same standard.

The greatest errors are probably made by the setting of the cross-

wire. To be sure, surprisingly sharp settings can be made on the

fine, sharp top, representing the turning point of a movement of the

string, so that a greater error than 1ft need not be made, but often

it is necessary to mark the exact middle of a broader top ; in which

case the error becomes larger, of course. With many of our measure-

ments of the period T the error must be estimated at 1 to '27o-

We shall now give the results of some measurements.

With a speed of the sensitive plate of V^ 100 mm. per second,

some photograms were taken of string n'. 10.

The sensitiveness was c = 10.92 mm. |)er micrainpere,

the period 7'= 0.43 mm.
the damping ratio k = 3.3

With these data the value of in is calculated from formula (7) at

3.76X10-* [nm— iiA].

For a comparison with following results this value is reduced by

formula (8) for a speed of the sensitive plate of 500 mm. per second.

We find then m = 9.4 X 10-3 |-„j„i _ j^^j_

Another series of measurements with the same string gave, at any

rate as far as the second figure, exactly the same result. The speed

of the sensitive plate was now 500 mm. per second.

Besides c was =3.5 mm. per micrampere,

T =: 1.16 mm. and

k = 1.83,

from which we calculate again m ^ 9.4 X 10~^[''*"^ — f-'l]-

The agreement in the two final results is the more remarkable

because of the great difTerence in the sensitiveness c and the period T.

String 13 is thinner than 10, having besides a smaller conductive

resistance. The measurements with sudden passing of a constant

current, show that with F=500 and c = 5.69, the value of T is

1.32 and that of k 3.1. From this we calculate from formula (7)

that the mass m is 6.9 X 10"^ [""'*— f^^]
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Filially we nieiilioii slill Iwo series of measiireinents with a still

thinner string, n° 14.

In the first photogram we find Avith V= 500, and c= 5,75 that Tlsl,

and k = 3,S from which is calculated m =: 3,7 X 10~^ [™'» — M-'l]-

In the second photogram V is unchanged but c =: 3,15, 7' =0,705
and k = 3,16.

From this we calculate 7n = 3,5 X iO~^ [mm— fiA]. So we may
take for the mass of string n" 14 the mean value which is

m. = 3,6 X 10-3 |-„„,j_ j^^4j.

4. The resistance to the motion of the string.

The resistance to the motion of the string can be delerniiiicd in

various ways. We shall begin with a description of the method which

may be considered to give the most accurate results.

Let the quartz thread be onlj' moderately stretched, and let it

suddenly be passed by a current of constant intensity-. Let the

deflection of the thread be recorded on a rapidly moved sensitive

jilate, so that a curve is obtained, which is schematically represented

in the following- figure 1.

% 1.

From A to i5 the quartz thi-ead is in the 0-position. At 13 the

constant current is made, by which the image of the string is moved

upward nulil il reaches its second position of equilibrium about D.
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The fundaiiiental formula, tbiinil in tlie abovc-nieDtioned text-books'),

wliicli represeiitfi this curxe, runs:

(Tq r da I ^

-i-i --{ q — (0)
dt^ VI dt me

Here m, r and c ha\c the same meaning as before, namely m tlie

vii'tnal mass of the image of the string, r the virtnal resistance,

damping the motion of the string, and c the sensitiveness of tlie

galvanometer for constant cnrrents. / means the time and q the

distance of the image of the string from its second position of equi-

librium or in other words: the distance of any point p of the curve

from the line CD.

All units arc expressed in the millimctre-micrainpere or [//(;»—fi.4]

system.

Calling Q the radius of curvature in any point of the curve, we
have

:

= ±^

—

:~^ , (10)
d'q

dF

and further putting the tangent of the angle of inclination -— ^ u,
dt

we may write

:

q = crv -\- cm (11)
Q

Here q is positive when v increases, negative when v decreases

with increase of L

For the case that we may put q = co formula (J 1) simplifies into:

q = crv (12)

This case must present itself somewhere in a point .v of the curve.

From B to a- the curve is concave upward, from .« to i> concave

downward, s itself being the point of intlection. For the point s

Q = <x>, SO that for this point formula (12) applies. We write it in

the form

r=^ (13)
cv

In order to determine the value of the resistance ;• by means of

this formula, the sensitiveness c of the galvanometer must be known,

1) Vide KoHLRAUscH 1. c. p. 450 and Fleming I. c. p. 368.
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wliile two quantities must he measured with respect to the points .s^

of the ciM've, viz. its distauee (/ from the second position of eijuiii-

hrium and the tanoent v of the angle of incHnation.

Tiiese measurements are made with tlie same microscope stand I",

already mentioned in the preceding chapter, on the table of which

the photographic ]ilate can be moved by screw motions in two

mutually perpendicular directions.

For object-glass a^ is again used or another more strongly refract-

ive lens, while for an eye-piece an arrangement is used which must

be e."5plained now.

At the outside of a Huyoens eye-piece n°. 2 a pointer is fastened.

When the eye-piece is turned round the optical axis, this pointer

moves over a circular dial, screwed on to the microscope tube and

divided into degrees. In this way we can read otF how much the

eye-piece is turned in the microscope tube. Moreo\'er in the focal

plane of tlie ocular lens of the eye-piece a tine crosswire is found,

which is so set that the crossing point lies at the centre of the field

of view. Hence, when the eye-piece is turned in the microscope

lube, while the crosswire turns, the crossing point will remain

immovable. The whole arrangement, of which the principal parts

have been taken from the analyser of a Zeiss polarisation microscope,

works very accurately and enables us to make a number of measure-

ments in a short time. This is done in the following way :

A photographic negative or better still a diapositive is placed

imder the microscope, so that one of the directions of motion of the

cross table coincides with the direction of the abscissae of the photo-

gram. Next the whole microscope tube is again immovably screwed

fast at such a height that the real image of the figure to be measured

lies in the same plane with the wires of the eye-piece. In this way
one can by means of the screws of the cross table easily and quickl}-

cause the image of any point of tlie photogram to coincide with the

crossing point of the eye-piece.

One begins with placiiig an absciss in the crossing point, and then

turns the eye-piece so that one of the two crossed wires, e. g. wire

A coincides with this absciss. Then an urbitraiy point P of the

curve is placed at the crossing point. The eye-piece is now turned

again in such a way that the wire A forms a tangent line to the

curve at P. The angle through whicii the eye-piece must be turned

in order to get from the first into the second position, is the angle

of inclijiation of the curve at P. It is read on the graduated circle

in whole degrees, tenths being estimated. So a tangent can be drawn

ftt any point of the curve after it has been brought to the crossing
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point of tlie ocular wires, and tlie angle of inclinalion of the curve

at this point can be measnred. The method whicli also deserves

roconimendation for the measurement of otiier, especially capillary-

electroniotric curves, leaves little to be desired as to ease and

cpiickness. Its accuracy can be judged from the following results.

In the reticular scales, which together with the movements offhe

quartz thread arc photographed on the plates, the ordinates are not

perfectly perpendicular to the abscissae, which must be ascribed to

the circumstance that the image of the slit, formed by the cylindripal

lens on the photographic plate, is not perfectly perpendicular to \he

direction of motion of the sliding frame. I did not carry out my
original intention of correcting this error by a calculation, since

the deviation only amounts to 0°.3.

Besides we can, when measuring angles of inclination less than

45°, take an absciss as base, when above 45° an ordinate, by which

proceeding the deviation becomes of still less importance.

But from measurements of this deviation by means of the turning

eye-piece, it appears that the measurements of angles can be made
with errors not exceeding 0°.l. This will be seen from the following

table.

TABLE I.

Number
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direction of an absciss or an ordinale. The stronger the curvature of

a curve and the more rapid tlie changes of curvature take place,

the more uncertain the determination of the direction of the tangent

at any point becomes.

The point s at which the curve vmder examination has no curva-

ture, is easily found under the microscope.

A numt)er of points in which the curve is cut bj the abscissae

or ordinates, are successively brought to the crossing point of the

wires in the eye-piece and in all these points the angles of inclination

are measured in the above described manner. It is noticed that with

increase of the abscissae the angles of inclination first increase and

then decrease. At the point of transition must be situated the required

point at which the curvature of the cui've is or p =: oo.

In this way the angle of inclination in the point sought, is directly

known, while the distance of this point from the second position of

equilibrium of the quartz thread can at once be read off on the

reticular scale. Millimetres are directly indicated, tenths must be

estimated.

A curve \v)'itten i>y the quartz thread has in many cases a fairly

considerable breadth. We can then consider it as a double curve, and

carry out the measurement of the angles of inclination as well at

the upper as at the lower side of the image of the quartz thread,

in this way applying a control by which the accuracy of the final

result is enhanced.

Before mentioning the amounts found by direct measurement, we

must dwell a moment on the velocity of motion of the sliding frame.

Most photograms were taken with a speed F of 500 mm. per second.

In order to render values of v that are expressed in the millimetre-

micrauqiere system, but were measured with different values of V,

mutually comparable, they are all calculated for 1^^500. For this

purpose we use the formula:

'•/3 = 'V^ (14)

in which w means the virtual resistance of the quartz thread with

a speed of the frame of F^ mm. per second, r,9 being the corre-

sponding value with a speed F",?.

We must further take into account the cii'cumstance that the reticle

on the photogram does not always consist of accurate squares. As

was already mentioned in the preceding chapter, the rotational velocity
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of the spoked disk, by which the ordiiiates are recorded, is very

constant. The error in the absolute amount may be estimated at no

more than 0,1 "/o- But tlie velocity of motion of the frame cannot

be so accurately regulated. The speed of a frame, once moving, may
be considered perfectly constant, but between photograms, taken at

various times, the speed may differ fairly much. Hence the distances

between the ordinates in one plate are somewhat greater than in

another.

The distance between the abscissae is absolutely the same in all

plates. We could not expect otherwise, since the abscissae are recorded

by the shadow of a glass scale ; mounted in a fixed position at a

few millimetres, distance from the movable frame. The glass scale,

containing very fine division lines, was expressly made for our pur-

pose by the firm Zeiss.

The mulal distances of the abscissae and also of the ordinates are

measured under the microscope by means of tiie millimetre divisions

with nonius, which are found on the above described cross table.

For 30 scale divisions along an ordinate we invariably find 30,1 mm.
so that 1 scale division along an ordinate may always be put
=

-J ,0033 mm.
The scale divisions along an absciss in the middle half or middle

third part of the same plate are also equal, as may be seen e. g.

from the follovving measurements of photogram A 34, see table II.

It must be remembered that the nonius did not enable us to read

with a greater accuracy than 0,1 or 0,05 mm. so that for tliese

comparatively rough measurements the mutual distances of the

TABLE II.

Lengtli of 10
scale divisions

along an absciss

in millimetres.
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ordinates must be considered as perfectly equal. More accurate

measurements have already been mentioned in the preceding chapter

and need not be discussed again.

From the table follows that in the examined photogram 1 scale

division along an absciss = 0.9675 mm. Since tlie length of a scale

division along an ordinate has already been given in millimetres we
can directly express a scale division along an absciss in scale divisions

along an ordinate. Calling this value d, we find in photogram A 34

(7= 0,964. In other piiotograms we found values for d, varying

between 1,033 and 0,901.

If d deviates somewhat considerably- trom unity, the value of the

tangent of the angle of inclination will have to be corrected. If the

tangent of the measured angle of inclination is v, we shall have to

take the product vd instead of v in tiie computation of r.

Formula (13) is then replaced by

g

cvd
(15)

We now give some results of measurements, for convenience' sake

assembled in the following table III.

TABLE III.

Number
of the

quartz
thread.
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for string 10 witlioiit silver 2,4 ;/, silvered 3,0 ft

„ 13 „ „ 1.6 ft, „ 2.5 fz

„ 14 „ „ 1.7 ft, „ 1.9 ft

We leave unsettled what fiiiictioii the air-dain])ing is of the diameter

of the string, Iwl wish In point oul lieie particularly the intluence

which the damping may experience from the lajer of silver on the

quartz threads being more or less smooth. Especially string 14 has

an almost perfectly smooth coat of silver, while the skin of string

10 shows distinctly visible inequalities.

We will now invesligale whether llic amount of ;„ for a definite

string may be regarded as constant, however much the tension of

the qiuirtz thread and thereby the velocity of its deflections may
be modified.

.

= .

For this it is necessary to measure ?„ once more witli a strongly

stretched string and oscillating deflections, but the methods Avhicli

are at our disposal for this purpose do not nearly furnish such

accurate results as could be given above. We mention here two

methods of measuring.

In the first place the same method as above may be used, but

this time it is applied under unfavourable conditions. As the string

makes rapid movements, the tangent of the angle of inclination

liecomes large, so that its amount cannot be determined with the

desired accuracy. Besides the uncertainty in the value of q also

increases very much.

Of the carves, by means of which in the preceding chapter the

mass of the string was calculated, plate A 61 of string 13 shows
the greatest value of T, viz. 7'=: 1,32 mm. I therefore Iiave chosen

this curve for an attempt to determine the value of r by formula (15)

,_ 1

cvd

A resistance of mcire than 1 Megohm was inserted in the galvano-

meter circuit so that the electromagnetic damping nnght lie neglected

and consequently r might be put = ;„. The following values

w ere found

:

q:=9 niM.

c =^ 5,69 niM. jier micrampere.

V = 88,1

(/= 0.979.

As the (piaitz thread with i-apid motion writes a fine line on the

sensitive plate, (he angles of iucli]ialion can be measured with great

16
Proceedings Royal Acad. Amsterdam. Vol. Vltl.
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acciirucv. An error of 0,1" is possil)le, liowever, in the measured

viiinc of llie angle. And if tiie i-eul angle is 0,1° greater tliaii the

value Ibimd, the tangenl must be taken J04,2 instead of 88,1. So

an erroi' of 0,1" in llie niea.stireuien( wonld cause here an error of

over 18"/,, in 'In' linal resnll. Pulling Ihe nncertaintv in llie value

of ij at 1,5 mm., also tiie prohaiiie error, eansed liy this alone, is

found to be 17 "/„.

Tiie measuring arrangement wliieli we used, does not enable us

to make the result more eorrect.

In the second method of delermining ihe value of tiie resistance

to the motion of the siring vvilh a strongly strelciied, oscillating

string, we make use of the following formula: ')

rT
liju k — —^

(1(3)
4/rt

in which the lellers have the same meaning as before, viz.

k= the clamping i-alio,

r = the resistance sought,

7'= the period of the oscillatory deflections,

m = the mass of the siring.

We write formula (I(i) in the foi'iii

.

4»i, Uin k
'• = ^r- (17)

and snbslilule for ik the \alue which we found, acconling to formula

(7) of the preceding chapter, to be

We then find

cj39.5-|-4(/r//i/f

AT Link

(7)

(18)
<; {39,5+ 4 (^//wAf

I

In order to obtain comparable results, we always calculate ; for

a speed of the sliding frame V^ 500 mm. per second, using again

formula (14) /; =: /v. — .

From the two last meiitioneii formulae the \alue of / is now

calculated for four out of tiie li\e curves wliicli in the preceding

chapter ser\ed for llie deteiiiiiiiation of iii. During the recording of

these curves a greal resistance of more than I Megohm was each

time inserted in the galvanomeler circiiil, so that the resistance to

1) Vide e.g. Koulrausch 1. c. p. 448.
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the motion of the string was again caused by friction of the air

onlv. Hence we may identify r with r„. The resuUs of the calculation

are found assenihled in (lie followinu' table IV.

TABLE IV.

Number
of the
quartz
thread.
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toiisions of the cjiiai'tz thread were used, varying from 1 to 324.

That Avitli smaller tensions of tiie string than were used above,

llio iiroporlioiialilv liciweiMi tiic xelocity of the string and the

frielioiial ri'sistaiiee of tiic air, is maintained, has Lieen suflieiently

proved on a former oecasiou '). A standardising enrve with a sensi-

tiveness of 1 mm. detleclion for 1()-"* Ampere, was recorded on

a |ili(itographit' plate, whieii mo\ ed willi a \eioeitv of JO mm. per

second. After the sensitiveness had i)een redneed ten times and liie

speed of tiie plate had been ten times increased another standardising

(•iir\e was written. This latter shows the same shape as the former,

both cnrves can be so superposed that they coincide over nearly their

\vhole length.

So we may say that the tensions may vary from 1 to nearly 3000,

the valne of /•„ i)eing oidy slightly altered.

Let us now consiiler the amount of the electi'omagnetic damping,

expressed by ro. The value of vi, is nothing else tiuxn the pondero-

motive force which the string experiences by its motion iji the mag-

netic held when tiie \elocity of the image of the siring is unity.

Jf this ponderonuilive force is reiulered in the [iii/ii.—iiA] system,

it is expressed liy a certain number of micramperes with the given

length of the thread and the gixen iidoisity of the tield.

The calculation can be made in the following way.

The electromotive force E, generated in a wire, which is perpen-

dicular to tiie lines of force of a homogeneous magnetic field, and

is displaceil with a velocity of y-j centimetres per second in a direction

which at the same time is |)erpendicular to its length and to the

lines of foive, is

E=c,lIlX 10-8 Volt,

ill which / means the length of the wire in centimetres and H the

intensity of the field in C. (t. S. units.

When the middle |>art of the sli'ing nu)ves with a velocity i\,

the average \elocity of all the [>arts of the string may be put

2— Tj =: 0,(337 r,, so that for the electromotive force c, generated bv

a delleclion of the (|uart/, thread, we may write

«i= U,087 Cj /y/ X 10-8 Fo/< (19^

Moreover we ha\e
V

V. = V X , (20)

1) See these 'Proceedings" 0, p. 107, 19(13.
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ill wliicli, a> al>i)\e, r, nK'aiis llio xelocily oi' ll\<^ iiii<l(ll(' oC llio

string expressed in ceutimotres ])cr second. /• lli(> \elocity of the

iniiige of tiie strinij-, expressed in niillinielres distance per nuliinietre

of time, I' tiie velocily of llie frame in iiullimetres per second and

b tlie magnitication nsed.

Substituting in fornniia (li)) tlie value / as given in formula (20),

we have

0,637 I' VIII X 10-" ,

C = \ 0lt!>.

b

Calling tlie resistance in the gahanometer circuit ir Ohms, the

intensity of the current /, caused in the circuit iiv the motion of

the quartz tiiread and exiiressed in nucramperes, is

e X 10« 0,637 r VIII X 10-^

id,

'licrampt'rt's . . . (21)

The ponderomotivc force, ex|)erienced l)v llie siring, is expressed

by I[mm—;</!].

Hence if we put in formula (2J) '•=!, / becomes = /-^ so that

we have

0,637 17// X 10-3
n = - r^ [nnn-^lA] .... (22)

irh

From tiie aliove formula (22) it appears tliat, in order to calculate

)•(,, we must know V, J, m, h and H. Of these quantities the four

first mentioned can be measured with suflficient accuracy, while on

the other hand the value H of the intensity of the field jnesents

some ditHiculty. Opposite the middle of the string there is an opening

in the pole shoes of the electromagnet, by which in that jilace the

intensity of the field, although not zero, yet l)ecomes much smaller

than in any other place of the slit-shaped space, in which the quartz

thread mo\es.

Measurements of the intensity of the field in dilfei'enf jiarts of

this slit-shaped space showed that in those places where the intensity

is greatest it may be put at about 225()() (C. (4. S.), the cuiieni

of the field magnet lieing regulated at 2.7 Amp. With this current

of the field magnet nearly all our observations were made. The

axeroge intensity of the field, calculated o\er the xvhole length of

the slit, appeared lo be about ]()"/„ less, i.e. about 20250 (C. G. S.).

But this value for // is inadmissible since the places of least intensity

are found at the middle of the slit where the lines of force exert

the greatest infiiience on the motion of the string. For H we shall

have to reckon considerablj' less than the average value of 20250



( 230 )

(C. G. S,), ;iM(l since siirCiciciil Iv cxteiisixo measiu'ciiients of the

strength oi' llie liehl in ;ill parts of the slit are wanting, // wduhl

have to be estimated aijpnjxiniateh'. Rather than doing this wesiiail

follow an entirely different way.

It is possible, namely, to get to know Vb in a different manner.

For this the resistance to the motion of the string mnst be measnred

twice, first when a very great conductive resistance is inserted in

the gah'anometer circuit and then after the condnclive resistance in

this circuit has been made as small as possible. In the first case the

resistance to the motion of the string consists of air-damping only, in

the second case of air-damping and electromagnetic damping combined.

The difference between the two values gives us the value of the

electromagnetic damping. Remembering formula (1) we wiile:

rb=r — ra (23)

When the value of n has become known by means of r and vn

H can be calculated. For this purpose we write formula (22) in

the form :

nhwX 1000
II=~— (24)

0.637 T7
^

We have // = 6t)0, 1'= 5(){) and /=I2.7, so that we may

write for // :

//= 163.2 Xw (25)

11 was computed for string 13. Plate .134 shows a curve,

recorded, when suddeidy a constant potential dillerence was established

between the ends of the cpiartz-thread, the galvanometer circuit being-

closed by a small external resistance, the amount of which may be

neglected. Analysis of the curve shows that (^ = 24.8, (' = 89.4,

V =: 0.98 ami <J = 0.9(54, from which we derixe liy means of the

formula ? = — (15) that y = 0.0294.
cvd

Formerly we found v„ to be 0.0174, from which follows that

Vb = 0.0120.

The conductive resistance of the quartz-thread is «' = 9000 ( )hms,

and from this we compute by means of formula (25) that //= 17600

[C. G. S.].

Two tables follo\\' noxv. In table VI are found for three quartz-

threads the data, enaltliug us to calculate the value of /' i>y formula

(15). The speed of the sliding frame is always .">0(l ni^M. |)er second,

the galvanometer circuit being closed liy a small exterjial resistance,

the amount of which mav be neglected.
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TABLE VI.

Number
of the

quartz

-

thread.

Conductive

of th."

iju.irtz-

ihri'.id.

Number
of the
photo
gram. metrt-i

in milli-

metres per
micramp. [w/rf

—

;'J].

•KXIOO

90(H)

ITStKl

A 22

J 3'i.

A 132

20.7

24.8

20.4

535

S9i

582

•1.2i

0.08

2.33

I. (MX,

0.904

0.927

0.0312

0.0294

0.0210

111 talile VII \vc tind the \;ilMes of fa tVoiii t.ililclll togellicr witli

those of r tVoai tiilile VI. Tlie dilferenoo between the two \alues is

indicated in the last colnnin but one bv r^ ; tiie last eoliiiiui gives

the value of /v, as oaloulated In forniula {'2'2). for // the value

17600 [C.(i. .'^.] having been taken.

The aeeordaiiee bel\\eeii the \alues of these two eoluniiis is \orv

satisfaetoi'v and may be considered as a proof of Ihe accuracy with

which in general the resistance to liie luotiou of the string iiia\ Ik'

determined bv meaii.s of the formula r =: -(Jo).

The ratio of the directly measured \alues of >„ and /• is

for string 10 as 1 : I,t5i5

„ 13 „ 1 : 1,69

„ 14 „ 1 : 1,34

TABLE VIL

Number

of the

string.
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Accordinii- lo lliis foniiiila one wdiiM l»c iiMliiccil Id doli^nuino llio

value (if ' IVoiii /// and /, hid it will appear in eliapler <! Ilial for

small tensions of llic (piarlz-diread llie virlnal mass (d' the ima;j,e

of tlic string is not a constant value.

Hence it is not or liardl)' possible to derive from measurements

that were performed with other tensions of tiie string, the value of

in for the case that the limit of aperiodicity has been reached. And

if 7» is unknown c cannot be calculated, of course.

So if one wants to know the sensitiveness for which the limit

of aperiodicity is reached, one is oliliged to determine this tlireclly

l)V experiment. The results of a nund)er of such determinations

which, as w ill be understood, were only made in a rough way, are

ibund iinite<l in the following table VIII.

From the data of the preceding table and from the values of r

it would be possible to calculate the values of ///.

re

Similarly those of the time-constant') T by the formula T = —-.

These calculations, however, must be omitted, since c has a far

too small degree of accura<'y hei'e, to attach any importance to the

results.

TABLE VIII.

Number

of the

string.

Sensitivenes.s c for ttie limiting
value of aperiodicitj'.

withair-flampin^
and eleotro-

magnetic damp-
ing coiuljined.

(120)

(VM)

(115)

(,-,0)

(4r.)

(55)

5. Tlw accf'lt'rut'ion.

When analysing a cur\e, recorded liy the ca|iillary electrometei',

if we wish to know the potential dinfereuce which at a certain

moment exists between the mercury and the sulphuric acid, we have,

besides the properties of the insti'ument and the speed of the recording

1) SOC l'\EMl.Nr., I.e. p|)
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piano (>nly to tak(> iiilo acconnl llio \ olocity of tlie inolion nf tlie

iiieiiisciis. Wlicii aiialysiim' a ciii-xo, liuwexer, rorordcd by the siring

e;alvaiioiiietor, tlic analogous data arc not sniKioient in general. It

will often he neeessary (o take into account not only the velocity

but also the acceleration presented by the image of the string.

This must be ascribed to the tact that in the capillary electrometer

the resistance to the motion of the meniscus is very great ') i-oinpared

with the mass of the mercury Ihreail, so that this mass may be

neglected, when it is desired to calculate the existing potential differ-

ence from the velocity of motion, whereas with the string galvano-

meter the resistance to the motion of the quartz-thread is very small,

and hence the mass of the thread in many cases has a distinct

influence on the velocity of its deflections.

These considerations ma^' be succinctly rendered by formula (li),

already developed in the preceding chapter:

3

q = crc -f- cm (11)

Q

If r is very great compared with m the second term behintl the

= sign may be dropped and the formula becomes

<]^'^>''- (12)

This formula (12) can be applied as well for the analysis of

capillary electrometric curves as for curves of the string galvanometer

for which r is small and q large.

On the other hand, for moderate values of / and y the mass iii

may no longer be neglected, so that then analysis of the cui'vo will

only be possible if besides the velocity also the acceleration can be

measured. This acceleration, expressed as A'irtnal accelei-ation of the

image of the string in millimetres distance per millimetre of time, is

(1+r')-^
nothing else but ^^

.

Assuming as known the general condilions under which a curve

is written by the string galvanometei', and also the distance from any
point of the curve to the zero line, one will have to measure the

tangent r of the angle of inclination and also ^ the radius of curvature,

ill order to calculate the potential difference which existed between

the ends of the quartz-thread at the moment, that the arbitrary point

mentioned \vas recorded. Under unchanged general conditions each

1) On the influence of frii-tional resistance on llie movement of tlie meniscus in

Lippman.n's capillary electrometer, see these "Proceedings" II, p. 108, 1899.
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jioint iiuiv lu' saiil ti> l>o I'nllv cliuractcrised liy ils (lishiiice iVoin tlie

/.(TO lino ;uhI tlio \alno8 of /" and {>.

'I'll!' (lislaiicc iVoni llie zito lint^ may \ory easily lie (ielcrniined

li\ Ihc iircsciici' of llic s(|iiar(' iiiilliiiiclri' iicl, while in a ])rocodiiig

oiiantcr it \vas poinlcd out how r is nieasiired. So we have only

to deserilie Ihe liesi way of aseerfaining the value of Ihe radins of

curvatnre o.

Tiiree diirerenl inelhods were tried for measuring o (d' which one

onlv proved practicahle. The olher two will oidy he iiriefly nienlioned.

h'irsl a reduced diaposilix'e was made piiolograpliically of a large

(hawing on which a nnndier of circles with different, accurately

known radii were represented. On the dia|)ositive the radii vary

systematically from 0,5 mm. to x. It must be so laid on the curve

to lie measured that one of the curies coincides with the curve in

anv point of this latter. Hy direct comparison the value of q in that

point will then lie known.

Ill the second method three |ioiiils of the (•ur\e are measured,

situated at small hut mutually e(|ual dislances. ("ailing / the distance

of the two extreme points and /> the distance of the middle point

from the straight line that joins the two extreme points, the radius

ol curNatnre at the s|>ot wdiere the measurement is made, is

Here /: represents (he chord and /> the height of the ciivular arc

under measurement.

Fig. 2.
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The lliird luctliixl, tiic onlv oiK^ lliat could 1)0 ;ip|)lied wiHi ^iidd

ri'sults, as was remarked alxixe, consists in lueasnriiiii' Hii' angles of

inclination in two |n)ints of the cur\e, situated near each otlici'.

Let /;, and /<„ he two near points of a curve, the radius of curv-

ature of which keeps tiie same value q in all points between //, and

ji.^. the angle of inclination at /*, being represented by « and that

in p., bv i^.

MX is an al)sciss in the coordinate system which was recorded

as a net of square millimeti'es together with the cnr\e, but has been

omitted in the tignre, while ^fV, /;//, and j).,i/., are ordiiuxtes.

It is seen from t!ie tignre that

sin a r= and sin [i m .

Q Q

Putting Alq.^ — ^fq^ = .'> we have

&
. . (27)

sin /i — sin a

The value of & can be read olf in a simple manner on the net

of sqnare millimetres, while the angles a and /3 must be measured

by means of the eye-piece with cross-Avires. This arrangement and

the accuracy that can be obtaincil by it, have already been dealt

with in the preceding cha|)tcr; we now put the question in what

cases the determination of «) may or may not be practically useful.

Let us once more consider formula (11)

3

q =z err -\- cm ,
, . (11)

this time as the expression of a curve, representing the damped
oscillations of a strongly stretched (juartz-t bread. For each reversing

j)oint the value of r must be put ^0. Hence for a reversing point

the formula becomes

t'OT

Q

»" = -?, (28)

in which the sensitiveness c is an accurately known quantity. So it

would only be necessary to determine q and q in order to be able

to calculate at once a value for m from every reversing point.

But here the practical difliculty lies in the quick variations which

Q shows already for moderate values of q. The time & has now to

be taken so small that it can no longer be measured with sufficient
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.Ifcnracv, ;i( anv r.ilo willi niir ineasnriiip,- arraiigeinoiit, wlioii the

inicroscopo lias liccn iiiohuIimI willi the cmss-wire (>\ c-pieco. Ami

lience q itself hecoincs iiiacciimtclv known.

So we confliKJc llial nieasiiriiig- q has no praclicai \aliie wlien

we want to know I he valne of m for a strongly strolflied oscillating'

string. Moreover lliis \alne lias already been determined for this

case in a satisfaelory manner liv the method described in chapter 3.

Bnt the measuremenl of y does ohhTin practical valne when we

want to know the virtual mass of the image of a string, which lias

written a cnrve \vith a feeble or moderate tension of tiie quartz-

thread '). When analysing dillerent curves it is not sutlicient. to use

the calcnlated real mass of the quartz-thread, since, as has already

been mentioned and will still more clearly appear in the following-

chapter, the virtual mass of the image of the string is very con-

siderably modified l)_y changes in the tension of the quartz-thread.

We finally remark that when the velocity v is great, also the

angles a and [i become large, by which the difference of the sines

diminishes for tiie same difference of the angles. This causes a

diminution of the accuracy witii which q can be known.

Also when q becomes very great the determination loses in accuracy,

since then for an equal valne of v the difference between sin a and

sill [3 greatly diminishes. But this drawback is of no practical conse-

quence, as in the analysis of a cnrve the value of q, as soon as it

gets beyond a certain limil, may lie put x without a large error.

(j. Aiiali/^is (if sonic currcs.

We give in this chapter the results of the analysis of some curves,

written, when a known, constant potential difference was suddenly

established between the ends of the quartz-thread.

The first of the curves to be dealt with was recorded with a

rather feeble tension of the quartz-thread, i.e. with a rather sensitive

position of the galvanometer. J mm. ordinale r= 1,87 X -l'^*"'' ^"'P-

or the sensitiveiiess c = 535. The speed of the sensitive ])lafe is

r^5()() mm. per sec, so the value of i mm. absciss = 2 <T.

We call t=:() the moment when the electric current is started.

Now the angles of inclination of the curve are measured at t=ia,

2 <T, 3 rJ, etc. In the following table IX, in the first colunm the

values of t are expressed in thousaiulths of a second and in the

1) How a separate calculation of p can he avoided here, will appeal- in the

following cliapter.
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TART-E TX. (String 10, Date .1 22).

i
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second column the values of the tangent v of the angles of incli-

nation existing at these moments.

In the third column the values of llic product rev are given,

calculated in the following maimer.

If of llie first part of tlie curve tlie concave side is directed

upward, liie concave [)arl of the second half is directed downward.

At the point of inflection q = cc.

Here bv formula (13)

r=-L (13)

so that from the values here given for y and r, the value of re

can be calculated. For any other point of the curve the constant

value re is then multiplied by the value of r for that point.

In the fourth column the values of q, i.e. tiie distances of the

image of the string from the second position of e<piiiibrium, are

given as the results of direct measurements.

In the fifth column the values of q are given as calculated from

the formula

t(ffl — tija

(I =: crc -4- cm —

,

(28a)
' '

a-
^ '

while in the sixth ctilunui the differences between the measured and

calculated values of q are given.

The above formula (2Sii) requires some explanation.

3

(1 + i-y
It is obtained by replacing in formula (11) the value

Q

ty^ — tga
bj

^^^
—

•

(1 + i'-')^ </!Vy

As was remarked above or ——
- is nothing else but the

Q lie
^

expression for the acceleration. Since we used as the only method

for measuring o the measurement of two angles <c and ,-?, see fig. 2,

we can also, these angles behig known, find an approximate expres-

sion for die acceleration by means of their tangents.

The velocity at the j)oint //,, fig. 2, is given by /i/a, al the point

J'-i ''.V ('/i'^-
The diil'ei-ence in velocity is A/,i— A//t. Assuming the

acceleration to be constant during the time «>, it is expressed by
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Hy using fonimla {28a) instead of (U) \vc considerably simplify

tiie calculations. In the ticst place it becomes unnecessary to look up

the sines of « and ;?, while the tangenis of these angles arc already

known, since they were wanted for (lie determination of cn\ And
3

then it is not necessary to calculate I he values of {L -{- v'')'^

.

The data, serving for the detei'minalion of llie acceleration, have

been collected in table. X. One also linds in the sixth column the

TABLE X (string JO, Plate .1 22).

t

in tliuu

sandths
of a

second.

niilli-

metres.i

iffl^

t!/,i-/y.

DitTerence

beiwoen |

rco and tliej

measured
I

values of rj

in

millimetres.

Ifffi-lff^

Algebraic
sum of the

values

of the two
preceding-

columns in

millimetre.s.

1
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(lifTorence between rev ainl the measured \alue of (j, in the se\'entli

i<i{i — f.itt

colinnii llie value ol cm' '— and in tlie last cdluinii llie al,i4el)raie
{y

sum (if the \alues of llie sixth and sexenlii colunms.

If (lur measuremenls had an ahsdhde precision (he values of the

last column would all he = 0.

in the calcidalion of the Uihles IX and X, the coi'reclion has been

neglecled which must be applied if a scale division along an absciss

is not e(|ual to a scale division along an ordinate. Thus we assumed
tiiat the nel of s(|uare millimelres consists of real sipiaix's or in other

words that (/=!. This has no inthience on (he calculaled value of

rev, since the correction of r compensates that of i: . \m\ it has an

'</('? — ^'/"
mflucnce on the values of ~—--^—

. But the diiierences are not of
ir

such an order of magnitude that the correction would be necessary

;

the general form of the curve remains unaltered.

The results of the measurements and calculations which are given

in tigures in the preceiling table IX, can be illustratetl by means of

a diagram. In fig. 3 which corresponds to table IX, the net of square

millimetres is represented at about twice its natural size. A scale

division along an absciss ^2o; a scale divisioji along an ordinate

= 1,87 X iO-a Ampere.
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The regular! }• bent line of niedinm thickness represents the recorded

curve. At the moment t = the constant current is made. In the

case of an ideal, absolutely accui-ate analysis we should find two

straight lines, one of which would rise \ertically from A to B, while

the other from B to (',\v(udd l)e lioi'izontal. Tiio results of the actual

analysis according to column 5 of table IX arc I'epresented by the

tliick line, while the thin line represents the values of rev according

to column 3 of this table.

For the virtual mass m two different values have been used ; for

the first 4 thousandths of a second in has been put 0.0567 which

is B times the amount found in chapter 3. At t^Qa and / = 8 <T,

m has no influence, since at these times q may be put = oo. Begin-

ning with t=10a, m has again been reckoned but this time with

a value 0,0187 which is twice the value of chapter 3.

If a single value is given to ??; the results become much less

satisfactory and the question arises whether the whole analysis must

not be considered worthless now that it appears to be impossible to

assume a constant value for m.

In reply to this we remark in the first place that, as will pre-

sently appear, the variation in the value of in is only of account

with a great sensitiveness of the galvanometer, i. e. with a feeble

tension of the quartz thread. Besides, even with the most sensitive

position of the galvanometer still an important part of the analysis

can be u,sefully applied. For practically a curve, such as is obtained

e. g. in many electrophysiological investigations, will consist of parts

of various curvatures and will always show a number of jwints for

which Q may be put = go or the acceleration may be put = 0,

In all these points in need not be taken into account. Since r can

be measured with great accuracy the analysis is in all respects

satisfactory here.

Moreover the analysis can be ap[)lied wherever the curvature

and at the same time the angle of inclination are not too great —
in our case already in all points that are recorded later than 0.004

second after the starting of the current — as will appear from table

IX and figure 3. For each definite tension of the quartz thread a
definite value for m be taken.

The reason why in general m is represented by another value

for different tensions of the quartz thread will be discussed in chapter

8. But here we must ask why in can also vary when the sensitiveness

of the galvanometer and together with it the tension of the quartz
thread remain unchanged. For an explanation of this unforeseen
and somewhat disappoinfing phenomenon we have in the first

17
ProceeclJDgs Royal Acad. Amsteidam. Vol. VIII.
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place souglil for oi'ixir.s in the ineasiiremenls, wliicli luiglit l)c occa-

sioned by the not sliarply defined edge of the quartz thread being

TABLE XI (string 14, Plate A 132).

1
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TABLE XII (siring 14, phile .1 132.)

1
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to a f!;reat e.xtcjit eliiiiinaled if tlie nieasurements at tlie lower side

of tlic string are controlled by measurements at the upper side.

The most likely exjilanation has to be sought, in my opinion, in

the lack of homogeneity of the magnetic tield. The middle part of

the ((iiartz tiu-ead is placed between the objectives of the microscopes,

where the magnetic tield is only very feeble compared with the

Held in which the other parts of the thread are placed. The pondero-

motive force which causes the quartz thread to deflect, when it is

passed l\y a current, is consequently smaller in the middle of the

string than at the two ends. These latter, so to say, draw aside the

middle part and so it can be understood that with feeble tension of

the quartz thread the displacement of the middle {)art lags.

The stronger the tension of the quartz thread the more regularly

it will move over its whole length. So we may expect that for a

less sensitive position of the galvanometer the values which we must

take for m will be more equal among each other.

In tables XI and XII and figure 4 belonging to them, we will

first give the analysis of a curve written by string n". 14. The tables

_:::_j_: ii^q:::^: :i ::::
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br diagram require no nearer e.xpiaiialioii siiire lliev are in e\eiy

respect analogous to liiose of siring n". iO liiat were tliscnsscd aiiove.

We have here again 1"= 500 hence 1 nini. absciss = 2o. Further

c = 582, so 1 mm. ordinate =1.72 X J0-" Amp. 'J'he \aine of in

has been put during the first 5 thousandtiis of a second at 0.037

which is rather more than 10 times (lie \alue found in chapter 3.

At < = 6(j and t = 7c/, m has no infhience. Beginning with t = 8^,

m has been taken into account again, this time with a value of

0.00688 or rather more than 1.9 times the value of chapter 3.

Some other curves, also recorded with a sensitive position of the

galvanometer show after analysis diagrams that agree completely

with the two above described diagrams 3 and 4. So thev require

no nearer elucidation here.

We will not omit, however, to give the results of the analysis of

a curve recorded with a less sensitive position of the galvanometer.

The numbers are collected in tables XIII and XIV, which like the

corresponding diagram 5 have been arranged in the same manner

as the preceding tables and diagram. They represent a curve wi'itten

by string 14, with 1 megohm in the galvanometer circuit. Here we
have c := 115,2, hence ordinate 1 mm. := 8.(i7 X ^*^~^ Amp., while

absciss 1 mm. is again =: 2 <j.

The value of m can be kept constant here at a value which is

1.45 times greater than the \'aluc which would hold for sti'ong

tension of the string.

We see that most of the examined ])oints are calculated willi an

error, smaller than 1 mm. and that the correction is already jiretty

accurate after la. After la the error amounts to J.4 on a total

deflection of 30.6 mm., i. e. 4.6 7o- '^"'ds [)roves (luil by means of

analysis of (he curve with a sensitiveness of the galvanometer

C^115 2, for which 1 mm. dellectiou corresponds to a current of

8.67 X^^^'' Amp., the real intensities of the current can be known
beginning at 1 a after starting the current, and then progressing

0.5 a each time.

In all probability these times can still be materially shortened

when the speed of the photographic plate is increased. With the

curves mentioned in this paper a speed of the sliding frame of

500 mm. per second has chiefly been used, but it is evident that

with improved mechanical appliances it will be possible to attain

greater sjieeds. We have lately succeeded in obtaining very I'egular

speeds of 1 M. per second.

At the end of this chapter we remind the reader that an analysis

of the curves is only necessary when it is desired to measure very
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TA15LE XI II (sli-iii- 14 i)lato .1 J25).

1
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TABLE XIV (sti-iiig 14, plate ^1 125).

1
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yet tlie motion of llie (|iiarl/, lliiead as a wliole lias a more coni-

plicated character.

("ailing ln^ the j'eal mass of the string in grammes, 1\ the jieriod

in seconds and c^ the sensitiveness in centimetres deflection of tiie

middle of the string per dyne, we have

»h = '« X f yj X - X y • • . . (20)

The factor — is introduced bv the circumstance we mentioned
8

already above. The method by \vhich the amount of this factor is

calculated will be given later, after the tensioii of the string will

have been dealt with. We now pi'oceed to a nearer discussion of

2\ c

the values ot —- and —

.

T i-epresents the time in millimetres while the velocity of motion

of the sliding frame is V mm per second. The time in seconds is

consequently
'~

or

r 1

-7^=T (^°)

c
In order to determine the value of—, we must take into account

the magnitication used, b, the strength of the magnetic lield // and

the length of the string /.

- H is expressed in (C.G.S.) units and / in centimetres.

c, as was mentioned before, is the sensitiveness, expressed in

millimetres deflection of the image of the string per micrampere,

c, being the sensitiveness, expressed in centimetres deflection of the

middle of the string itself per dyne.

The force deflecting the quartz thrcatl when a current of J mici'am-

///
pere is passed, is -— dynes. Hence

III
c = o, X Y^X lOi,

or

c Hlb

;:=-io^ (3^)

By means of the formulae (29), (30) and (31) we can now express

>H, in m and find :
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n-" lllh
m, =r — m X (32)

Tlie accuracy with which m.^ can be calculated in grammes depends

of course in the first place upon the accuracy with which m is known
in [mm—[lA) units and further upon the accuracy of the values of

IT, 1, I) and V. Tlic latter quantity occurs in formula (32) squared

and so would iiave a preponderant importance. But the time-record-

ing arrangement which we used, works, as we saw formerly, with

so great an accuracy that we may neglect erroi's in the value of V.

Also / and h can be measured with sufficient accuracy, while for

H the value has been taken which we found in chapter IV, namely

17600 [C. G. S.].

The error in tlie absolute value of m^ I estimate at a few percent.

In formula (32) we have.

//= 17600,

Z= 12,7,

6=z660,

F=:500,

from which follows that m^rrr 7,28 X JO-t»? (33)

In chapter III we found that

:

for string N°. 10 m = 9,4 X 10-3 [;„„,—.,^^4]

„ „ 13 ?Hr= 6,9x10-3 „

„ „ 14 VI = 3,6 X 10-3 ^_

By fornuda (33) we calculate from this the mass of the strings in

absolute measure :

for string N». 10 ;», = 6,85 X 10-« gram.

„ „ 13 VI, = 5,02 X 10-« „

„ „ 14 in, = 2,62 X lO-^ „

We passingly remark that for recording sounds we use a very

light short string : a 2,5 cM. long, 1 jt thick quartz thread, of which

the weight may be estimated at about 1,5x10"" grammes.

From the length /, the diameter d of the naked quartz thread and

the specific gravity of quartz s, the weight of the quartz may be

calculated as

f/ = — jr /.s.

4

This weight is only inaccurately known on account of the uncer-

tainty in (I. But combined with the value of m, it may serve us

to obtain a rough idea of the relative weights of quartz and silver

in the string. Cakndated in tiiis manner a\ c find this ratio



( 251 )

string 10 : i (iiuirlz lo 3.5 silver

„ 13 „ 1 „ „ 6.4 „

„ 14 „ 1 „ „ 2.4 „

We now proceed to express the resistance to the motion of the

string ill absolute measure. According to the definition formerly given

r is the virtual resistance to Die motion of the string in micrani-

peres, when the image of the string moves with a velocity oflmni

distance per 1 mm time.

We call r the resistance to the motion of the string in dynes when

the middle of the string moves with a velocity of 1 cM. per second.

The above mentioned unit r refers to a strength of field H, a

length of the quortz thread /, a magnification b and a speed of the

writing plane T'^

HI
Since the force of 1 nA is equal to -— dynes, we may write :

HI 10 b

'-'XiofX-r
or

Hlh

^ lOr.F ^ '

Substituting in this the above values for H, I, h and F, we get

r = 0,295 r (35)

It is unnecessary to give here the absolute measures of the elec-

tromagnetic damping. These were discussed in chapter IV Avhere

they served us for accurately determining the value of H.

On the other hand the absolute measures of the air-damping r'a

may find a place here.

In chapter IV the air-damping was found

for string W. 10 r„ — 0,0193 [mm - (t.4]

„ „ 13 r„ = 0,0174 „

„ 14 /„ = 0,0157

By formula (35) we calculate from this

for string N". 10 r'a = 0,00569 dynes.

„ „ 13 )•'„ = 0,00513 „

„ „ 14 r'a = 0,00463 „

It would be desirable to compare these values with those that

might be calculated by means of the kinetic theory of gases. But

then we ought to bear in mind that we have combined in ;•„' other

causes of damping besides the air-damping.

These causes are threefold

:
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J If the maniiotio lield is iioii-lioinogeneous, tlicre ma_y arise

\()il('\ ciirroiils in llie layer of silver during a deflection of tiie

(|uarl/, thread.

2. If the .string is jtara- or dianiagnctio, it may by its motion

induce cnrrents in the iron of the pole shoes.

3. Also a non-magnetic string will induce a movement of electricity

in the pole shoes when it is passed by a current and moves.

But all three causes are so small that they may i)robably be

neglected compared with the air-damping.

8. The tension of the quartz thread.

S.

In order to calculate the tension of the quartz thread under various

circumstances, we begin with assuming a special case, namely that

the thread is strongly sti'etched and is placed over its entire length

in a homogeneous magnetic field. A constant current passed through

the galvanometer causes a permanent deflection of the thread which

assumes the sliape of a catenary.

Calling ?/, the deflection of the middle of the thread and /; the

ponderomotive force experienced by the thread, the tension is:

iJ
S=~- (36)

Here S and i^ are expressed in dynes, while the deflection n^ and

the length / are given in centimetres.

Now

(37)

in which c^, denotes the sensitiveness of the galvanometer, as Avas

already mentioned with formula (29), expressed iji centimetres

deflection of the middle of the thread per dyne.

From formulae (36) and (37) follows that

IS=— (38)

And from (3J) and (38) we derive that the tension is

^^^'^

S= (39)
8xlOV

Substituting again for H, /and b their values, viz. 7/ =17600,

1—12.7 and /. = 660, we find ,S'=234X- dynes, which result,
c

calculated in grammes, gives for the value of the tension
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1

S= 0.239 X — gnimraes (40)
c

We see from these fonniilae that the tension is inversely [)i-oporl-

. onal to the sensitiveness.

For a sensitiveness c = i the tension would be 239 milligrammes.

Assuming with Threlpall ') that a thin quartz thread has a tensile

strength of 100 kilogrammes per mM' section, when using a string

of 2.39 [i^ section or 1.75 ft diameter, the sensitiveness of the galvano-

meter may be diminished to c = l, i.e. to 1 mm. deflection for

1 micrampere without the thread breaking. The strongest tension we
applied with string n". 14 corresponds to a sensitiveness of 1 mm.
deflection for 3 X iO-" Amp., hence c = 3.3, while the diameter of

the string amounts to 1.7 f<.

From these data it appears that the maximum tension used l)y us

is still 3 times smaller than the tensile strengtii of the string. We
remark here that this limit has only been calculated for the quartz,

w'hile the silver which migiit also contribute something to the strengtii

has been left out of account.

String n°. JO, when uncoated, has a diameter of 2.4 f«. From this

we calculate that it will bear such a tension that the sensitiveness

of the galvanometer is reduced to a minimum of (',„;„ = 0.529. The

maximum of the practically applicable sensitiveness is C|„3x:^IO\

The ratio ^-^ =: 1.89 X ^^' indicates tiie |)0ssible variation in sensi-
Cmin

tiveness, which may undoubtedly be called enormous.

The value found for Cmax gives rise to some remarks about the

corresponding tension >Sm\n- According to formula (40) we sliduld

find for c = 10^ a tension of 2.39 X ^0"'' 8'''^"ii^es, an absurd value,

since the weight of string n°. 10, here used as an example, amounts

to 6.85 X lO^** grammes, i. e. nearly- three times more, and since of

course the tension in a vertically stretched string cannot possibly

be less than its weight. But this absurd result is easily explained by

remembering that formula (40) only holds if the quartz thread is

strongly stretched and so behaves as a string, Avhich was premised

in the calculation of the tension.

From the results obtained we must conclude that with feeble

tension the quartz thread no longer moves like a string. There are

sulTicient data to prove that the motion of the quartz thread does

not even completely agree with the vibration of a string when the

1) Philosoph. Magaz. Vol. 30(5), p. 99. 1890.
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sensitiveness has been diniinished to c =^ 100 and lioiice the tension

is over 300 times the proper weight of tiie thread.

We must not lose sight of the fact that besides the stretching

arrangement tliere are various forces wliich act on the quartz thread.

If the thread is so thin that its elasticity may be neglected while

oidy gravity has to be reckoned with, it will assume, when entirely

relaxed, the shape of a catenary. If it is jtaraniagnetic it will be

bent towards one of the poles in the sti'ong magnetic field which is

never perfectly homogeneous. And if its elasticity may not be

neglected, it will assume shapes, determined by the position and the

direction of the extremities at the places of attachment, while also

a slight torsion about the longitudinal axis may make itself felt.

When the tension of tiie thread is gradually increased by screwing

the upper end of the thread upwards, it is easy to observe with the

microscope the moment at wdiich the thread is pulled straight.

Before the thread is straight its middle will be displaced nearly

in a horizontal plane when the stretching arrangement is screwed

up. After tJie thread has been pulled straight the middle is displaced

upwards on account of the elongation of the thread, this displacement

being half that of the extremity of the thread. The thread once having

been pulled straight, already a small increase in tension will force

it to move like a stretciied string.

The results of the calculation about the tension of the quartz thread

are in agreement with the relation existing between this latter and

the distance of the two extremities of the thread. Of most of the

C[uartz threads it might be assumed that they were just on the verge

of being stretched when their sensitiveness corresponded to about

1 mm. deflection for JO-^ Amp., or c^lOO. In this position very

small changes in the mutual distance of the extremities cause already

great ditierences in the sensitiveness. But when tiie mutual distance

of the extremities has once been so far shortened or lengthened that

the sensitiveness has thereby become either considerably increased,

e. g. to 1 mm. deflection for 10—'° Amp, or considerably reduced,

e.g. to 1 mm. deflection for 10^'' Amp., conditions are altered. Then

great displacements can be gi\en to the upper end of the quartz

thread by means of the stretching arrangement, causing onlj' relatively

small changes in sensitiveness.

P'urther the sensitiveness of the thread, once stretched, shows an

increase which is inversely proportional to the increase in length.

So e. g. with string n°. 13 the sensitiveness will be diminished for

an exteiisiuii of 100 /t from c = 100 to c = 10, and for another

100 ft from c ^ 10 to c = 5. The sensitiveness is inversely proportional
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to tlie tension so that we may say that the increments of the tension are

proportional to the increments of the length, which must be expected for a

stretched elastic tiu'ead. For increments in length of ratios : 1 : 2 the

increments in tension are as I —
)

• tt: = "T •^^" ^^ [u)} ' ^ '
^'

We now proceed to derive the factor — in formula (29) and sup-

pose again that the string is strongly stretched and is placed over

its whole length in a homogeneous magnetic field.

According to the laws, obeyed by the vibrations of a string, we

have :

ilm,
s = ',

in which r^ denotes the period in seconds if no damping were

pi-esent, while, as was mentioned before, S represents the tension

in dynes, I the length in centimetres and m^ the real mass of the

string in grammes.

I

Now by formula (38) we also have S^ — so that we may write
8c,

32(!
(41)

From formula (4) we know that r = 2jr Vmc or m = , from
4jt'c

which follows, having regard to formula (41), that

'r,\ c n^
- X-XtT'

and since — =: -- we may also write

This formula is identical with formula (29) which proves that the

factor sought by us is indeed —

.

8

We make a short digression here about the calculation of the

sought factor for tiie case that the motion of the quartz thread

deviates from the vibration of a string. We shall still assume, howe-

ver, that the thread is over its whole length in a homogeneous

magnetic field.
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In tlic first place it is easy to tell when the sought tactor must

be equal to unity. Tlie stretched thread ought then always to move

perpendicularly to its length, and ought to execute in its entirety

exactly the same movements which in reality are only executed by

the middle of the siring.

In the second place we shall make the calculation for the case

that the two halves of the thread after deflection, form the two sides

of an isosceles triangle, while we assume that the movements of

the middle of the thread are the same as those of the middle of a

real string. The sought factor then gets the value '/i and is found

in the following manner.

Tlie kinetic energy of the thread is calculated while it is in the

phase of its quickest motion. Let the velocity of the middle of the

thread then be i\ and let the mass xm^ be distributed evenly over

the whole length of the thread. Under these circumstances and with

the assumption that the two halves of the thread always remain

straight lines, the kinetic energy is

^ =-^ (42)

Let the first mentioned imaginary thread for wliich we found the

factor 1 have a mass iii^ and let it execute the same movements as

the middle of the last mentioned thread. Then its energy in the

same phase of motion will be

7/1, r,
^

^\ =^ (43)

Call the permanent deflection ti^ and the total ponderomotive

force /, then the work done by the ponderomotive force when a

deflection has been made, is

in the first case E^ =: A.' X «i

,

in the second case E^hyc. \Ui,

so tiiat E,^-2E (44)

From fornudae (42), (43) and (44) now follows that

3~~~
2

3
and consequently that ,v = — .

9. The practicafill'Ji/ of thr striiuj ijdlranometci' for special purposes.

For some jnirpuses i( may l>e desirable in order to Judge of the
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practicability of a galvanometer to know its normal sensitiveness.

This is calculated bj tlie formula ')

E, = (45)

wiiere iv, denotes the normal sensitiveness,

a the detleclioii in millimetres,

t the period oC a whole oscillation ('~) in seconds, cal-

culated for undamped vibrations, ^)

I the current in amperes,

V the nucroscopic magnification, and

in the internal conductixe resistance in ohms.

On account of an interesting paper by Walter P. WnriE ') we
remark that tiie ([uaiitity iwniial sensitiveness is sharply defined in

a formula and hence need not give rise to misunderstanding. The

quantity mentioned may be very useful for forming an idea of

changes which may eventually be made in an existing galvanometer

or may advantageously be applied in the construction of a new
instrument. In the normal sensitiveness one has a valualde, important

datum about a galvanometer, but it is obs'ious that the practicability

of the instrument is still far from being determined by it.

For when judging of the practicability a number of other properties

play an important part, as e.g. the internal resistance that can be

reached in practice, the amount of the damping, the constancy of

the zero point, the proportionality of the deflections to the currents, etc.

The normal sensitiveness is

for thread 10 10',

„ 13 1,4x10",

„ 14 , . . 2 XJO',

,, ,, 20 (passingly mentioned in chapter 7) 2,1 X 10'.

If we could succeed in making an aluminium wire of 1 /i diameter

and 12.7 cm. length, i.e. of the same length as each of the three

first quartz threads, we should obtain a galvanometer of which the

1) See formula (.5) in Ann. d. I^hysik. 12. p. 10tJ3. 1903.

5) In Ann. d. Phys. I.e. we denoted by t the duralion of a complete oscillation.

This qualification implies that our formulae only hold for periodic motion. We
thinlc it desirable to mention expressly here, that the period t must be calculated

for undamped oscillations.

'^) Walter P. White. Sensitive moving coil galvanometers. The Pliysical Pieview
vol. 19, n". 5, p. 30."). 190i.

18
Proceeding.-^ Royal Acad. Amsterdam. Vol. VIII.
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internal resi.staiioo would be 5180 olnns and I he normal sensitiveness

35 X 106.

We wUI now disenss some other conditions l>y which tlie [iracti-

cabditv of the galvanometer I'oi- xarioiis [Hupuses i> dclermined.

(iahanometric nieliiods niav be divided into:

I. Those in which an oscillating dellection is retiiiired.

II. Those in which the dellecliun must pret'erablv be aperiodic.

The first methods are sub(li\ ided into 1 A, those with a slow

period as in an ordinarv ballistic gahanometer, and 1 B, those with

a qniek period, as in the optical telephone of Max Wikn and the

vibration gah'anometer of Ruhens.

The methods mentioned under I ,1 are applied for the measure-

ment of capacities antl of small times bv I'orii,let's method, in general

always when small (piantities of electricity have to be measured.

Now the i)roperties of the string galvanometer enable us to measure

these suiall quantities of electricity also with an aperiodic dellection.

If the electric current is only of slK)rt enough duration the deflection

of the string is in fact proportional to the (piantity of electricity

passetl

.

For the smallest (piantity of electricity which can siill be demon-

strated we found on a former occasion ') as the result of a rough

calculation 5 X 1"^'- ampere-seconds, corresponding to the charge

of a sphere of 4.5 cm. radius at a potential of I volt. This calculation

was fur a deflectioii of 0.1 mm. of sli-ing n". 10. For string n°. 18

the actual measurement was made. The sensitiveness appeared to

be a little greater still: 1 mm. deflection for 4X10"'i coulombs,

so that with this thread a tpiantity of 4 X 10^'- coulombs can be

demonstrated.

Hut the sensitiveness fur small quanlilies of eleclrii-ity \\'t)uld still

be considerably increased if the dauq)ing of the motion of the string

could be i-emo\ed or dinninshed, e.g. by enclosing the string in a

vacuum. We should then oblaiii a slowly oscillating quartz thread

which would l)e thousands of limes uioi-e sensitive than the most

sensitive ballistic galvanometers now existing.

1 B. The string gahanometer can \ery well serve as an optical

tele[ihuiie or as a \ibiatioii gal\aiiometer ami so advantageously

replace the tele[)lione as well for measurements of self-induction as

of electrolytic resistances.

1) See these "Proceedings" 0, p. ;07, lyui.
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For the first purpose I used it witli good results ') when instead

of the silvered cpiartz thread a thin metal wire was stretched between

the poles of the electromagnet. It appeared to be very easy to make

the period of tlie vibrations of the string agree with that of the alter-

nating currents used. In a few seconds one has increased or dimin-

ished the tension of the string accurately to the desired amount and

for my purpose neither tiie sensitiveness nor the certainty of the

reading left anything to be desired.

If it sliould be necessary to increase the sensitiveness, a vacuum

could be applied, by which one would be enabled to obtain less

damped \il>rations even of the lightest quartz thread. It must be

remarked that a vaciuim is not always necessary for obtaining little

damped vibrations, especially when alternating currents of very short

period, e. g. of 0.001 second and less are used. For the greater the

tension of the quartz thread, the smaller the damping ratio becomes.

II. The methods in which the deflection of the galvanometer must

preferably be aperiodic are distinguished as II A, those with slow,

and Hi?, those with quick deflection.

II. A. Of those with slow deflection we choose two examples : the

measurement of currents with great external resistance, such as is

applied for examining insulation resistances and the measurement of

curi'ents witli small external resistance such as thermo-currents.

In both these measurements deflections of long duration, e. g. of

10 to 20 seconds can be used with good result. Here the normal

sensitiveness of the quartz thread in (he galvanometer, as it is now
mounted with strong air-danqiing in the Leyden laboratory, no long-

er plays a part. Under these circumstances the mass has only a

small influence on the movement of tlie thread and the velocity of

the deflection is chietly determined liy the amount of the damijing.

This latter only depends on the friction of tlie air when insulation

resistances are measured.

If by applying a \acuum tlie movement of the quartz thread could

be brought near tlie limit of aperiodicity and at the same time the

deflection could be made slow by sufficiently relaxing the tension of

the thread, an instrument would be obtained by which insulation

resistances could be measured, many thousands of times greater than

is now possible with the most sensitive galvanometers.

In the measurement of thermo-currents some of the good points of

') Ueber Nervenreizung durch frequente Wecliselslrome. Ppluger's Archiv f. d.

ges. Physiol. 82, S. 101, 1900. See also "Onderzoekingen" Physiol. Laborat. Leyden.

2nd series IV and V.

18*
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tlie sti-iiif^ galvanometer come out least. Besides the diflifulty of the

air-damping one meets here that of the electromagnetic damping,

whicii soon becomes very considerable.

With unchanged strength of the tield the electromagnetic dam|)ing

is inversely proportional to tiie ohmic resistance of the circuit. With

thread n" 10 the air-damping and electromagnetic damping are as

1 : O.ti, liie oiimic resistance in the closed circuit being lO.OOO ohms.

When measuring an insulation resistance the electromagnetic damping

vanishes and the thread will want about 15 seconds for a deflection,

when the sensitiveness is regulated at 1 mm for 10~" amp. When
measuring a fhermo-current, for whicli the external resistance in the

circuit may lie neglected and only the gahanometric resistance of

10.000 (ilinis has to be reckoned, for the same sensitiveness the

duration of a detlection will l)e l.H times greater i.e. 24 seconds.

Putting the condition that the duration of a detlection shall not

exceed 15 seconds, one has to be contented with a 1.6 times less

sensitiveness and obtains i mm detlection tV)rl.6 x 10~" amp. or for

1,6 X 10-" volt.

Since a deflection of D.l mm can still be observed in practice, the

now existing galvanometer will be able to show a P. D. of 1.6 X 10 ~^

volt when thei'mo-currents are measured.

The application of a vacuum would only little increase the sen-

sitiveness for small potential tlitferences, antl would not reduce

the minimum to more than 0.6 x 10"* volt. ALso using a quartz

thread with smaller resistance will only cause little change in

this sensitiveness. If the ohmic resistance becomes //times less the

smallest observable dilference of potential will become
(l + «-«)

X 10-8 volt.

But there are two means for increasing the sensitiveness for a

potential dilference, which must be mentioned. They consist in making

the strength of tiie field smaller and in shortening the quartz thread.

We supi)Ose the string to be ])laced in a vacuum so that the

danqiing of its motiou is only caused by electromagnetic influences.

It is further assumed llial tiie deflections are ajieriodic and so slow

that the influence of the mass of the siring on its velocity of motion

mav lie neglected. If under these conditions the strength of the field

is reduced a. times, and at the same time the tension of the string

(/'' times, for an eipial duration of a deflection the sensitiveness will

be '/ times increased.

Bui it is ('as\- lo show llial a useful (liuiinuliuii of the iiilensity

of the lieid caiinol be (lri\en very far. Fur it must be remembered
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lluit the iiillneiu'e ol' tlic iii;iss of llic sd-iiig- on its \eIocity of motion

can only llien he iieglei'tcd, it' a slroiiu,- damping is present.

It' liy (liminishiiig liio intensity of liie field one goes on redncing

the ilamping, and yet wishes to retain the aperiodioity of the deflect-

ion, one will be at last obliged to make the qnartz thi'ead, the

ohmie resistance remaining the same, still lighter than it is already.

We can generalise these considerations, and at the same time

calcniate the obtainable ma.xinium of .sensitiveness for thermo-cnrrents

in absolute measure, if we proceed as follows.

We put the condition that the deflection of the thread shall be

aperiodic and that the duration of a deflection shall not exceed a

pre-determined amonnt, e.g. 10 seconds. The most favourable conditions

are then olitained if the movement of the thread is just brought at

the limit of ajieriodicity.

We further as.sume that of damping influences only the electro-

magnetic damping has to be reckoned, either because the thread is

in a \acuum, or because the electromagnetic damping has so increased

that relatively to it the air-damping may be neglected.

At the limit of aperiodicity the formula, mentioned at the close

of chapter IV, holds :

4m
(2G)

and besides

T = —

,

in which T re|n'esenls the lime constant ').

Both formulae I'efer to the [;»»;

—

nA\ system. Expressing i\ in

dynes, in^ in grammes and T, in seconds, we get

VIP 2
'>\ = X - X 10-'' dynes (40)

m,lH 32
f = X — X lO'f' /' milliiuetres per micraiiipere. . (47)

T, = ~ X — seconds (48)

Vi-oni formulae (4(5), (47) and (48) we derive that

w
c = ;^^X 10'^X''T, (4<»)

^) See Fleming, 1. c. p. p. 377 seq.
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Calling r, tlie sensitiveness for a potential difference, expressed in

millimetres deflection per microvolt, we have

C =r Cs to

from which follows, together with formula (49) that

c. = — X lO'.T X ^ T, (50)

We farther derive from formnlae (46) and (48) that

7n,w 8 X 10'

^-r^X-^T- ^''^

These last two formulae (50) and (51) furnish us willi all the

data for easily examining the influence of \arious changes in the

galvanometer on its sensitiveness for thermo-currents.

In the first place we point out that making a thread tln'uner or

thicker has no influence on the sensitiveness Cg, if oidv The ])rodiu't

m^iu in formula (51) remains unaltered.

Using a metal wire, the value of id^ip remains naturally the same

iiowever the thickness of the wire may vary, if always wires of the

same metal and of the same length are used. It may be advantageous

to use a heavy, thick wii-e, since tlien the air-damping may be

neglected, without tlie wire requiring to be placed in a vacuum.

Also the practical difficulties of applying a \ei'v feeble tension may
perhaps in this case lie moi'e easily solved by means of an elastic

stretching arrangement than when a thin wire is used.

In the second place we point out that by formula (50) the sensi-

tiveness Cs is inversely proportional to the intensity of the field and

to the length of the wire.

We first give our attention to the intensity of the field and

imagine a thread of constant length /= 12.7 cm. The question how

far the intensity of the field may under these conditions be dimin-

ished, can be answered by means of formula (51).

In order to raise the sensitiveness to a maximum, the licld strengtii

must be reduced to a minimum. If Tj and / are constant, then

according to (51) ni^in must be made a minimum. Using a thread

of homogeneous material, »?,/r is only determined by the nature of

the material, so that the question about the minimum of // is reiluced

to the question for what material in^m is a minimum. As far as I

can judge this is the case for aluminium, which has for / ^ 12.7 cm.

a value of /y/,?/M/ = 1.394 X 1<^"'-

Assuming for T, the value 2.5 seconds, the dellection has been

nearly completed after 10 seconds. A distance of 1.85"',, of the total

deflection remains to be travelled through then. After 12.5 sec. this
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distance has been reduced lo O.HS "
,,, aftcM' l.'^ seconds lo 0.25 "/„

of the total deflection.

Now putting- in formnhx (51) Tj = 2.5, / = J2.7 and »(;// as mini-

mnm = 1.394X1*^"^- <>(' minimum of H works out at 940 (CCLS.)

By formula i50) we calculate iV(uu lliis Ihe maximum of sensitixeness

Cs = 434 mm per microvolt.

Ijct us now consider tlie sliortening of /. If a limit was soon found

wliere diminution of H ceased lo be useful, (his is not the case

\vitli the shortening of /, whicii may be pushed as far as we like

as long as no practical diflicullics are met with. By making /shorter

e.g. a times, as xvell llie mass as the f)limic resistance are each

reduced a times. The \alue of ii\ir thus iiecomes a'' times less, so

that T, remains unaltered (formula 51) and the sensitiveness c,, (for-

mula 50) becomes a times greater.

A last remark may follow about the two formulae (50) and (51).

We first assume that they are both valid, and that the values of

??7,?r, / and H have been so chosen that T, = 2.5. We next assume

that the mass m^ i.s changed, while all (he I'est of (he instrument,

inchuliug ;/', I'emains cons(an(, and ask how the movement of (he

wire is altered by this. When /», is increased, the motion of the

wire becomes oscillatory. When m^ is diminished the motion remains

aperiodic but transgresses (he limi( of aperiodici(y. The duration of

the deflection is lengthened while the sensitiveness remains (he same.

This la(ter case agrees with the actual conditions in the string

gah'anometer used by myself. 'I'lie mass of the quartz thread is in

reality very small. If it were = the duradon of (he deflecdon

wo>dd be exaclly twice as gi-eat as when iit^ ]iossessed the desired

value. Hence (here is under these circumslances an advan(age in

increasing (he mass of (he wire to a cerlain \alue. ')

String n°. 18 has a mass and an air-(lami>ing which were not

accurately measured, but which will not didcr much from the cor-

responding values of string u". 10. I(s ohmic resistance is about

2 times smaller, however, and amounts lo 5100 ohms. With a time

of deflection of about '',, minute (he sensitiveness is r, := 20 mm.
per micro\'oll. If I could mciease (he mass of this string in a prac-

ticable maimer, 1 should with unaltered sensitiveness bring the

•) The lime constant is doubled when m, = 0. See Fleeming 1. c.

It may be superfluous to remark that for tlie measurement of insulating resis-

tances increase of mj will oder the same advantages as were mentioned above

for the measurement of tliermo-curients.
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motion at tlie limit of apoiiodicil \ , ami olilaiii a time of (ietlection

of about 15 seconds.

We rcMuark Ikm'p tlial tiiread n". J8 may easily he so feebly

stretched that its time of deflection becomes about one minnte, by

which the sensitiveness is increased to c, ^r 40 mm. per nucrovoit.

Since, as is proved l)v the photograms, 0.1 mm. can still be read

off, with thread 18 a P. I), of 2.5 X 10-«volt can actually be

demonstrated. Also with this feeble tension of the thread tlie zero

point remains constant, while the image of the quartz thread remains

sharp over a pretty long part of the scale. It may be considered

remarkable that one should be able to displace so slowly with the

greatest regularity a suspended little thread of only a few thou.sanths

of a milligramme weight.

II B. We now come to the methods in wliicli the deflection or

the galvanometer must be aj)eriodic and at the same time quick.

These methods in the first place find an appli<'ation in electro-

technics, e. g, for investigating the shape of the oscillations of potential

and current obtained by means of dynamos, interrupters, induction

apparatus, etc. For these purposes the oscillograph is already used

with good results, which instrument i)0ssesses a considerably smaller

sensitiveness than the string gahanometer, but yet can be of excellent

service in the measurement of stronger currents.

In the second and for our jmrpose most important place the methods

mentioned under II -B find their application in electrophysiology.

Here in many cases the string galvanometer cannot be replaced by

any other instrument.

A number of electrophysiological investigations of the most various

kind can be made with the same string. So in the laiioratory

the same string n°. 18 is now used for investigating the electro-

cardiogram, cardiac sounds and sounds generally, retinal currents

and nerve currents. Yet we will briefly discuss here the conditions

which must be fulfilled i»y a sli-iiig, chosen from a numl»er of available

strings, in order to yield the best results in a certain electroiiiiysio-

logical investigation.

Let us begin with the tracing of {\\q human electrocardiogram.

The current may here be derived from both hands. The hands and

lower arms are immersed in large porous pots, filled with a solution

of NaCl, placed in glass vessels, containing a solution of Zn SO,.

In the zinc sul|)hate solution are amalgamated zinc cylinders, connected

by coiuiecting wires with the galvanometer. Under these circumstances

the ohmic resistance of the iiumau i)ody varies with different persons

from 1000 to 2000 ohms, an amount considerably smaller than the-
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vcsistaiioc of a tliin, silvered (iiuut/. lliread. Of the formerh' mentioned

t|narlz tiireads 10, 13 and 14, lln-cad 13 will give Uie best results

in tracing tlie eieelrooardiogram, since of this thread the ohmic

resistance is smallest. To be snre, the normal sensitiveness of thread

14 is about 1.4 limes greater, but tiie cuirents, received liy this

thread tVom the pulsating heart, will be alxnit twice weaker on

account of the greater resistance.

Besides having a smaller ohmic resistance thread 13 has over

thread 10 the additional advantage of possessing a smaller air-resistance

to its motion. This latter property- here plays an important part.

For in order to obtain deflections of practicable magnitude, e.g. of

10 to 15 mm., the .sensitiveness of the galvanometer must be so

adjusted that a potential diiference of 10--* volt in the circuit corre-

sponds to 1 mm. ordinate. For obtaining this the quartz thread must

be rather feebly stretched, .so that the deflections are aperiodic and

under these circumstances a diminution of the resistance to the motion

of the string will cause a quicker deflection.

Sticking to the condition that a potential difference of 10—* volt

shall correspond to 1 mm. ordinate, we trace with string 13 a human
electrocardiogram which is almost ab.solutely accurate.

With string 10 and especially with string 14, howevei', curves

are then recorded which require corrections. Although the amounts

of these corrections are small, and do not go beyond a whole milli-

metre, so that in many cases they may be neglected, it is not

superfluous briefly to remember here the cause of these deviations.

It is found in the relation between the velocity of the deflection of

the galvanometer and the velocity of the oscillations in potential

caused by the action of the heart.

The quicker tiie galvanometer deflects, the more accurate t!ie

photogram of the oscillation of potential will be.

The sensiti\'eness of sti'ing 14 must be so adjusted for tracing the

human electrocardiogram that about 1 mm. ordinate corresponds to

0.5 X 10~8 amp. Now with this quartz thread the limit of aperiodicity

is in a circuit with small e.xternal resistance only readied with an

about four times greater tension of the string. If by applying a

vacuum the resistance to the motion of the string could be diminished

so that the limit of aperiodicity were already reached at the first

mentioned .sensitiveness, when tracing tiie electrocardiogram the

velocity of motion of the string would be considerably increased,

so that then also string 14 might reproduce the oscillations of poten-

tial with almost absolute accuracy.

We now pass to the discussion of a second example from electro-
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pliysiologj, the investigcatioii of the actiou-eurrents of a nerve. Here

(lie galvaiionieler has to fulfill i-oiiditioiis which in many respects

difler from those cicscrihed above. Choosing as oiii' oliject the nerve

of a frog, from which Hie current must he led lo the galvanometer,

we shall have lo cduiit with a great external resistance, e.g. ot

lO'' ohms.

Compared with this the resistance of the galvanometer, even that

of thread n^. 14 may be called small. The potential difference cansed

by the action of the nerve, and available for the current to be

measured, is considerably greater than that which is met with in

the investigation of the human electrocardiogram, but the duration

of a nerve action current is sliorter and is measured by only a few

thousandths of a second.

These data show us the way in choosing a quartz thread.

Tn the first place we easily perceive that the ditferences in the

ohmic resistance of the quartz threads can only have an insignificant

intluence on the intensity of the action curi-ent, since the resistance

of the nerve itself in the circuit is preponderant. Further, the deflec-

tion (if the <(uartz thread must be very quick, hence the tension

great ; and since an oscillating deflection must l»e avoided, it will be

desirable to adjust the tension so that the motion of the string is

bi'ouglit to the limit of aperiodicity. l>ut c\eu under these circum-

stances the deflection is not quick enough for accurately reproducing

the action curi'eiit of the nerve. We must therefore apply means

that enable us to increase the velocity of deflection without the

motion becoming oscillalin-y. AVe shall have to ivy to increase the

damping, and can for this jiui'jiose apply with good result the

"condenser method" formerly desci'ilted by us.')

So we come to re(piiremeiits here which are opposeil to those

which we had re|)eatedly to put in the abo\e described methods.

AVIiereas applying a vacuum had then to be considered an important

advantage, now increasing the damping becomes an urgent necessity.

Under these conditions the conception of a uormal sensitiveness

conies out to its full advantage and it may be briefly stated that of

a number of threads of equal ohmic resistance that with the greatest

normal sensitiveness is to be preferred. If the external resistance in

the circuit is great compared with the resistance of the galvanometer,

then of a number of threads with equal normal sensitiveness that

with the greatest ohmic resistance will have to be preferred.

For the investigation of the at-tion current of the ner\e of a frog.

1) See lliese "Proceedings" 7, p. 815. 1904.
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among the three threads mcnlioueil, ii". 14 will have to be preferred,

since tlie amouiil of tlie iionnai sensitiveness as well as the resistance

of this thread exceed tliosc of the l\\i» (ilher tlireads.

Finally ue make some remarks as In llie manner in which the

^•elocily of detleclion may lie raised to a maximum. A great velocity

is in genei'al obtained at the exj)ense of the sensitiveness. But there

are a nnmlier of investigations, notably the recording of sounds, ')

in which tiie sensitiveness of the string galvanometer may be very

considerably diminislied. Even when the string, at the risk of break-

ing, is stretched to its maximum and hence its sensitiveness reduced

to a minimum, relatively feeble sounds can still dri\e the image of

the string out of the field of \isioii.

By strongly stretching string 14 we could impart fo it an oscil-

latory motion of which the })eriod was V' =: 1,41 (j. If the oscillations

were damped by means of the condenser method, a deflection could

be obtained, requiring a time of 0,8 a and proportional to the

current to be measured with an error of 3 "/o ^)- If an accuracy ot

0,3 ";„ was desired, one had lo l)e contented with a time of deflec-

tion of 2,2 6. The seusiliveness was iiere 1 mm detlecfion for

3 X 10~' amj).

From the data of the preceding chapter follows that under these

conditions the tension of string 14 can l)e still 3 times increased

before its Itreaking point is reached. Hence if the string is so strongly

stretched that it is at the point of breaking, its deflections will become
[/'6 times quicker, so that its oscillations will show a period 7'=
0,815 (;. In practice we have not raised the tension of string 14 so

high, however.

The question how to olilain (|uicker oscillations was sim|)ly solxed

bj' using a shorter wire. Siring 20, \vhich was already discussed

abo\e, has a diameter of 1 ji and is 25 mm long. With a practi-

cable tension that could be applied without risk of breaking, it

performed with a sensitiveness of 1 mm deflection for 10-5 amp,

oscillations of a period of 0,3J <t.

This period corresponds to a lone of 3230 vibrations per second,

aiioul (/' sharp or almost flic higliesi lone of an ordinary piaiu».

We remark that tlie siring can still be shortened and be nu)re

strongly stretched, so that a much higher number of vibi'ations can

easily be reached, while it must also be borne in mijid that a string

with slow deflection can yet vei'y accurately record sound vibrations

') On the method of recording sounds see ttiese "Proceedings" G p. 707, 1904.

2) See tiiese"' "Proceedings" 7, p. 31 Ij, 1904.



( 208 )

of lii^li iVc(|uoiicy. So sti'iiifis 10, i'A and J4 reproducod willi feeble

leiisioii and slow dedcction llie sound \va\es of a lulling fork of

23(SO wliolc \ilii'atioiis \k'v second. The recoi'ded jieriod was about

24 times sliorter than llie pi'oiier period of llie (juartz thread. If the

same ratio of j»criods holds for string 20, this latter must be able

to reproduce wilii ease tones of 77000 whole xiliratioiis per second.

On a following occasion I hope to return to the recording of sounds.

Also a discussion of the practical execution of some of the experi-

ments described above and a description of dilferent designs of (he

string galvanometer will have to be postponed to a following paper.

Zoology. — ''Oil a nein sj)fcie.'! of ('ornllhiin froni, Timor." By

Sydney J. Hkkson, Professor of Zoology in the Victoria

University of Manchester. (C'oinmnnicated by Prof. Max Weber).

The species of corals included in the family Coralliidae have been

arranged by systematists in the four genera, Curalliitiii, Plmirocoral-

iiiiiii, Hemicora/lhuii and l^h'urocoraJIoidi'.'i.

The genus Hcmicora/liuni of Gray was merged with Ph'iwoforaUium

by Ridley in 1882, and quite recently Kishinouye has called attention

to the difHiculty there is in maintaining the distinction lietween Plen-

rocovnlUinn anil (oral/rum.

One of the |)rincipal characlers of Ph'iirocordUluin is the presence

in the coenenchym of peculiar twinned spicules which Ridley calls

"ojiera-glass" shaped spicules. These "opera-glass" shaped spicules

are not supposed to occur in the genus CoraUium. Whether future

investigations will support the view of Kisuinoiye or not is a

question which need not be considered here, but the absence of

"opera-glass" shaped spicules in the specimen aliout to be described

justifies its position in the genus CoralUum, that is, to the genus that

includes CoraUium nohile the precious coral of the IMediterranean

sea and the seas of the Cape Verde islands and CoraUium japonimm
one of the precious corals of the Japanese seas.

Before proceeding to a description of the new species a few words

may lie written concerning the geographical distrii)ution of the

family. CoralUum nobUe occurs in the Mediterranean sea and oft' the

Cape Verde islands. Some species attributed to the genus Pleiiroco-

raUiitm occur off" the island Madeira, and quite recently a specimen

of PseudocoraUium johnsoni has been dredged otf the coast of Ireland.
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Off the coast of Jap;iii occiii's ConiHiuin japonicum and several

.s|)tvies wliioli would he iiK-hided on the old system in the genus

PlearocoraUinin but are referred to the genus Coral/mm l\y Kishinouye.

Isolated specimens of Coralliidae were also obtained off Banda in

200 fathoms, the Ki islands 140 fathoms and Prince Edward Island

310 fathoms by the (Challenger and there is a doubtful record of

a specimen of PleurocoraUkun serimiltnii from the Sandwich islands.

Fisheries of more or less importance have been carried on in the

Mediterranean Sea, off the Cape Verde Islands and off the coast of

Japan, but there is not, I believe, any historical record of a syste-

matic fishery for precious coral in any other part of the world.

In 1901 the value of the coral obtained off the coast of Japan

was over £ 50.000 and it is a fact of considerable interest that

a large part of this was exported by the Japanese to Italy.

The coral Fishery of Japan is of \ery recent growth for in the

time of the Daimyos the collection and sale of coral was prohibited,

and it was not nntil the time of the Meji reform JS(i8 that it

began to assume important dimensions.

That the Japanese of old times valued the precious coral is shown

in the numerous "Netsukes" and other ornaments which are decorated

with it; but the origin of this coral is not definitely known.

On many of the Netsukes the coral is represented in the hands of

darkskinned fishermen, "Kurombo"; never in the hands or nets of

the Japanese.

Now the art of Japan is quite sufficiently accurate to pi'ove that

the Kurombo were not Ainos nor Japanese, nor Malays nor Euro-

peans; but the curly-hair, the broad noses and other features that

are consistently shown rendei' it almost certain that the Kurombo

were Melanesians or Papuans.

The onl}' regions where such fV)lk live that have hitherto yielded

specimens of precious coral are the Banda seas. As already mentioned

the Challenger discovered precious coral in deep Avater off the Banda

and Ki islands, but the specimens were "dead" and it was consequently

impossible to determine definitely to what species they belong, but

they were referred by Ridley to the species PleurocoralUum secn/iduin.

In the material that was kindly sent to me by Prof. Max Webkr
from the rich collections of H. M. Siboga there were a few small

pieces of a beautiful coral which I recognised at once to be a Coral-

Hid. There can be no duubt that it was alive when captured by the

dredge and it reached me, ikiI fully expanded, but in a. good slate

of preservation.

The localily of this find was stalion ^.SO i. e. at a depth ofl224
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metres in tlie middle of I lie wtrait that separates the E. end of the

island of Timor from the small island Lette or in other words on

(he Southern iioiiiKlarv of llic llaiida Sea.

Tiie axis of (his coral is covered willi very Utile or hardly any

crusi, is apjtareiitly as hard as the best Italian coral and is of a good

colour, although a little dark(n' than that which is regarded by the

jewellers as the best quality.

The discovery of this specimen suggests that the dark skinned

"Knromho" fisherman that supplied the ancient Jajiauese jewellers

with llu'ir precious coral, lived some where within the region of

Timor. It is of course improbable that they were able to fish in

such a great de[)th as 1224 metres, but as the .species of Corallium

range in depth fi'om JO fathoms to several hundred fathoms, it is

(piile |iossil)lc that I hey had knowledge of shallow waters off (heir

coast where the coral grew abundantly.

It is not for me to suggest that there is a prospect of a \aluable

coral fishery in (he Baiula .seas; but miw fhat it is known that

li\ iug juecious coral does occur iu deep water in this region of

the world it would not be a matter of surprise to scientific men if

it were subsequendy found at depths sufliciently shallow to be

obtained liy ordiiuiry fishing boats.

The s|ieciuieu obtained by (he .Siboga does not agree exacdy with

any known Coralliidae in tho.se characters which are used by sys-

tematists for the separation of species and it is necessary to find

a new name for it, and I should like with Her royal permission to

name it CuraUluni reyiiKW iu honour of Her .Alajesty (he Queen of

Holland whose interest in Zoological Science in general and in the

researches of H. M. Siboga in particular has been manifested on

more than one occasion.

The specimen agrees with other species of the genus CoraUium

in the absence of the curious "opera glass" shaped spicules and the

presence of spicules of the octoradiate type only in the general

coenenchym.

It differs from ('uriil/i/ni/ anil agrees with many species referred

to the genus J'tfiirovoralUiDii in having the branches arranged

principally in one plane and liic zooids scaKered irregularly on

one face or surface of (his plane.

The autozooids are indicated by well-deliued \errucae projecting

about 1—5 lu.m. from (he i^eueral surface of the coenenchym. These

\errucae are large as conqiai'ed with other species iieing al)Ou( J—

4

m.m. in diameter. The coeueucln ui is (hin, aud the axis hard and
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either not marked or very faintly inarlced in some places hj' longi-

tnclinal striations.

The base of the main stem of the specimen is 6 m.m. in diameter

and the primary- branches are 4— 5 m.m. in diameter.

Some further particulars concerning the anatoni}' of the species

will be tlescribed with illustrations in a future publication. For the

present the diagnosis of liie species given above is sufficient. Before

concluding this preliminarv note 1 have, witii very great regret, to

record that on Sept. 2"2'"' a lire broke out in my laboratory and

some portions of the specimen were seriously burned and scor-

ched. Fortunately there is still a considerable fragment that a])pears

to be uninjured.

Physics. — ''Pi'Oiicrties of the critiatl line ([ihtitiiointrnw) mi tin' slili'

of the eoiiiitoueitts." liy l'ri)f. van ukh Wa.\I-s.

By Centnekszwkk and SMrrs' obser\'ations, by a remark of van

't Hoi'F and l»y van Laak's calculations') a discussion has been car-

ried on on the rise of the critical temperature of a substance in

consequence of an admixture. In this it has been perfectly over-

looked that already more than ten years ago the principal properties

of the critical line, and also the properties at the beginning and at

the end of this line were discussed and determined by me ").

For normal substances, I found by a thermodynamic method, which

is a perfectly sure way, for the quantity mentioned the fornuda (9)

(I.e. p. 89)

/dx \ dv^
T

ITJ, a'i|) 1 / e-ip

I shall explain fmtlier on why 1 make some reserxation for abnormal

substances.

And with the aid of the CMpialion of slate I derived from (9) for-

mula (11)

d lo</ —
_^ fd U

d loq T '

Ij

+
(i.f„ (/.p„ 16 d.c,

a '

"I—

A

1) These Proc. p. 144.

3) Yerslag Kon. Akad. v. Wet. 25 Mei 1895, p. 20 and 29 Juiii 1S95, p. 82,
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As ill this derivation of (11) from (9) the qiiantitj b of the equa-

tion of slate was siip[)ose(l coiislant, (11) must only be considered as

an approximation.

If for the present we keep to this form, (IJ) may also he written :

(IT __ (IT, 9 / dT,, 1 (lb

Td^„ ~ Y7(i^, 16 I TWZ "^ §"
bJ.>

(1)

And takina- into consideration that h = '- we (ind linallv :

8X273 JO,

(IT (IT, { (IT, \ dp, \
Td.v^ T,d.'v^ \T,,d,Vg 4: p, d,x„^

The qnantity 7', oocnrring in this equation, represents the critical

temperature of the unsplit mixture. For this quantity I have already

demonstrated in my Theorie iMoleciilaire tliat il may net a minimum
value for some sorts of ndxiures — and llie observations of Kuenen,

Quint and odiers have furnished instances of the existence of such

a minimum value. If (he admixture should be of such a nature that

such a minimum value existed, it would, of course, be perfectly

dT,
absurd to substitute T,„ — iz, tor——. But the existence ot such a

niiniuiuui critical tenqierature is only to be expected, at any rate

oidy oi)served, when 'T,,, and V'^j difl'er little. When they differ much,

—- can be represeided bv 'J',„ — 1\ at least with approximation. As
(Lv„

h depends on ,« linearly at least with some approximation, we may write

T,., T,^

1 d,b _ p,, p,,

b d.i-„
~

T,^

[jO{ us with these approximate values compare equation (J) with

Keesom's observations on the nuxtures of carboiuc acid and o.xygeii ').

The critical temperatures of these substances difler sufficiently

to enable us to use the approximate values. 1\ (for oxygen)

is namely about half of 7',, (that of carbonic acid) — and

dT, 154,2—304,02
so we put for the \ alue =: — 0,493, and tor

J,«A'u o04,02

154,2 304,02

1 '^6 50,7 "72^3"
^ ^^ „^. , ,

the value WTTTTH^ or — 0,2/1. With these values
b da;„ 304,02

72,98

1) These Proc. VI, p. (UG.
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\ve (hid:

dT 9—— =— 0,493H (—0,403- 0,0003)" = —0,493 4-0,1014 =— 0,302.
Tdx^ 1

6

The value found by Keesom for x = 0,1047 is AT = — 8,99.

Supposing this value of x small enough to be substituted for (faj, we
, dT

find = — 0,284.
Tdx„

For ,«=: 0,1994 this value of A7Mbiind by Keesom is equal

to — 18,47 ; with these data we sliould lind •;-;— = — 0,304, so

perfectly equal to the value calculated by means of (1). We have here

not a molecular increase of the critical temperature, but a decrease,

as indeed, was to be expected, because we had to do with the

addition of a more volatile component.

Though I derived formula (9), on which formula (11) of 1895

and formula (1) of this communication are founded, in more than

one way in my two communications of 1895, I will derive them

once more here in order to have an opportunity to discuss somewhat
more fidly some questions which present themselves in the derivation.

For the plaitpoint line the simple relation

:

dp _ yox^JpT

dT'

holds, which, I y^ I not being directly known, ma^^ be brought

under the following form

rp<^_
J, f'¥\ ,

\.(>vy:,'/\dxJ,,T " yd.ndvjr yd.vJfjT \dwy,.T

dT ~ ydTj,^.
"^

/(rv\

[d?)f,T

The fixctors of — and — and also — being finite

^dv\
quantities, and on the other hand (

— 1 being inliiiitely great, when
ydxyp'f

the plaitpoint lies at x= 0, we may write for this case

:

dT--'ydTj,,\dv^).,Tfd^\ ^^'

WJ,,T
19

Proceedings Royal Acad. Amslurdaai. Vol. Vlll.
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If we put -— :; r——- =: /, then f = 0, because the plaitpoint
* d.«' dy» \dxdvj J' J ' V V

is a point of the spinodal line. In the same way:

Ov \dxJpT dx

because it concerns a phiitpoint.

If we multiply the numerator and the denominator of the fraction

occurring in (3) by I -^ I , we get

:

dT ydTj,,/^ KdvyxTfd'-xl^Yfd'

/'d'v\ /d\p
,

The value of —— ^-- we derive from

d'v^

^dv\ \dxdvj

and find then

:

d'lf) d>
As for the critical point of a component both -^ and ^-y is equal

to 0, the last equation becomes

:

Vdy'/ \d,v^JpT \da;dv J d^xp da;dv d«du'*

The limiting value of ^^ can be found from the equation which

expresses that the critical poijit of the component is a plaitpoint, viz.

:

df 6> _ df d'»|) ').

dvdxdv dx dy'

1) In a derivation of the discussed formula in my communications of 1895 1 put

6/ . , .

-.- — 0. It would have liecu more accurate, it I had put this quantity iullnilely

small compared to ^.
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Now
d/ dhp d> d'xp d'xp c)=i|> dhp

and
dj O'll'd'if? d'll' (Pip dhp dhp

d.v dx' dv' d.v" d.vdv^ d.vdo dw^do

, . . . , . t)^i' d^.f> / a'.f. A' 6V
or takuio; into consideration ^ — = ^ ^ and -— =

aw av \Od-duJ ov^

df f d^i/j Y dv' dhp dhp
liin

"

and

dy' d.f
~

V ^''' t)" / /^^'4'^' \dxdv J d.vdc''

df d> 0/ dhp
By equating- — -—— and ^ ^r— we find

:

•' * ° dvdxdv dx dv'

^ -^ h'm. -r 2 ^-^— = f
^—-

I
Urn. —

r

[- ^ ^ .

dxdv d> dxdv' ydxdvj /^'VA ^*^"'

For normal substances the limitins? value of ^ is known

W)
From x^ = MRT \{l-x) I (!-.«) + xlx\ — i pdv follows :

\oxJo \—x J Ox

ybx') x{i-x) J d.«'

/'d>\ _ _ Mm\l—2x) rd'p

[d^J ~ ~ x\\-xy J ^^
'^^

a7 1
for >r^ we get , =: —

d^'A- .1/i^7'"

19*



( 270
)

For abiiorinjil substances this (|uaiitit_v would pi'obably be found

of the same value, but tliis would require a closer investigation,

into which I shall not enter here. For this reason I have made a

reservation for abnormal substances above.

For the value of I
-—

J

ot the plaitpoiiit curve we get now the

equation

:

UtJ..,- WJ..dvWd^^,y 1 d> • • ^^

\d.vdvj MRT d.i-dv'

The critical point of the component is an homogeneous phase, in

the same way the plaitpoint is a new homogeneous phase. But the

quantities l\,i\ and ,i; =: increase by dT,,dv,. and (h\. Hence:

"''=(II"'+(IL"''-+(I1/'-

and
I

—-
I

being 0, also

comparing with (4) we find the value sought of

-)
d'p 1 fdp^

(IT _ d.i'di' ' MRT \d:

Td.v,
~

d'f

According to the equation of state, supposing b constant, we get

^ ,
— — and ^— = -. Tiie value of ( ^ is equal

dvj i'^ dv' v' yd.eJuT

I MRT dh da 1
I

/ ()> \
to iTZ-i^. yZ-T~A '^"^l of A3:, equal to

liv—bydx dxv'^)
'

l^d.yOc

I MRT db da 1

1

— 2 — T-A' '^"^^ "0
l{v— oy d,v d.v v'

)

ida I MRT db) 1 idal MRT db
\

dT _ \d^-7^~ {v—byd^v\
'^ MRT j^^ ~

{v— bydx^

Tda;^ 2a

or

dT I da MRT v' db I a [I da MRT v^ db

+ ¥,Td.v^ \adx a {v—bydx\ ' 2vMRT \a dx a {v—by d.v
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If wo })nt, ;i3 is toinid willi conslaiil \aliie of A, r = 3/; and

8 (J

}[RT= —z — , we lind llie value aiveii ahove :

27 h

a a ^

d Ina — fd loq
dlo,,T_ ' h 9

( />7,

^(•~ ~~ ~hv ^ 16 ^ <te„

In what precedes the rekation between the variation of T, ajid that

of X has been discussed for the beginning of tiie plaitpoint line. Let

ns now proceed to tlie discussion of tlie relation between tiie variation

of p and that of 2\

From (he equation of — given above, we deri\e :

dT

( P̂ dTj,, p \dTj,/ p \d.v)„T dT

/dp \ dp
Now in the critical point of a component I ^y, 1 i^ equal to —

Tdp
for the saturated vapour tension. And tor numerous substances—

—

p dl

for the saturated \-a]iour tension is about 7 in the critical point.

I'(Z.r„ 1 fdp\——- now being known, we want still the knowledge of - t—
a

3

^

p \d,vj^,x

fT dp \
for the calculation of —--, for (he plaitpoint line.

1 /0/.\
We can calculate — v ''V means ot the e(|uation of state.

P yd.vJ,T '

If we put again f) constant, we tiiid the value indicated above :

1 /d/A _ 1 I 2IliT db da 1 )

p \d.vjvx P ((^

—

by dx d,vv^\

1 /dp\ _ !•' (8 1 db f' 1 da \

J \J^vJvT~ p \27jd^r. {v— by ~Ti'(h;\'

With V = 36 and « = wo should find for carbonic acid and^ 27 b'

oxygen

3 X (0,493 -f 0,0903) ')

p \d.vJgT

») See page 273.
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1 /dp
_.1,75.

p \d.rj,r

rTdp^
Acconliii''- to Kkesom's observations the value of ——

-,
lor the

\pdlj

beginning of the phiitpoint line is e(iual to — 6,3 for .« = 0,1047,

and equal to --6,08 for ,(,' = 0,1995. From tiiis we calculate, with

-l-^l =6,7 (the value found for carbonic acid) ~ |
~

) = 3,921
pydTj,,^ ' p\_d.vj

and 3,824 — so more than double the value which follows from

the equation of state, when we put there /v independent of the volume.

The values given by Keksom for pressure and temperature of the

critical tangent point, and of the critical point of the unsplit mixture,

1 rdp\
furnish a means to test the reliability of the value of — t" > as

p ydxJoT

it has been calculated from his observations.

For the mixture .r = 0,1047, hp amounted to 9,9 for the critical

tangent pressure and A 7' to — 7,69 for the critical tangent temperature.

If we again write for this homogeneous phase

:

we find
J ex ^dx p \pxJcT

1 dp

p dx



( 279
)

— 0,685 -f 3,86 = - fj^] = 3,18.

p \OA-J„T

The fact that A.r, AT and Ap cannot be considered as differentials

will undoubtedly contribute to the circumstance that this quantity

shows such different values if calculated from Keesom's observations.

1 /d/A
Hut though the calculated xalues for — ^1 are not the same,

P \dwJ,T

it appears sufficiently that tiie value of this quantity lies in the

neiglibourhood of 3, and [jrohably above it. That the equation of

state gives a so much lower value if we put b constant, must be

attributed to the fixct that the inlluence of this erroneously introduced

simplification is great here, whereas this simplification caused hardly

Td.v„ 1 /dp\
any error in the calculation of . The value of —

I v we
dl p \o,vJ^.x

found equal to

:

a i 1 da 8 «' I db]

»>x j fl d.c 21(v—by b l^v\'

a
With Vx = ^b we find the value 3 for , while the second

a
dl~

b 1 dlb
factor becomes equal to -— 1- •-

. But it is sufficiently known
dx 3 d.c

that the critical volume is much smaller than 3 h, and that the

variability of b accounts for it. Tiie same cause to which it is due

that at the critical volume — ( ^— | is found equal to 1 -t- 6, instead

a
of 1+3, causes us to find equal to 6 instead of to 3. Let us

v'^p,

briefly pro\e this.

('bp\ MRT

p\dTj pv'

In the critical circumstances the value of the first member is

about 7 or :=6. If we use this value, Ave find for

P \pa:J„T

double the previous value, i. e. 3,5. The second factor of —
(
^-

|

p \P^/vT
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\\[\\ now lia\'e lo siifl'ei' sdiiic iiindilicalidii loo, and a^< T sliall show in

(I

1 (la h \ dh h 11 db
aiiodior coniiiiuiiicatioji, lie CMinal to —-——- = — h tt-tt >

a d.v b b d.v d,i; o b d.v

but tlic dill'd'eiife is slight — and this factor and othei'S of a similar form

dT dT
occurring in the value ot —— , the value ot —;— , calculated on the

supposition of b variable, may be considered as sufficiently accurate.

We must therefore not expect to find a perfectly complete dis-

cussion of ihe problem in what precedes. If this was wanted, a closer

investigation would be re(|uired tor the determination ot t- and

6>
, if we take h dependent, not only on x, Init also on v— , and

hence put

:

b = b.^ jl4-„('^)+^?(:^)etc.

while b^ =r (/<,X^ (1 — •') + (^'s)*
'^' i*' pi'b P'"t i" ''"^ following com-

munication I shall show (hat in this particular case, the component

being in critical circumstances, we can determine the value of these

quantities without entering into a closer investigation.

Physics. "The properties of the sections of the surface of saturation

of a binary mixture on tlie side of the components." By

Prof. VAN DER WaALS.

I have brought the dilferential e(puxtion of the ^),,(', T-surface of a

binary mixture into the following form :

In tiiis equation I ^^—^ I is equal to

fb%\ fh'^y\ MET
For .t'l infinitelv small v^^=^i\—1\, 3—- = t—- =—

and for w^^ Ave may substitute the molecular heat of evaporation

of the component, which we shall denote by Mr. The abo\e equation

is then simplified to
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MET Mr

Tlie properties of the initial direction of the sections normal to the

T-axi?, normal to the />-axis and normal to the .r-axis are given by this

eqnation and thcv are known when liie value of — ^ is known.

If .x'j and i\ represent the valne of .r and of the molecular volnnie

of the licpiid phase, and in the same way a\ and %\ these qnantities

for the vaponr phase, then the equation :

,r,

—

X, Mr
{v,-v,) dp — MRT -'- ' dx, + -- dT

X, 1

holds for the vapour phase.

As the difference of the specific volumes of liquid and vapour of

a component is generally represented by u, i\—1\ = Mu, and this

equation might also be written

ttdp = RT !!LZfi dx, + - dT.
X

J
T

For the section normal to the .r-axis, so for the component itself,

we find the well-known equation of Clapeyron:

r dp— =: T-i- .

n dT

For this section it is not required to know —, but for the other
*•.

sections it is indispensable.

This relation is found by means of tiie property which says, that

(-— I
must have the same value for liquid and vapour phase.

dx J^.T

From :

V

If)
— MRT \{\-x) I (l-.r) + xlv] — \pdv + F{T)

we find :

r^'l =MRTl-^-C^d.,

and equating this value for the two phases we get

:

l-'«i J KOA-JvT 1—x, J \dxJvT
or

MRTl':i\=:f^:=fCA '^-^
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and so for ,r, find .r„ infiiiilel\- small :

If we represent the moan value of r- between the vahies

v^ and r^ hv It-) , wc may also write :

This mean value can also be represented under another form

bj the following consideration. According to Maxwell's rule

Pc ii\ - V

• 2

when Pc denotes the tension of the saturated vapour of the component,

from which follows

:

dpc. .. d(v,-v,) ffdp\ <Hv-v,)

djK-

:<••-'• =J(l:),/"='-'.'(l).

dp,-
The quantitv -:— represents the molecular increase of the tension

'
d.f

of the saturated vapour for the unsplit mixture, assuming for ^j^- tl>e

approximate value

lpc = lp,, -f-^jr-

dpc
Z-— is found from

:

1 dpc_ 1 dp, fbT,

Pc diV p, d.v T bx

For the present let iis continue to write:

iv, dpc

.T^ Ox

or

l''3—''l) -f-

Zl — e MJtiT
'
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Lot us now first considei' I lie initial direction of the seelioiis

normal to the T'-axis. It can now Ih> found from -.

too i
1 H 1 rr=

•

I
^ MRT dx,\

lo \l — "'"~"' ^"^
31RT <f.r„

——- -— for tlie liqnid branch and

MRT d7
for the \apour branch.

p{v — V )
For very low temperatures wc may put

''

/ about equal to

unity, and so:

and

l0(, 1 +

lo.i 1 —

dlpc

'd7

'dip,

~d7

dx

MRT

T dx J

'dip, fdT,r

dx T da

For the case that
dp.. dp dp

0, -— and -— is also equal to 0, and it

dx, dx.

may therefore happen, that the two branches of the ^>,.r-line touch

in the beginning, and that both have an horizontal tangent.

As condition for this circumstance we have :

/ dT^ _ dip,

T~dx ~'d^
which may also be written

:

,T, n da 1 dl>\ _ n da 2 db\

T \a da: b dxj \a dx b dxj
or

T, dlT,

f—
•' T dx

E.g. for T—\T,
dlT, 1 dlb _
dx 13 dx

For higher temperatures —' „' is smaller than unity and for the° ^ MRT
critical temperature of the component this quantity is e\'en equal to

0. In this case we may wi'ite ~ ^ — for Ion
\ \ A—? i —

MRT dx, V ^^^^2' t^-^,

and we find

dp dp,;

dx, da

IIT,
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and ill tlio same way

The first conoliision we draw from this is, that at the critical

temperature tlie liquid branch and the vapour brancli have alwa3S

the same faneent, and tlieret'ore touch. Tiic initial direction is giveii

h\ the nuantitv --- or l)y \ z— ] . But as at the critical temperature
o.v ' \o.vJ^.r

/dp\ /djA
i\ = v., the mean value ot

|
^- is equal to (he value which I v^

has at that volume equal for vapour and liquid. \ye have therefore

at the critical temperature

:

\d.vjT \,d.vjT [d.vJ^T

or

p yd.v^jT p ydx^J'f p \dwJ,T dx
'

dx d.v

The second conclusion we draw is that at the critical temperature

1 /'dp\ _ ,
yUT, 1 dlb\

p yd.vJrT
I

d.v 6 (l,v
]

which has been put in the preceding communication, hut has not

been jiroved (here.

That at the critical point
\ ^] and (--

|
is eciual to ( ~]

ydxj'r \d;:^Jr \,d.vJ,T

we might have immediately concluded, without following the elaborate

way by which we have now' arrived at this conclusion. In the same

/ dp \ /dp\
way that at the critical point -777 =^777 •

Let us lirst consider a simple substance. If we pass from one homo-

geneous phase to anothci-, at which r is increased by do, and T
by (IT, then

If
I
—

I
=: 0, as is the case at the critical point, then

:

ydvjr

a

*^^^^'"'
and so every -tt, = I t;;7 I > filso with such a change at which the

' dT ypTj^' °



( 285
)

volinne changes, as is (he case \vith saturated vapour. From this

Tfdp\
follows the well known property that at the critical point — I — 1

for saturated vapour is equal to —
f t— ) •

P \oTJr
If with a binary mixture we pass from one homogeneous phase

to another, at which v is increased by dv, T by clT and x by dx,

then :

If I v; 1 =0, as is the case at the critical point of the compo-

nent, then :

"-ill^+a:!/'
also for such valuations in which the volume changes.

Tiie differential equation of the surface of saturation :

holds for the transition of an homogeneous liquid phase to a subse-

quent one and in the same way :

M'„ (IT ( d^g ^

for the transition of an homogeneous vapour phase to a subsequent one.

If the first liquid piiase and the first vapour phase is the critical

phase of the component, the tliree last equations must be identical

and so — — ' > - — —
'

'

In the same way 5-^ = a~^ = T" ' ^^ 'i^^s

been i)roved above as holding for the critical point of the component.
From the general equation :

MRT (ajr

follows, when i\—1\ is infinitely small,

.r,— .r;, ?',— 1\ /dj.

ij-j MRT yp.vJoT

and
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If at lower temperatures the initial direction of the ^>,.)>line is

traced for the liquid phase, and also that for the vapour phase, then

these directions are usually different. Between these tw^o directions

lies the direction for the line which denotes the course of the quan-

tity pc- 11 tliis last line is an ascending one, this is also the case for

the two others, and reversely. If the admixture is called more volatile

1) Though it falls outside the scope of our subject, which only treats of

projierties on the side of the surface of saturation, I will make a single remark

on the mixtures for wiiich Uquid and vapour have the same concentration,

because these mixtures have many properties which the components also

w, r/'dp\
possess. Also for these mixtures the equation: MRTl—— (l^l dv, or

''i

.(• /()p\ .r, /^dp\
MRT / — K holds. For these cases — = 1 and so

[
\-

] = 0. So for

a mixture for which this equation would hold at the critical circumstances,

I ^r- 1 itself would be equal to 0. As also ^~t^:-t= \ v^ must be equal to 0,

also 5~ I =0, and irom

:

'Tdv

follows

;

dp=:^ dv-\-
I / ) dx 4-

(
-^

1 dT

dp _/'dp'

dT~ydT^
Already in 1895 I made the remark, which follows from this, viz. that for the

point of the plaitpoint curve, at which the line which is sometimes called the line

of KoNOWALOW, meets the plaitpoint line, contact must take place and that just

as for a simple substance r— = is about 7.

p dl

Now I will add that from
\ k^ \ =0 follows in the same way, as has been
KP'VjvT

derived above, that

:

(/ loq T, \ dloq b^— -j ^- = IS,

dx (5 d,v

and not

d loq T, 1 d loq b

-/,(• ^ 3 d.e

as would fdllnw wlicn h is put constant. Already Quint pointed out that the last

equ.ition was not satisfied in iiis observations. According to an oral communication

the equation given here would be in much better harmony with his observations.
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than the component, when it causes tiie quantity p^ to decrease, then

dp dp
the general rule holds, that both -— and -— are positive when the

o.»j d,v^

admixture is more volatile than the pure substance and reversely.

In general these three directions approach each other at higher

temperature and at the critical temperature they coincide. An exception

to the rule that with rising temperature the lines approach, must be

allowed for the case that for certain value of T the quantity

dpc
5—= 0. In this case the three directions mentioned coincide at that
da;

value of T; as they must again coincide sxt T=: T,, and as the

quantity ^ varies with 7\ they will first diverge up to a certain

maximum amount, and finally approach eacli other again.

The rule about the approaching of the lines might also be

represented in the following manner, which would render my meaning

more precisely. If we write ^ under the following form, which

follows directly from the above

:

dp Pcfa- ^i) dlpc

-r— MRT dx .,

a^j e — 1

dpc Pc{Vj— v^) dlpc

1^ MRT Ix

dp

or putting ^-1^ -A =, and -^=^7

from which follows :

dU_ \ dk
^

^ e^—\\

df~T dl'i k~

The factor I e'' ^ I is always positive for l positive, and always

negative for k negative, and is only equal to for k = 0; and k

dpc „

equal to occurs only at the critical temperature and when— = 0.

dU dk
For all (ither values of /: can — only be equal to 0, when —- is

equal to 0. Wlien this quantity is equal to 0, there is a ma.vimum
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or a niiniimiin value for — and the variation of this quantity can
dpc

dx

reverse its sign with rising temperature. Reversely when —
-,
cannot

dT
be equal to 0, reversal of sign cannot take place in the variation

of this quantity.

p^{v,— I'l) dlp^ dk
b roni k = —TTT^Tr, T" follows as condition of —- = 0.MKl dx dT

'

p,ii\—vj

dlpc [_ MRT
d

,
Pc{i',-Vi) dHpc _ ^

NOAV Ipc = Ipy. — /

d.v dT ' MRT dTdx

,T,— T dip, dip, fdT, d'lpc / dT^

T' dx dx T dx dx dl' T' iLv

dip,, f dT,
If we put ——= —-——, in which 7', can have all possible values

dx J
J
dx

dk
troni — 00 to + GO , then —— = may also be written :

' dT -'

L MRT J_ T _
\tSEM\7T~Tir'i:
\_ MRT J T^ T r,

1

The first member of this equation is always positive, at lower

temperatures nearly equal to 0, and at the critical temperature in-

finitely great. So the second member must also be positive. Or, if

this equation is to be satisfied T^ <C T, but positive. In all the cases,

dk
therefore, in which 7, is negative, —- cannot become equal to 0,

dl

anil no reversal of sign takes therefore place in the course of

dp

dx. .— with the temperature.
dpc

dx

So the reversal of sign only occurs, when in the equation

dlp^ _ / dT,

ll^ '~T\~d^

7*1 lies between anil T,. The two extreme values give for 7\ =
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dT, dTy 1 db
the value of —— ^= 0, and for T, = 71 tlie value of ——r = — tt 7^

(7,« /^e?,i- 6 bd,v

so the well-knoun limits for mixtures for which —-^ can be equal to 0.
p,d.V

For the initial direction of the section normal to the ^;-axis, the

following equation holds :

« dfic

UT dx1 A/7'\ _ ET I.»,—.!•J _ i?7' ,., _

aiul

1 A77'\ «T i,(r_— .j;. 1 RT 1

1

1 A/T\ i?T i.tr„-.,;, I i?3'l. -:^£,

Both yield at the critical temperature of the components :

I dpc

(dT\ RT u dpc u dpc pc dm 1 1 fdpc\

TdxJ^ r R T dx r dx T dp 7 pc \ dx) ,.

pdf
According to results obtained before, we may also write

:

1
f
<iT\ _ G I dTi, 1 1 cZi

j

" T ychTJ,,
~ "~

7 1
T,dx,

'^ '^hd^y

Physics. — " The exact, numerical rallies for the properties of the

plaitpoint line on the side of the components." By Prof, van

DER Waals.

In my two previous communications, inserted in the proceedings

of this meeting, viz. I on the properties of the plaitpoint line on

the side of the components and II on the properties of the sections

of the surface of saturation on the side of the components, it has

again appeared, that the thermodynamic treatment of such problems

enables us to find a conqtlete genei'al solution — but also that if

we want to compute numerical values in special cases, the know-

ledge of the equation of state is indispensable. In some cases it will be

sufficient, if we make use of an approximate equation of state ; but

as soon as the density of tlie substance is comparable to that in the

critical state, the numerical values calculated by means of the

approximate equation of slate can deviate strongly from reality.

This is specially tlie case with quantities which either refer to the

volume, or arc in close connection with it. Thus it is known,

that already ihc ci-ilical volume of a sinqilc substance is not

20
Proceediiiga Uujul Acad. Auisteiduiu. Vol Vlll.
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c<|iial to 3A, tlie yaluo I'liriiished \)y tlie equation of state, in

wliicli h is put constant, hut tiiat this equation is found rather

nearer to '2/j. Tiiis may i)e accounted for by taking into account

tliat /) is variable and decreases witli tlie vobinie. In a mixture b

also depends on the composition. Accordingly the quantity — is an
da;

intricate expression for mixtures, and must in genei'al be distin-

fdb\
guished from —

I
^' "'^ "''^V i'l wliicli h depends on volume and

composition, was accurately known, then there would not be left

any difficulties but those of toilsome and intricate calculations. But

it is sufficiently known, that the way in which b, even for a simple

substance, depends on v, has not yet been fixed \vh\\ perfect cer-

tainty, and that in any case the knowledge of the numerical values,

which occur in given forms of b, is wanting. These considerations

led me to believe that this would be an objection to deriving theo-

retically the properties of the beginning of the plaitpoint line with perfect

certainty — and also to determining the numerical values exactly.

It has howe\er, api)cared to me that the knowledge of how b

depends on ./ and r is not rc(|uired for (his exact determination;

but that for tiiis purpose it sul'tices to know two quantities which

have been experimentally determined for the critical state of a

simple substance.

T fdp \ T dp
Let us call / the value which — —- = — lias in the criti-

p \ofJa p dl

cal conditions of the component, and x, the critical coeflicient, so that

MRT. = X (/«). .

MRT a MET
, a

From /) = ; follows = ,/ and —- =/ — 1.

V— (' v' p(v — 0) pr'

The equality of MRT^ y. pr =:/{r— b) jj, gives the value

for the critical volume, in which we have to keep in view, that

now that b is put variable with the volume, b represents the value

which this quantity has in the critical state. With /= 7 and

15 r 28 8

X ::= — we tind — =: — , whereas with a'=4 and x =:r -— we should
4 6 13 3

find the value — r= 3. For carbonic acid Keesom has found /'z=: 6,7
h

V 6,7
and X := .3,oG, from whicli would follow — = - -- = 2,134,

(' o,l4
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If in }[ET= y. pr we put tlie value of v, we tiiul

:

8
With / ^ 4 and x =: — the iat-tor ot /yiO = 8, and with/=r 7 and

15 1
>: = — this factor is found to be only sli":litlv diflerent viz. 8 —

.

4
. & .

13

For the oalcuhition of the value of b in the critical condition we
get tlierefore:

_ MRTf—K T, 1 /—

X

~
/' s*/ P'. 273 xf

'

a
If we put the value of v in the equation — = / — 1, we find:

Q

The factor of />% which with /'=r 4 and x =:— has the well known

15
value of 27, is found slightly above 27,8 with /'= 7 and x = —

.

4

If in MRT =^y. pv we substitute the values found for p and r,

we find

:

a H if— x)

l> /(/-I)

8 8
If we again put /"=:4 and x =: — , we find MRT z= ; with

3 27 h

15 a 1

;= i and x =: — the factor — is equal to -—7—; also this value dif-
4 b 3.446

8 1

fers but little from -- = -———

.

27 3.375

For the calculation of a with the critical salues of 7' and p, the

formula

:

_(MRT)\f-\

p X

holds.

/—I 27 1 3
The factor"—— is equal to — = -—— with /=: 4 andx= ^. With

y. d4 2,37 •

3

„ ,
15 96 1

/ =: , and z = , It IS agam onlv slightly different, viz. =
.

4 • ° •'
'

225 2,34

20*
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For the critical coiiditiun ^ must be 0. From this follows:

MET f db\ a

(v—iy y dvj v'

and after substitution of the values found for MET and v

dv f
db

With /"=4 and j; ^ — it follows iiaturallv that t- = 0, whereas

15
with ,/ = 7 and x = — it follows that:

db _ 45

In the same wav v^ must be in the critical state. From

tilis follows:

d-'b x(/_l)(/-x)(/-4)

8
With / ^ 4 and x =: ~ (his value is of course equal to 0. With

15
/^ 7 and x = — we tiiid :

4

d'b— b— — 0,18-17 ').

dT
Let us now proceed to calculate the value ot —— at the begi

I ax

ning of the plaitpoint line. We have the formula:

d^» \ 1 fdr

dT Kdvd.vjr MRT \dxJvT

Tdx, b's

~ d?

and have therefore to determine —
|
and I )

for the critical
\dxJoT yd.vdvjj'

condition, but on the supposition that i varies with the volume and that

d'b
1) This higli value o( - b 3— supports the hypothesis that b, in its dependence

vv

on the vohune, lias a more intricate form than is represented by a series of ascending

powerjweis of I
—— 1.
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— has dill'ereiit values depeiKliui; on tliu \aiia(ioiis of the \olunie.

Non-

(a.-

MRT ^
^d.i-J„ (la 1 _ oil da MRT rdl,

^dxJcT {v— l>y dx v^ v'^ (a dx a \^(3.i'/y (y— hf

dh
If we eail -- tiie value denoting the change of h with change of

dx

X, when we make also the volume vary in such a way that the

mixture is again in the state which may be called the critical state

of the unsplit mixture, then:

db _ (^i>\ df' fd'''\

dx \dxji. de ydxji^r

f /dv\ db f
and V, being := b —— ,

— := 7— , when / and y. are con-

stant, which is the case when tlie law of coiTcsponding states is

fulfilled. We find then:

db\ ^ A _ -^ J\ d±

dx J„ \ dv f—y.J dx

We have to know

:

db

MRT /db\ r' _MRT t-' \'' V ^v

a \Ja-), Jv^hy
~~

a Jv'-H)''
\

/—

X

\ b d

b

^1' - -I.

When we suitstitnte the values found above for jli7?7Vf' ft'id 1
db

d'v

/•— 2 1 db
we find "^—- ;

— and so:
/— I b dx

1 /dp\ _ a jl rfa /— 2 1 db

p \^xJ^.T pv^ \a dx /— 1 b dx

or

(7/ -
1 /dp\

, [ b I dlb)

p \dxJ,T \
dx ^ /-I dx

\

This value is in a high degree dependent on /.

«r , . , , ,
1 fdp\ \

dT, 1 db
\

With / = 4 we find ~\^\ =: - 3
\

/' V dxJ.T T,dx ^ 3 hdx I

With /= 7 on the other hand -
( ^ ) == — j-^^

—

- +
1' \dxJvT { T,.dx



( 2!t4 )

In tlie precediiifr cominiiiiiculiiiM 1 have concluded to the same

value from the e(|ualil\- of - and — in llic crilical circnnistances,

,,,. T,— T
and by means of the enii)iiical tbrniula— /— :=/ . For from this

forninla follows

lip,: _ dp, ,dl\

Pcdx p^diV Tdx

or

or

1 dj), _ dl\ 1 dl> , d7\

p, dx T,dx h dx Tydx

1 /dp\ _
,

I dJ\
^

1 dl>
I

But we conld arrive at tiiis equation in a much simj)ler way still.

From :

follows, when </?' is put equal to <rr,, (taking for (IT, the variation

of the critical temperature of tlie unsplit mixture)

I dp _l /'dp\ /T dp \ dTy.

p, dx p \dxJ,.T \p dTJ Tydx

and so

1 /dp\ _ 1 dp, . dT,.

p \pxJ„T p, dx ' Tydx

And this equation is not only preferable because it is shorter, but

also because it is independent of the circumstance whether the law

of corresponding states is applicable or not. The value of /' in this

derivation is that of the component.

rdp\ ^d'p^
Besides -- we have to determine the value of —

-

\dxj,.j^ \dxdvjT

For this quantity we find :

d'b da

/a>\ MRT f D/A/d/A 0^. dx

Xiixh'Jr ("—O'V di-)\dxj, ('•-/') '''

or

/d>\_2rtllJrt MRT r' / d/A/d/A MRT v' d'i 1

d'l,

In this expression only the quantity :r^^ is unknown. We deter-
•

0x0 1'

mine it from

:
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d.vj,7~ df f—x\ (hi

FiTiiu this liilluws:

d^b _ ()/> f / 1 (lb

If we substitute tlie values given aiiove for MRT, r, ( 1 — ^
V d-

, dH,
, ^ / ()> \

and — ^r- m t'le expression for ——- , we find for tlie value of
ay'

^
V^-''^'V7

1 c//> (/— 2)
the second term 2 -—;— and for the \alue of the third

b dx /
1 .lb /•—

4

term -\
'

,

b dx f

The value of I T~^r 1 '« 'lien found equal to:
\d.TavJ-f

d'p \ _ 2rt i 1 da 1 dh

01"

\d.vdvj 'j

dV\ 2a (^r.

f/7'.

and for — we lind the sim))le value ^
; so exactly the same

value as follows from the equation of slate, in which b is put

constant. This gives rise to the conjecture that this relation might

be found merely from thermo-dynamic relations independent of the

knowledge of the equation of slate, and this is indeed the case.

Let us consider the quantity
( ^ | . It is equal to in tlie ci'itical

• yovjT

state of the conijionent. Let us })ass from this homogeneous

critical phase to another in which the volume has changed with

dv, the compositign with (J,i\ and the temperature with d7\

Let us put (/7' again equal to dTy, so let us assume that the

mixture with d.a molecules of the second kind is again in an homo-

geneous critical phase, then
[
y \ is again equal to 0,

From

:
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follows, because di-:-] and I , )
are e<iiial to 0:

and from the relation :

follows

:

Tl , —

Anil from this we find again now only from thermodynamic

relations what we have derived already above.

As we found, also by means of mere thermodynamics:

dp\
, \

dTy. 1 (7p.
)

dxJrT ' \T,dx f p^dx]

we may put without making- use of the equation of state :

dT dT, fp' \ dT, 1 dp,, r

MET,— ' / /- I

/' P'
The fiictor

'- r— may be reduced to a simple form, l)ui for

MRT—-

the determination of the value of this factor it is required to know
MRT d'e a

the equation of state. It we write h> =^ -, and -— =z — 2 — ,this

MRT 2a , MRT f db\ 2a
factor becomes equal to :— and as ; — 1 — — =: —

-

follows from \t-) =0, we get :

d's db 2xif-iyMRT ^- 1 — ^
Oy' av

so with f=7 and X = — the value of this factor becomes equal
4

49
to — . Hence we have :

45

dT dT, 49 I dTy I dp, }'

Td.v, T,d.v 45 )
T,d,c 7 p,d.v

)

dp,
,

,

If we introduce the quantitv b instead ot —— , we find

;

pA.div
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'I'd,, ar
. , ,

If we f;il<L' llu" pKxliicl of - -,„, and -—- we find the value ut
'

p <l I .1(1,):

1 da ^'
'b'

^^'^

L for ilio bcj^iiiiiiiiK t)f llie |)lai(|»oiiit liii?. As botli - -— and —

—

p dx pall ax

are negative for the iiiixtiire of carlioiiic acid and oxygen, the value of

IS jtositne.

P dxj.,i

Anatomy. — "Bolk's centra in the ce.rehelhim of the mammalia".

V,y D. J. Hui.SHOFi' Pol (from the laboratory for Psychiatry

and Neurology at Amsterdam). (C!ommunicated by Prof.

C. WlNKLEU).

In his well-known researches about the cerebella of mammalia '),

Boi.K concludes: that "the Lobus anterior cerebelli does contain the

centre of coordination for the muscle-groups of the head, the Lobus

simplex the centrum of cooi'dinalion for those of tiie neck; the non-

symmetrical centre of coordination for both left and right extremity

is situated in the Jjobus medianus posterior, Avhilst each of the

Lobuli ansiformes is the seat of one of the symmetrical centra,

respectively for both right, and for both left extremities." ')
.

Within the same line of research. Van Rijnberk ') at Luciani's

laboratory in Roma, experimenting on two dogs, extirpated a portion

of the cerebellum, with liie aim of taking away the right part of the

Lobus simplex.

The secondary symptoms, which were observed during the first

days after the operation, having passed away, the animal experi-

mented upon continued shaking its head, as if it meant to say "no".

This symptom resembled very much a trouble in the coordination,

and such being indeed the case, it would have confirmed the hypo-

thesis of BoLK. Therefore it was important to determine with as

much exactness as possible, which porlion of the cerebellum had

been removed.

To this purpose the preparation, fixed in formol, was offered

1) Prof. Dr. L. Bolk. Das Cerebellum der Saugetieie. Petrus Camper, Vol III,

part. I. Amsterdam.

-) Prof. Dr. L. Bolk. Over de pliyslologisulie beteekenis van liet cerebellum. De

Erveu BouN, Haarlem. 1903.

8) G. A. VAN RiJNBERK. Tentative di loralisazioiie funzionali nel cervelelto. Arcliivio

di fisiologia. Vol. I. Fasc. V.
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for examination to Professor Winki.kr, who had the kimliicss to

leave its further elaboration to lue.

Since the sections, tliat siiould be made subsequciiliy, were to be

stained after tlie Weigert— Pal metliod, the cerebellum was immedia-

tely after its arrival in Amsterdam rclixed in Muij.ek's li(iiiid. It

was only when this had been performed that the pliotogra[)hs were

taken (tig. I and 11).

Tlie \vhite spots that are seen on the tignres, were caused by

celloidine, by means of whicli the pieces were pasted together. It

was necessary to do this, because tiie cerebellum, was received here

being cut into three pieces.

In the middle of the surface of the cerebellum we observe a cavity.

If this cavity is divided into four parts along the longitudinal axis of

the cerebellum, nearly one quarter is lying to the left of the mediaii

line, two other quarters are lying in the right median part, and another

quarter (probably the smallest one) is lying in the right lateral part.

The form of this cavity on the surface of the cerebellum, as far

as it is lying in the median portion, is nearly tiiat of a truncated

isosceles triangle having for its basis tlie paramedian line.

The greater part of this triangle (nearly thi-ee quarters) is lying

in the right half, and only one fourth in the left Iialf of the cerebellum.

What imports most now is to tlnd out to which subdivision of

the cerebellum belong the convolutions from which van Rijnberk

has extirpated this small piece.

In fig. I and II, next to the defect (fig. II sub I), our attention

is drawn immediately by a deep furrow (fig. II sul) '2a], that has

become to all probability more clearly \isible by the process of

fixation, than may have been the case during life.

The sulcus primarius is the furrow penetrating deepest to the

medullary nucleus and continuing forward till near the simis Rhom-

boidalis, causing in this way the lobus anterior and the lobus

posterior to be connected, for by tar the greater part, only by a

ridge of niedullated nerve-substance. We may therefore safely assume

that, the cerebellum having been eventually shrivelled, this sulcus,

lying between two portions so deeply divided, will become more

distinctly visible.

At first view therefore we might hold the furrow indicated sub 2a

fig. II, to be probably the sulcus primarius. Such being the case,

all that is lying before this furrow would be lobus anterior, all

that is lying behind it lobus posterior.

On examining the anterior portion, this is found to consist of two
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parks, lliat may l)o (liscriininaled willi sufficient distinctness (fig. It,

3 and 4). What we find indicated &ul) 3 is a coniform swelling,

consisting of a succession of folia, separated by sulci running in the

direction of the margo mesencephalicus.

Accordingly it does not offer any difficulty to recognise in this

portion the lobus anterior.

The case is different however for the folium behind this part

(fig. II sub 4) lying before the sulcus mejitioned sub 2a.

It would belong to the aiiterior lobe if this furrow were indeed

the sulcus primarius ; but as it is lying behind the sulcus sub 2b,

the direction of which is totally different from that of the other

sulci of the lobus anterior, the question arises whether this convolu-

tion sub 4 does indeed belong to the anterior lobe.

The direction of this gyrus is totally different from that of all

the other convolutions lying before it, because it does encompass

the basis of the coniform swelling. Whilst the convolutions in the

anterior part are ranged regularly behind one another, the convolu-

tion sub 4 does divei'ge from that arrangement, because the former

convolutions are implanted in this latter. Relying only on the diffe-

rence in direction between these convolutions, one would be inclined

to consider as the sulcus primarius rather the sulcus sub 2h than

that sub 2i/.

We see however, that the convolution sub 4, like that of the

coniform swelling, is running from the right to the left. It is unin-

terrupted and the initial direction of this curved convolution is

likewise towards the margo mesencephalicus. This — in addition

to the fact, that Bolk in his description of the cerebella of different

mammalia, likewise reckons the lower and more deviating con-

volutions to the lobus anterior — supports the opinion that the sulcus

sub 2f> is not the sulcus primarius, as we might suppose, if relying

only on the dilfcrence in direction between the convolutions sub 3

and 4.

The macroscopical description will therefore have to leave unde-

cided the question, whether the convolution sul) 4 must be reckoned

to the lobus anterior or to the lobus posterior.

Nexertheless it is of the greatest importance to delimitate exactly

to which portion of the cerebellum this convolution belongs,

because it has become evident from the figures I and II, that on

the surface it is precisely in this convolution that the greater part

of the defect is situated. The examination of sagittal sections of the

cerebellum will have to decide this question.

All that is lying behind the anterior lobe belongs to the posterior
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lobe. This posterior part, witli (lie exception of its first convolutions,

is divided into one median and two lateral portions by the sulci

pararaediani, which run parallel to the median line.

Consequently all that is lying between the two paramedian sulci

forms the median part of tlie lolnis posterior, all that is lying

to the right and to the left of them forms the lateral part of

this lobe.

In figure II sub 11 we find the sulcus intercruralis. This furrow

is lying in the middle of the lobus ansiformis, (fig. I). The convo-

lutions that start originally from the median line as crus primum
(fig. II sub 9) and bend gradually, when ari'ived in the ultimate

lateral part, to return thence as crus secundum (fig. II sub 10) to

the median part, take before reaching it anotiier bent, this time

straight backward ; to continue further as lobus paramedianus (fig.

II sub 12) parallel to the sulcus paramedianus.

In describing further the lobus posterior we will confine ourselves,

for the sake of convenience, to the left half.

Of course in fig. I and II all that is lying to the left of the

sulcus paramedianus belongs to the lateral part, and consequently

may not be reckoned to the lobus simplex, the convolutions of this

latter, according to Boi-k, continuing without any interruption from

the right to the left.

Applying this test to fig. I, we find that the extreme eiid of the

left sulcus paramedianus is stopped by a convolution indicated sub

5 fig. II.

Thence it might be concluded, that the convolutions indicated

sub 5 and 6 in fig. II, accordingly lying above the sulci paramedian!

and below the lobus anterior, form the lobus simplex.

On a closer examination of the lowest of these two gyri, i. e.

the gyrus sub 5, we find however, that to the left of the white

spot (the end of the dotted line), in the lateral part of the gyrus

therefore, a narrow furrow may still be observed, that does not

continue to the median line. According to Bolk therefore, this con-

volution does not belong to the lobus simplex, as the incomplete

furrows in this lobe, like those in the lobus anterior, ought to start

from the median line.

The cause, why the interruption of this gyrus sub 5 is not, as

usually, visible on the surface, must be sought in the fact that the

sulcus paramedianus disappears in the depth, and does not therefore

penetrate into this convolution on the surface.

The last convolution, sub 6, fulfills in every respect the conditions

claimed by Bolk for the convolutions of the lobus simplex ; as it
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lies (liret'llj holiiiid llic loliiis aiiterioi-, ;vii(l continues witiiout

interruption from llio right to the left, whilst incomplete furrows,

not starting from the median line, do not occur in it. Moreover

the convolutions forming the cms primum, lie adjacent to it and

originate in it.

This convolution sub 6 thus torniing the lobus simplex on the

surface, does not continue very far on the more lateral part, as

may be seen in the figure. It is therefore little developed.

Now if we follow to the right the course of the convolution

sub 4 fig. II, about which it is not yet decided whether it

belongs to the anterior or to the posterior lobe, we find that this

convolution loses itself in the cavity sub 1. It may be said there-

fore tiiat tiie operation has extirpated at least on the surface, a

part of the left median portion and the whole of the riglit median

portion of this gyrus.

I have stated already that the cavity broadened to the right, and

attained its largest breadth in the prolongation of the sulcus para-

medianus. By the photograph sub I it becomes evident, that in this

place the lesion extends over the convolutions lying before and behind.

A convolution of the lobus anterior lying before the convolution

sub 4, and a con\olution of the lobus simplex behind it, we may

therefore assume, in as much as it is allowed to draw conclusions

from the macroscopical aspect, that in the right median i)art at

least one convolution of the lobus anterior and one of the lobus

simplex have been injured. It must remain undecided whether the

principal defect, situated in the convolution sub 4 fig. II, ought to

be reckoned to the lobus anterior or to the lobus simplex.

It was on purpose I did not hitherto say anything about the

macroscopical deviations in tiie right lateral portion, because, as was

stated before, the whole of it was divided from the left portion of

the cerebellum and having been thrivelled in the course of the

elaboration, it no longer fitted exactly unto the median part, as

may distinctly be seen in fig. I and II.

In order therefore to avoid eventual errors I neglect the macros-

copical description of the lateral portion of the posterior lobe.

Tins omission does not involve unsurmountable difficulties, because

the description of the sagittal sections remains still to be given, and

by means of these latter we shall have to find out which portions

have lieen destroyed and \\Iiich have been left intact.

The cerebellum having been fixed for some time at the laboratory in

Ml'llf,u's liquid it was inclosed in celloidine and cut in serial sections.
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Pliotograpli III has been tnken of a section on tlie left border of

the defect, i.e. on the spot where the lesion begins on the left.

Photograph IV has been taken of a section from the right median

part, directl}- adjacent to the median bne.

Photograph V represents a section from tlie middle of the median

portion.

Photograph VI represents a section very close to the prolongation

of the sulcus paramedianus dexter, but still within the median portion.

Photograph VIII represents a section from the left lateral, being

the un-injured portion. It corresponds with (he place in the right

lateral part, represented by photograph VII.

If, by the aid of photograph III, we try to delimitate the exact

situation, especially of the different convolutions around the sulcus

primarius, it does not present any great difficulty to know which

is the lobus anterior and which the lobus posterior.

The furrow, lying opposite the sinus Rhomboidales (R.), is the

sulcus primarius (s. p.). All that is lying before this sulcus, to the

left of it in fig. Ill, belongs to the lobus anterior, all that is

lying behind it, to tlie righl in the figure, belongs to the lobus

posterior.

The strongly developed anterior lobe is divided into four lower

lobules, which I have indicated sub 1, 2, 3 and 4, conform to

Bolk's description.

Accordingly these numbers correspond with the lobes, designated

in the human cerebellum as Lingula, Lobus centralis and Culmen.

For the posterior lobe 1 likewise followed Bolk's division, and

accordingly designated tlie folia iiy a, h, c and d; a corresponding

Avith Nodulus, b with Uvula, c with Pyramis and (/ with Tuber

vermis. Folium cacuminis and Declive. This latter would be the

Lobus simplex.

The rationality of Bolk's division is demonstrated clearly by this

preparation, as the medullary rays of the folia are all of them

separately implanted in the medullary nucleus.

The sinus Rhomboidales, the roof of the fourth ventricle, is desig-

nated sub R. Opposite to it, accordingly in the figure straight above

it, and separated from it only by the medullary nucleus, we find

the sulcus primarius (s. p.).

As we stated before, it could not be decided with any certainty

from the niacroscopial description whether the sulcus primarius was to

be sought for sub 2a or sub 2b (fig. II), and consequently the

situation of the defect could not be precisely defined ; it is therefore

necessary to determine with tiic utmost exactness in their mutual
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relation tlie respcclive sitiialions of tlie sulcus priniarius, the adjacent

gyri and the lesion.

To (his purpose I have designated in tig. Ill sub a and sub ^ the

(wo convolutions lying next to (he sulcus primarius on the surface.

Looking ad a, which represents the first convolution of (lie lobus

posterior on the surface, we find that it consists of a secondary'

radius niedullaris ending in a bifurcation on the surface. Such not

being the case with the adjacent secondary medullary rays of c,,

this convolution may be likewise easily recognized in the next figures.

The same thing may be said for /?, \Nliich represents the most

posterior convolution of the lobus anterior on (he surface. For we
observe that (he medullary ray of (he lobule W. 4 divides itself

into two portions : the posterior one /? being (he prolongation of tlie

thick primary radius niedullaris and therefore easily recognised.

In photograph III, representing, as may be remembered, a section

taken from the place where to the left (he lesion begins, we see

clearly that not the entire convolution /? has been destroyed, but

mainly that portion of it that is lying next to the sulcus primarius.

The convolution of (he lobus poslerior, lying behind it, has not

been injured at all, its surface, on the spot where tliis convolution

bends inward towards the sulcus primarius being distinctly visible.

This spot («) lieing of importance in order to determine whether

the lobus posterior, in case the lobus simplex, has been injured,

I have designated it likewise on the other photographs (IV, V and VI).

Anticipating for a moment on the subsequent description of these

])liotograplis, I may state that (hey show clearly that this spot on

the surface, where the convolution [)ends inward, presents nowhere

any trace of lesion.

The direct conclusion to he derived from this fdct is that the lobus

simplex has not been injured at its surface.

As to the convolution /? however matters stand differently.

In fig. Ill already we may see that from 4, representing the pos-

terior folium of the lobus anterior, the posterior secondary convo-

lution /3 in the upper part has been almost entirely destroyed. Only

a small jiiece of its most anterior portion remains.

In the direction of the medullary nucleus the lesion extends only

over the upper third part of the sulcus primarius.

The secondary radius medullaris is still distinctl.y visible at the

spot where it is united (o (he anterior convolution.

Surveying (he successive aspects of the lesion in the figures IV,

V' and VI, wc find that in IV a veiy small remnant of the convo-

lution sub () sliil subsists, whilst the secondary radius medul-
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laris has been ml oil" almost up to the place of bifurcation of the

primaiT radius.

The lesion itself penelralos inward, a little into liie medullary

nucleus, moreo\er the secondary and tertiary lobules, lying adjacent

to the sulcus primarius, are for the gi'eater part, if not wholly,

destroyed.

This becomes still more evident from the fig. V and VI, where

all that belongs to the convolution (>, has been destroyed. The

lesion itself penetrates still deeper, in tig. V it has nearly cleft the

radius mednllaris, in fig. VI it has done so entirely.

We may therefore conclude : that in the median portion, more

especiallij in its right half, the posterior Johule of the lohus anterior

has been seriously injured, that even nearly die whole of it has been

remolded.

I stated already, that from the anterior portion of the lobns

posterior, i. e. the lobus simplex, nothing has been destroyed on the

surface, as the place where it bends inward sub «, remains visible

on all sections in fig. Ill, IV, V and VI. Deeper however, the case

becomes different.

In fig. IV Ave observe that all secondary lobules, lying adjacent

to the sulcus primarius in the depth, have been completely destroyed.

In fig. V there has been removed still more, nearly the whole of

the secondary radius medullaris having been extirpated. In fig. VI

it is entirely destroyed, whilst moreover the primary radius medul-

laris of the small lobe c, has been completely divided from the

medullary nucleus.

We may thence conclude that, though the lobus simplex in its

median portion is not injured at its surface, on the contrary in the

depth, in the portion adjacent to the sidcus primarius, it has been

entirely destroyed, even those convolutions that remained intact on

the surface in the paramedian area {figure III sub a) having been

divided from the primary radiits medullaris.

Considering next the lateral portion, fig. VIII enables us to survey

the situation and the division of the folia under ordinary circum-

stances. The sulcus primarius (s. p.) still subsists, as the convolution

sub 4 fig. II, the last convolution of the lobus anterior, is removed
considerably sideways. All that lies before this sulcus, accor-

dingly to the left in fig VIII, belongs to the lobus anterior. Con-
sequently the small lobe sub 1 is the last folium of this lobe. All

that lies behind I he sulcus primarius, thus belongs again to the

lobus simplex sub 2.

Considering next fig. VII, it is shown thereby that on both sides

21
Proceedings Royal Acad. Amsterdam. Vol. VIII.
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of tlie .siilfiis prinmrius the secoiidarv lobules have been all destroj'ed,

anil moreover iVoni the l()l)iis anterior even nearly the whole of the

radins nicdnllariw.

Accordingly we find for the lateral portion the same result as

for the median right half, i. e. that besides the greater part of the

lohiis simplex, also a, part of the lohiis anterior has been destroyed.

Originally we intended not only to find out by means of the

sections, which portion of the cerebellum had been taken away by

Van RiJNBKRK, l)ut likewise to demonstrate the microscopical changes

subsequent to the lesion. To this purpose we used the Weigert-Pal

method of staining.

Unfoi'tunately however, on microscopical examination, it was shown

that nearly tlie whole mass of medulla had taken a granular aspect.

It was therefoi'e impossible to study the nerve-fibres, and any secon-

dary degeneration they might have suffered with the method of

Wekjeut-Pai,, and for MAHcni-preparation the cerebellum pro\'ed unfit.

Nevertheless one fact remains worthy of attention: in the part of

fig. A'l, designated sub a, accordingly in that portion, separated by the

operation from the central medullaris originating in it, the radius

medullaris not only is stained black as distinctly as the other secondary

medullary rays, but moreover the Purkinje corpuscles and their

ramilications in this portion (stained by means of osmium acid),

do not present any changes worth mentioning, if compared to those

of the other, un-injured lobules.

S U M M A R Y.

A. According to Bolk's theory, the Lobus simplex is the seat of

an uusymmetrical centrum of coordination for the muscle-groups of

the neck.

B. Operating on a dog, van Rijnbeek extirpated a part of the

cerebellum, about the Lobus simplex. In consequence of this opera-

tion, its secondary symptoms having passed away, the animal retained

a continual moveuient of the head as if it meant to say "no".

(J. Investigations at the laboratory in Amsterdam taught us that

the operation had destroyed :

a. in the left median part, next to the median line, a small

superficial portion of the last gyrus of the Lobus anterior;

b. between the median line and the paramedian line to the

right

;

1^'. nearly the whole of the last gyrus of the Lobus anterior;

2°'^'. nothing from the Lobus simplex at its surface
;
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S"^ , nearl}' the whole of llie Lobus simplex in tliedeptii,

wiiilst, towards the paramedian line, likewise those por-

tions of gyri, which remained intact on the surface, have

been divided from the primary radius mediillaris.

In the part, situated to the right of tlie paramedian line,

as far as the lesion extends
;

1*'. nearly the whole of the posterior folium of the Lobus

anterior

;

2"'^ the greater part of the Lobus simplex,

Physiology. — "The designs on the skin of the vertebrates, considered

in their connection vnth the theory of segv^entation." By

Dr. G. VAN RiJNBERK. (Commuuicated by Prof. C. Winkler).

That there exists some connection between the distribution of

pigments in the skin and its segmental innervation will be evident

to any one who has made some investigations into the questions

concerning the tlieory of segmentation. Different autliors have made

numerous unconnected researches about this subject. Sherrington ')

has pointed out that the stripes of the zebra are ranged in segments

on neck and trunk ; whilst he identities the cross-stripe over the

shoulders of the ass with its dorsal axis-line for the anterior extremity.

Winkler '') has drawn attention to the fact that deep-coloured rabbits

often show white spots, presenting a marked conformity in distri-

bution and extension with the analgetic areas that are produced

when one or two of the posterior roots of the spinal nerves have

been cut through. It may therefore readily be assumed that these

white spots find their origin in the fact that either one or several

segments lack the faculty of producing pigment. Allen *) has

demonstrated that certain series of spots on the skin of the squirrel

correspond with the points of entrance into the hypodermis of series

of skinbranches of the intercostal and other homologous nerves. Two

1) G. S. Sherrington, Experiments in examination of the peripheral distribution

of the fibres of the posterior roots of some spinal nerves. Philosoph. Transactions

of the Royal Society. London, vol. 184 B. p. 757.

-; G. WiNKLER, Ueber die Rumpfdermatome. Monatschrift fiir Psycliialrie und

Neurologie. Bd. XIII, 1903, h. 3, S. 173.

^) H. Allen, The distribution of the colour-marks of the mammalia. Proceedings

of the Academy of Nat. Sciences of Philadelphia, 1888, p. 84 et seq. — See also,

Science. 1887.

21*
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years ago 1 niyselP) collet-tod some data, by means of which

1 endeavoured to justify the hypothesis, that in two species of sharks

{Sci/Iliuin Catulus and Sc. Canicula) the deep-cohjured transversal

stripes correspond alternately with groups of fi\e and of three

segments, producing more pigment tlian tiie otiier segments.

My present endeavour will be to demonstrate some systematical

views concerning the colourmarks on the skin of the vertebrates

(^birds excepted), on tiie basis of the rather extensive and detailed

knowledge we possess about the segmental innervation of the skin.

To that purpose the tirst thing to be done is to define as clearly

as possible the object of my investigations. In every animal the

so-called "design" in its widest acceptation, originates in the con-

trasting effect of at least two colours or tints. Generally the next

proceeding is to select one of these colours, that is then regarded

as the "design" in a narrower sense, whilst the other colour is

called the prime-colour. This choice is principally determined by

esthetic motives : its criterion being either the difference in extension, —
the less extensive colour being then taken for the design — , or

else the difference in tint, the lightest tint being then regarded as

tiie prime-colour. The irrationality of this method is evident, as has

already been pointed out partially by J. Zenneck ") a disciple of

EiMER. For wlien comparing together a few cartoons of equal size,

on which are designed respectively : a small black figure with a

large white margin, a small white figure with a large black margin,

a large black figure with a narrow wdiite margin and a large white

figure with a narrow black margin, — noliody will think in

either of these cases of taking the margin for the design: the figure

remains the figure, whether it be large or small, black or wJiite.

Consequently it is neither by its tint, nor by its extension tliat the

"design" ought to be distinguished, but only and exdusivcl^y by its

significance. Applying this test to the distribution of colourmarks

on the skin of animals (the design in its widest acceptation) we will

accordingly have to determine at the outset in each case, which

biological, morphological and physiological significance must be

ascribed to the different portions of the design.

Their biological significance mav be neglected here; necessarily the

1) G. VAN RuNBERK, Beobachtiiiigcu iiber die Pigmentation der Haul von Scyllium

Catulus und Canicula und ihre Zuordnung zu der segmentalen Hautinnervation

diesei- Thiere. — Petrus Camper, Vol. Ill, 1904, part. 1, p. 137—173.

-) J. Zenneck, Die Zeichnung der Boiden. Zeitschrift f. Wissonschaftliclie Zoologie,

Ed. 64, 1896, h. 1, u. 2, S. 234.
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foremost condition to obtain correct notions concerning the pigmen-

tation of the skin is to nnderstand properly the morphological

framework whereon the design is fonnded, and the manner in

which it is phj'siologically determined. In endeavouring to elucidate

these questions, it becomes evident that the simple distinction between

''design" in a narrower sense and "prime-colour", is not sufficient

for a rational description of the manifold pigmentations of the skin.

According to mj opinion, wo ought at least to distinguish three

elements, constitutijig in theii' complete or partial combination the

"design" in its widest acceplalion. In order to obtain a proper

distinction between these three elements, it is necessary to introduce

a quantitati\e criterion into the problem. Besides the respective plus

and minus in (lie pigmentation, we shall therefore have to make still

another distinction, by opposing to the prime-colour respectively an

excedent and a defect contrast in the production of pigment.

A few instances may suffice to elucidate this. In a white dog

with black ears black represents the contrasting colour just as white

does in a black horse with a white mark on its forehead. But in

the first case it may be called an excedent contrast, in the second

case a defect contrast. In an animal where the prevailing colour is

brown show-ing botli black and white marks, we find combined the

three elements that ought to be distinguished : the brown prime-

colour, the excedent and the defect-contrasts. Starting from these

simple instances, we shall be able to compose a complete terminology,

by means of which the most important elements of the pigmentation

of the skin may be defined with tolerable exactness as to their shape,

extension and distribution. For instance the white mark on the fore-

head of the black horse we Avill call an isolated defect contrast.

Thus the dark stripes on neck and trunk of the zebra may be called

regular serial diagonal excedent contrasts, whilst the stripes on Galidictis

are regular serial longitudinal excedent contrasts. The morphological

and physiological basis for distinguishing between excedent and
defect-contrast, consists in the following points

:

1. In a large series of cases excedent-contrasts are found in such

places where the innervation of the skin is likewise strongest, whilst

on the contrary defect-contrasts are found in such places where this

innervation is feeblest. 2. We may observe that the excedent-contrasts

often correspond as to their shape and distribution with the carica-

tures of the dermatoma '), whilst the defect contrasts often correspond

1) C. Winkler and G. van Runberk, Structure and function of ttie trunk-derma-

toma HI. These Proc. IV, p. .")09. Verslagen der Kon. Akademle v. Wetenschappen,
22 Febr. 1902.
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Willi the analgetic areas called into existence by the destruction of

sensibility in one or more segments.

A few instances may serve to illustrate this. The sensibility of

the skin under normal circumstances is strongest within a system

of lines and zones, corresponding with the average limits of the

dermatoma (of more precise limits we cannot speak because of the

overlapses). This has been proved clinically for man by Langelaan '),

experimentally for the dog by Winkler ') and myself. Now if we
observe the dark stripes of the zebra, we find that beyond any

doubt these stripes, at least on neck and trunk, show a marked

accordance in their distribution and direction with the average limits

of the dermatoma, as these latter may tie imagined to be, relying

on the data procured by Peyer '), Sherrington *), Tijrck '-), Winkler °)

and myself respectively for the rabbit, the monkey and the dog.

Their number corresponds nearly witii that of the segments of

neck and trunk; on the neck and on the trunk they are somewhat

wider apart than at the points of insertion of the extremities, this

being in perfect accordance with the fact demonstrated b3' Winkler

and myself tliat at those points the ranks of the dermatoma are more

thickly set. The distribution of the stripes on the extremities is not

so easily explained. On superficial view they resemble rings,

running around tiie extremit}'. In reality however each of these rings

consists of two symmetrical semicircles, passing by pairs into one

another by a definite angle on the outside and on the inside of the

extremity. Connecting together the different points at which the semi-

circles meet, we obtain two lines corresponding with the dorsal and the

ventral axis-lines of the extremity. The direction in which the stripes

run (in a caudal direction fi-om the axis-lines), corresponds with

1) J. W. Langelaan, On the ileterminatlon of sensory spinal skinfields in healthy

Individuals. These Proc. Ill, p. 251.

-) See note 1 on the preceding page.

3) J. Peyer, Ueber die peripheren Endigungen der motorischen and sensibelen

Fasern des Plexus bracchialis. Zeitschrilt f. rat. Medizin. N. 7, Bd. IV, 1854, S. 52.

*) G. S. Sherkington, loco citato, and : Idem II Ibidem vol. 190, B. 18V38, p. 45— 18G.

^) L. TiJRCK, Vorliiufige Ergebnisse von Experimental Untersuchungen zur Ermit-

telung der Hautsensibilitatsbezirke der cinzelnen Riickenmarksnervenpaare. Sit-

zungsber. der K. K. Akad. der Wissensch. zu Wien 1856, and: Die Hautsensibili-

tatsbezirke der eLnzelne Riickenmarksnervenpaare. Aus dem literarischen Nachlasse

von well. Prof. Dr. L. Turck zusammengestellt von Prof. Dr. C. Wedl. Denk-

schriflen der Math. Naturw. Glasse der K. Akad. der Wissensch. zu Wien. Bd

XXIX, 18G9.

") G. Winkler and G. van Runberk, On function and structure of the trunk-

dermatoma 1. These Proc. Vol. IV, p. 266; II. 1. c. p. 308: III. 1. c. p. 509; IV.

1. c. Vol. VI, p. 347.
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that followed by the limitliiies of the segments of the skin. The

number of the stripes, however, is greater than that of the segments

can possibly be. But for this difficulty too a solution can be found.

On considering the curve of sensibility of a normal trunk-skin, as it

has been constructed by Winkler and myself on tlie basis of our

experiments, we find that at tlie dorsal median line, where the

central areas overlap one another on an average for one third and the

dermatomata for one half, a top of the curve i. e. a zone of

summation corresponds with every average limit-line between two

dermatomata. If now the overlapses amount to more tlian one half,

as they do on tlie extremities, tlie curve of sensibility will be uiucli

more complicated and the zones of summation therefore more nume-

rous. Accordingly the dark stripes on the extremities correspond

likewise with the average lines of demarcation of the dermatomata.

In the zebra the excedent of pigment apparently is distributed in

accordance with the scheme of the intersegmental zones of summation,

and the design resulting from this distribution may therefore be

defined as consisting of intersegmental excedent-contrasts. Although

this instance may not be entirely isolated, still it is a rather rare

one. In many other cases we find that the excedent of pigment is

not distributed in accordance with the uniform scheme of inter-

segmental demarcation, but arbitrarily accumulated in certain

points or portions of the segments themselves. A large number of

white domestic animals for instance present black spots, showing a

marked similitude in their shape, distribution and extension with the

figures, denominated by Winkler caricatures of the dermatomata.

The way in which the pigment is distributed, offers even an indication

of that peculiar significance which the point of entrance of the skin-

nerve apparently possesses for the innervation (maximum and

ultimum moriens of the central areas, of the dermatomata and of the

sensible skin-areas in general')). Thus the series of black dots in many
species of sharks, amphibians, serpents and saurias, apparently corre-

spond nearly with the serial ranging of the points of entrance of the

dorsal and lateral nerve branches.

We Avill now turn to the defect contrasts. In deepcoloured speci-

mina of our domestic animals white-tipped ears or tail, a white belly,

or a white mark in the frontal median line of the head, or else

white toes, are frequently to be met with. It needs not being demon-

^) On function and etc. These Proc. Vol. VI, p. 3i7. G. van Rijnberk: On the

fact of sensible skin areas dying away in u centripetal direction. Those Proc,

Vol. Vf, p. 346.
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strated that such marks represent either absolute or relative eccentrical

areas. Consequently I consider these marks to be eccentrical defect-

contrasts. The Avhite marks in rabbits, to which attention has been

drawn by Winkler, are of a veiy difl'erent nature, being expressions

of segmental variability ; in the series of equivalent segments, pro-

ducing pigment, one or two have lost tliis faculty ; thence results

the defect, corresponding in shape, distribution and extension Avith

the segmental analgetic areas. A further instance may be forwarded

by the so-called Lakenveld cows, whose white "cloth-covering" around

the trunk corresponds evidently with a series of pigment-less seg-

ments, which have become hereditary l)y artificial selection in breeding.

The above-mentioned white feet may be reckoned likewise to these

instances. In black dogs, horses or rabbits, white forefeet and a white

mark on the breast are frequently to be met with. Evidently these

mean something more than a simple eccentrical defect. It cannot be

doubted that such cases represent phenomena of segmental omission.

It is known by the experiments of Winkler ') and myself that

the most eccentric skin-segments of the fore-feet (7''^ and »'*' cerxical

roots), consist only of the lateral portiojis of the dermatoma, the

dorsal parts having entirely vanisiied whilst the ventral parts are

lying exceedingly reduced at the ventral median line nesxr the manubrium

sterni. Accordingly this relation corresponds perfectly with that of

the above described defect areas. For this reason I consider these

latter ones to be segmental defect contrasts ; they are the expression

of a segmental defect-varibility in the 7''' and 8'^ cervical segment.

Analogous cases are not rarely found. Frequently the white areas

are so extensive that eventually a defect of the h^^ and 6''' cervical

segment may be assumed besides that of the 7'''i and 8'''
. Analogous

relations exist in the posterior extremity, though we know less about

its segmental innervation.

I cannot possibly in these pages enter into more minute details

concerning the question of the segmental distribution of the colour

marks in the skin. An extensive essay on this subject is shortly to

be published. The preceding explanations will however be of sufficient

aid to form a judgment concerning my fundamental views and to

understand the conclusions, stated in the following summary. Doubtless

these conclusions may have some importance for clinical work,

because they prove beyond any doubt the great signiticance of the

segmental innervation for the trophic condition of the skin, and add

') G. Winkler and G. van Rijnberk, Something concerning the growth of the

fireas of the Irunkderraatoma on the caiulal portion of the upper extremity. These

Proc. VI, p. 392.



( 313 )

a new support lo the prob;vl)ilil_v of the hvpotliesis that a segmental

basis lies at the root of many pathological states, as nnevus

pigmentosus etc.

CONCLUSION'S.

1. The distribution of the pigmentation on the skin of vertebrated

animals is in a large series of cases the expression of peculiar rela-

tions in the segmental innervation of the skin.

2. In the "skin-design" taken in its widest acceptation, three

elements ought to be distinguished : the prime-colour, the cxcedent-

contrast and the defect-contrast.

3. In animals, whose skill is nearly wholly of one colour, (he

excedent-contrast may be zonal (dorsal) or isolated.

An isolated contrast frequently corresponds:

for the head

a. with a definite central nerve-area: (the excedent-contrast in

the xV. trlgemiims), or else with definite portions of these areas (Point

of entrance of the nerve in the hypodermis; the excedent-contrast

ex mtroitu; the supraorbital mark).

for the I'emainder of the body :

b. with definite isolated skin-segments, more pigmented than the

other segments, or with definite sub-divisions of these segments

(caricatures of the dermatoma; segmental excedent variability; seg-

mental excedent contrast).

c. with zones of intersegmental summation (intersegmental excedent

contrast; the cross on the back of the ass).

4. The defect contrast in animals that are nearly wholly of one

colour may appear as a lack of this colour either zonal (ventral) or

isolated. The isolated defect contrast frequently corresponds with

:

a. definite nerve-areas, being situated very eccentrical, either in

absolute or in relative sense. (Tip of the (ail, tips of the ears, ventral

median line, frontal median line of the head, toes; they are all

specimina of eccentrical defect-contrasts).

b. with definite non-pigmented skin-segments (phenomena of seg-

mental-omission, segmental defect variability, segmental defect-contrasts).

5. Eimer's type of the transversally striped animals ought to be

divided into two sub-divisions

:

a. animals with broad, dark transversal stripes, which are less

numerous than the segments of the body (fishes, sauria's, serpents).

These broad transversal stripes correspond probably with groups of

strongly pigmented segments, alternating with other groups that are
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less pigmciilcd. (A ti'aiisvcrsal serially raiij^ed segmental excedeiit

coiilrasl).

I>. animals with iiaifow dark ti-ansvcrsal sti'ipes, more numerous

Uian iJie segmculs of tlie body (mammalia, e.g. zebra's). These stripes

correspond with zones of intersegmental summation. (A transversal

serially ranged intersegmenlal excedent contrast).

(i. EiMEii's type of the animals with longitudinal stripes includes

:

(I. fishes, in whicii the dark longitudinal stripes, or else the dark

dots and spots ranged iji long rows, correspond apparently with the

points of entrance into the liypodermis of the skin-branches of the

peripherical nerves. (An excedent contrast ex itdroitii).

h. amphibians and reptiles. Probably the precedent hy])otliesis holds

likewise for these.

c. mammalia. In the vivcrridac the longitudinal stripes apparently

ha\c been |)roduccil by the confluence of row^s of spots, which were

originally distributed interscgmentally. (Pseudo-longitudinal stripes).

7. EiMEii's spotted type in the mammalia includes:

a. Irregular spotting. This is caused by segmental excedent and

defect-variabi 1 i ty

.

1). Uniform dotting. We may imagine this to have been produced

by the fragmenting of stripes, that occur un-interrupted in kindred

species of animals (leopards).

Meteorology. — "On /reqiieiicy curves of 'meteorological elements."

Bij Dr. J. P. Van der Stok.

1. The application of the theory of probability to the results of

meteorological investigations has hitherto been more Hunted than the

nature of the data would lead us to expect.

It is not difficult to indicate the reason for this fact. Nearly all

a])plicalions of the theory of errors to physical and astronomical

problems are induced l)y the desire to determine a quantity with the

greatest attainable precision ; the remaining uncertainty affords a

criterion for the value of the different methods employed and leads

to experimental improvemeuts, by means of which the errors, or

departures from the average value, may be minimized.

These reasons for the application of the theory of errors fail in

meteorology: for the greater part of meteorological quantities and

climatological regions it is impossible to calculate average \'alues

within a reasonable time and with a moderate degree of precision

and, if this were at all possible (e.g. for tropical stations), an increase



( :^15 )

of precision would scarcely afford any ad\antage as we are unable

to reduce the deviations by improving the observations. Moreover

the knowledge of the most probable value is of minor importance

as the frequency curves in general are very flat and we cannot

attach the common idea of errors to the deviations which, after all,

are more characteristic of meteorological conditions than absolute

values.

Meteorological constants in the true sense of the word and to

which the methods and terminology of the theory of errors are

applicable, are nearly exclusively Focrier constants, obtained by the

analysis of periodical phenomena such as daily and annual variations,

and to these it is certainly desirable to apply the criterion of the

theory of erroi-s more extensively than has hitherto been the case:

the theory of errors in a plane can be immediately and advantage-

ously used to get a clear understanding of the value of the results

obtained.

If however we abandon this basis of the theory of errors and proceed

upon the lines which have of late been followed by the sociological

and biological sciences, the matter appears in a different light; in

these sciences the principal objec^t to be obtained is not so much the

mean value as the occurrence of deviations, or rather the nature of

the frequency curves.

Monthly means e.g. of barometric heights may be identical for

January and July as far as the absolute values are concerned, but

we may confidently expect the frequency curves for tliese months

to bear a totally different character. It is also extremely probable

that the frequency curves will show a considerable difference for

places in different latitudes or differently situated in relation to the

main tracks of depressions.

The constants which occur in the analytical expressions for these

curves may then be considered as characteristics of the climate and,

as in meteorology we possess more data than in most other branches

of science, a more thorough study of details is possible.

The principal questions are:

a. In how far are monthly means in accordance with the common
law of probability.

b. What is the form of the frequency curves constructed from

daily means or from observations made at fixed hours in as far as

these curves may be considered symmetrical.

c. An investigation of the skewness of these curves.

In this communication only the lirst of these problems will be

considered.
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2. The material cliosen for tliis inqnirj' consists of:

1*^ montlily means of barometric pressure at Helder, calculated

for the 60 years period Aug. 1843 to July 1902, the total number

being 720.

2"''. monthly means of barometric pressure at Batavia for 37 years,

1866-1902, altogether 444 data.

3"'. monthly means of atmospheric temperature for the whole of

France duriug the 50 years period 1851—1900, altogether 600 data.

Up to 1873 the da(a for Helder have been taken from a meteor-

ological journal kej)t by Mr. Van der Sterr and, after his death,

from the annals issued by the K. Met. Instituut.

A Newman standard-barometer at Helder, which is known to have

been in use as early as 1851, has recently been tested and does

not show any appreciable errors, so that it may safely be assumed

that also the records of the station-barometer are sufficiently accurate

for our purpose.

The monthly means for Batavia have been taken from the returns

published by the K. Magn. en Met. Observ., and those for France

from Angot's "Etudes sur le climat de la France, Temperature,"

published in the Ann. du Bureau Central Meteor, de France, Annee,

1900, I. Memoires, Paris, 1902, p. 34—118.

Table I gives the results of the calculations for Helder.

Let e be the deviations of the individual data from the cor-

responding general average value and n the number of data available,

then

:

-l/SM = I / ——-
, mean deviation,

{h =: — , average deviation,
71

1

M[/2
h = —

. factor of steadiness,

h' =:
, idem.

A =: number of years required to obtain a general mean value

with a probable error of ± 0.1 mm. for the barometric height and

of ± OM C. for the atmospheric temperature.

This number, calculated from the formula:

0.6745 M
^

0.1

is given instead of the probable error of the result with a view of

showing how diflicult, if not how impossible, it is to fix normal
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values of meteorological elements, at least in high latitudes. The

application of this formula is justified by the consideration that

monthly means for a given month may, as far as our actual knowledge

goes, be regarded as independent of each other, whereas e.g. daily

means are certainly not so.

If the deviations are distributed according to the normal, exponential

law

:

-Le-l>'^'d.v (1)

the quantity h' must be equal to k. Another criterion to ascertain

whether the distribution of deviations is regulated by the normal

law, as advocated by Cornu '), is obtained by calculating ji by means

of the formula :

jt= (2)

it is equivalent to the criterion previously mentioned as it holds

only when h = h'.

The quantities M and h may be regarded as a measure of the

TABLE I. Monthly means of barometric height, Helder.
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variability and steadiness of the climate from year to year in so

far as this is determined by the oscillation of the atmospheric pres-

sure. By analogy to the secular variation of the elements of terrestrial

magnetism this instability might also be called secular variability.

Assuming this criterion to be correct, it appears from Table I

that there is every reason to suppose that at Helder tiie deviations

follow the normal law, the average value of :t not differing more

than 1.8 Vo from the real value.

On comparing the climate at Helder, which is highly variable

from year to year, with the climate at Batavia (in so far as in this

case also the variability of atmospheric pressure may be taken as a

measure), we find totally different conditions.

A period of about ten years for the Eastmonsoon, and of twenty

years for the Westmonsoon months is already suf!icient to obtain

total monthly means of the barometric height with a prol)able error

of ± 0.1 mm. and for the dvy months the available series of

37 years is quite sufficient to obtain a degree of certitude twice as

great.

TABLE II. Monthly means of barometric height, Batavia.

Af

January. •

February..

March . . . .

April

May

June

July

August . .

.

September

October. .

.

November.

December.

Mean . .

.

0.84 mm,

0.75

0.03

0.42

0.44

40

0.44

0.47

0.44

0.51

0.65

O.Cl

0,71 mm,

0.6'i

0.52

0,36

0.32

0.28

0.34

0.33

0,35

41

0.53

0.49

845

0,938

i.115

1.701

1.603

1.779

i 604

1.492

1.598

1 375

1.088

1.166

0.792

0.917

1.085

1.581

1.751

1.990

l.GiO

1.689

1.606

1,370

1.063

1.155

2.759

3.004

2.974

2.715

3.752

3.931

3.282

4.028

3.173

3.118

2.999

3,086

3.235

The application of tiie criterion as to wlietlier the deviations follow
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the normal law leads to a tar less satisfactory result for this place

than for Hekler. The two values h and h of the factor of steadiness

show considerable and sj-stematic discrepancies, the calculated values

of -T for May to August being collectively too great, and those for

the other months too small. Although the total mean, 3.235, does

not differ more than 3 7o fi'om the real value, these differences

amount to + 15.7 Vn in the five dry months and to — 6.5 °/„

in the seven months of the wet season.

Here, therefore, the secular variability cannot be regarded as a

purel}' accidental quantity unless another law, more complicated

than the normal one, applies and which is in some degree dependent

upon the monsoons. This might be the case if the atmospheric pressure

were dependent (and in a different manner in different seasons) upon

another factor, for instance the temperature, the variability of which

might still be according to the law of accidental quantities.

Similar systematic differences, varying with the season, between the

calculated and tiie real value of Jt are not apparent in the results

of the calculations for the atmospheric temperature in France, and

the general average value of jt does not differ from the real value more

than 0.13 7„.

TABLE III. Monthly means of atmospheric temperature, France.
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In Iho paper ali-carly quoted, Mr. Angot assumed that tlio deviations

do not sliow wystematic differences in different montlis, and he sub-

jects tiie deviations taken conjointly to the criterion of the law of errors.

This assumption is not justified by the results given in Table III,

from which it is evident that the values of h are subject to consider-

able and systematic variations and, if a satisfactory agreement

is still found between theorj^ and observation, this can only be

accounted for by the fact that the probability of the occurrence of

deviations between fixed limits is expressed in a number of decimals

too restricted to indicate tlie differences ^vhich, as for Helder and

Batavia, must here exist between theory and practice.

No more can it be affirmed that, if a satisfiictory accordance exists

between the calculated and the observed number of deviations

between given limits, the average value will also be the most

probable one. In applying this criterion, as well as in calculating

// and sr, a possible (and probable) skewness of the frequency curve

is not taken into account because, by treating the deviations without

regard to their sign, sj'mmetry with respect to the ordinate of the

centre of gravity of the figure is tacitly assumed.

As the number of years over which the observations extend is

still far too small to allow frequency curves to be drawn for each

month separately, it is si ill worth while to consider the deviations

collectively, provided that at the same lime the question be put,

what form the law of devialions will assume when Ihey are com-

posed of groups which individually follow the normal law, the factor

of steadiness being different for different groups. Even then the

available data are insufficient to indicate with certainty a small

degree of skewness in the frequency curve, so that only the sym-

metrical form can be sought for.

3. If, as in our case, the different groups occur with equal (sub)

frequency, it is not difficult to indicate in what respects such a

curve, the resultant of many elements, must differ from the normal

curve. The groups characterised by large factors of steadiness will

raise the number of small deviations above the number correspond-

ing with an a\'erage factor and contribute only in a small degree

to the number of large deviations, whereas, on the contrary, flat

curves with small factors will give rise to a greater number of large

deviations than is consistent with the normal law. Deviations of

average magnitude will then occur to a less degree than is required

by the common law ; conse(iuently in drawhig the two curves, they

'\vill be seen to intersect at four points, as a minimum.
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III a paper') publislied some years ago, Schols lias drawn the at-

tention to the fact that ditlerences of this description are almost always

fonnd when sufliciently extensive series of errors are pnt to the test

of tlie normal law ; in this paper he shows that these differences

cannot be exjilained hy the omission of terms in Bessel's develop-

ment of the exponential law and snggests that their origin must be

sought for in the superposition of observations of different degrees

of precision.

In the observations alluded to by Schols, it will in general not be

possible to estimate these degrees of precision any more than the

relative subfrequencies with which the different groups are represented

in the result ; in the case of monthly means such as are being

discussed here, the factors of steadiness are approximately known
and the subfrequencies of the different groups are all identical.

If we arrange the 12 groups according to increasing values of h,

it appears that we may take its change to be uniform ; consequently

it is possible to find an approximate solution of the problem in

finite form.

We have then to consider h as a variable quantity z and to ask

what form the expression will assume for a sum of elementary surfaces:

i' (3)

if z varies in a continuous manner from h to i:/. If the subfrequency

of these elementary groups be also regarded as a function of z

(which occurs e.g. in the case of wind-frequencies), (3) must be

equated to (f (c) (/ :, <p (c) being subject to the condition :

//

z)dz = \ (4)//(^'^

The constant C is determined by the expression

(5)

{II-h)\/.t'

1) Versl. Wis. Nal. Aid. K. Akad. Wet. I. 1893 (p. 104—202).

22
Proceedings Royal Acad. Amsteidam. Vol. VIII.



{ :J22
)

the resultijig pruhabilitv of ii deviation heiiig situated between j; and
.'(,'

-f- tb' is tiien :

(//.

and the equation of the frequency curve:

1 re.~/<v-_.g-/y=.i5-|

2(II-h)\/ji\_ .V

Developing this expression we may put

H-\-k -
y =

2y'jt

If we put:

i H ,c* A .1'*
. . .

2' 3 2< ."i
I

(6)

(7)

Mm ./,.y d.e

we find with tlie lielp of:

00

2
J,.

dr = Im
and

dz :=. loii —

,

z • p

\'nr 111'" iTiMiiviil^ nf ililfcrciil nrdi-r \\\\\\ rc>|"'r| ti> till' iiKi ^ininiii

1

.(, r- .17- —
2Hh

,1, = » log—
,

;i,

1 H^h
(8)

{H—h)\/:t •" h ' " 2l/rr AV;'

From a series of deviations following the law (6) the two character-

istic constants H and // can he derixed by compuling the moments of

the second and third order. They are found to be equal to the roots

of tlie (piadratic :

X' _ ;, X + ,; =
nyit 1

f,
(9)

If we had put a similar series to the test of the normal law (1)

Avc should have found for the equation of the frequency curve;
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-I/? ,~Hh.i

[/"^'-n
{H-hy (H—hV

1 + ^ .v' 4-
^ -^

2.1 ! 2' 2 !

(10)

On compai'iiig tliis expression witli (7) it is at once seen tliat in

this manner too great a nnniber of small deviations must be found,

as tlie module of the deviation zero, conipiitated by (10)

I/?.

(11)

is always smaller than that derived from (7)

:

2\/jt'

The position of the four points where the two curves intersect

are found by equating the expressions (7) and (10); if the development

can be stopped at the third term tiiey are given by the roots of the

bicjuadratic

:

;) A'' — (7 X' + « =

p — ^^^+^'^ _ \/llh{lI - hf , q — iVTWi

{H-hy

With the help of the form. (8) for d-, it can be shown that, if a

series of figures follows the law (6) the computation of n according

to (2) must necessarily lead to values which are somewliat too high

:

2.", _ (rf^/,Y

ih-
- ^ HI, O

I'liUiij

we find

// + A z^
i.

II 7, ^ q ,

1 + -^ + -- + .

2m,
i + ^ + ^ + ---

P P

(. + ^4 +
3 p' p' J

"^ jt (12)

4. In the following apjilications of these reasonings to deviations

taken collectively for all mouths, the frequencies are reduced to a

total number of KldO : l)y exponential law is understood the simple,

normal law of er'i'ors (Ij.

22*
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TABLE IV. Barometer, Helder.

Dev. mm.
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As the sitnalioii of llic sofoiiil point ot" iiitei'sectioii aocordiiig to

the observations (7.95) siiows a ratiicr hxrge discrepancy with that

given by theory (9.19), it is natural tiiat only the sums of the

positive dillerences between tiie limits zero and the lirst jiniiit of

intersection agree closely.

Taken as a whole it may be stated that the secular variability' of

barometric pressure at }Ielder is regulated by the law of accidental

events as completely as might have been expected considering the

scantiness of the material available.

A possible skewness of the cxu've is left out of consideration as

has been already remarked; it can, however, be but unimportant as

in 720 deviations 364 are [lositive and 350 negative.

The same cannot be a.scerlained of the secular variability of baro-

metric pressure at Hatavia ; the differences l)ef\veeii the observed

frequencies and those calculated according to the exponential law

are not of such a well marked description as for Helder, so that a

determination of the points of intersection is out of the question
;

their situation can only lie calculated as a result of theory.

TABLE V. Barometer, liatavia.

Dev, mm.
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Points of iii(erseclit)ii [iuvtu Jl) ;il (lev. 0.391) and 1.620. For tlie

sums of ileviations l)e(\veen these limits we tincl (form J3) :

a Form. (6) Form. (JO) Diff. Obs.

_ 0.399 559 522 + 37 -f 17

0.399 — 1.G20 431 474 — 43 — 19

1.620 — ele. 10 4 +6+2
It appears from tliese results that tlie ealculation of Jt cannot

always be regarded as a good oriterion of tlie variability being

regulated by the law of accidental events. Fi'om a series of

numbers, comj)Osed, as the barometric departures for Balavia are, of

groups which follow neither the simple normal law nor the more

complicated law (6), still the calculation of jt leads to a \alue which

is correct within l",'

TABLE VI. Temperature, France.

Dev. C°.
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As a general result of lliis iinestigatiou it can be stated tliat,

according to tlieory, in all three series the number of small deviations

is greater than the simple exponential law would require, but to a

somewiiat less degree than would follow from the law formulated

in (6).

The deviations of baronieti-ic pressure at Helder are in almost

perfect accordance with this fi'e(piency law and, therefore, for eacli

month separately with the normal hxw; the curve of deviations of

atmospheric temperature in Fi'auce still shows many irregularities,

but, in general, it accords well with the law of form. ((!) ; the

secular variability of atmos|)heric pressure at Batavia is not regulated

by the hiw of accidental events and its frecjuency curve shows

characteristic peculiarities iu diliereut seasons.

Microbiology. — ''Metlma as rarhon-food and soiti'Ct^ of energy

fill- /iKc/t'riii". By N. L. S(')iiN(iEN. (Communicated by Prof.

M. W. Bki.ierinck).

Methan, which is incessantly pi'oduced from cellulose iu the waters

and the soil, through the agency of microbes, and which, since

vegetable life became possible on our planet must have been formed

in prodigious quantities, yet occurs only in traces in our atmosphere.

As this gas is very resistaul against chemical influences its dis-

appeai'ance in this way is highly improliable. But the conversion of

methan into carbon dioxid and water produces a considerable quan-

tity of heat, aiul so it .seemed worth investigating whether there should

exist any organic beings capable of feeding and living on it.

In the first place green |)lants were examined as to their power

of decomposing methan iu the light. To this end some waterplants

were chosen, which secnied lo oli'er most chance of success, con-

sidering that the formation of nielhau. as an aua-robic process, takes

especially place in stagnant waters.

In this way positive results were oblaiiied with several species

of i)Iauts as ('iiU'driclic .sti/i/Nu/is. /'ii/iiiii<i//e/oii, hjlodea canadensis,

Batrarluinn, Hottont.a /la/usfn's. S/i/ivi/i/ra. So, for example, in

one of the experiments in the light of a window lo the North,

with Holtoiiid jutJnsfn's, put iu a tiask containing 500 cc. of methan

and 500 cc. of o.xygeu, and inversely placed in a vessel tilled with

water, all the methan disa|(peai'ed from 7— 21 May, so within

a fortnight.
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In tlie (lark, also, altsorplioiiof inelhan was with ceHainty observed.

However, (lie lapse of liiiu' jtrecediiig- (lie firs! peireptiliility of

llie |>rocess in dilt'ereiil experiments with the same species of plant,

varied very nnioli, bnt when once set in it went on rapidly. When it

was moreover observed, thai by carefully washing the plants the setting

in of the absorption was niMcii slackened, wliiist it seemed probable

liiat just then an acceleration would follow in case the plant itself

ai)sorbed the methan, and esjiecially when furthermore the absorption

was observed to take place oidy after a slimy film had covered the

water in the flask, it became evident that the oxidation was not

caused by tiie green plant itself, bnt by microbes living on it surface.

In order to study the process more exactly an apparatus was
constructed allowing us to pursue the absorption as well (|ualitalively

as quantitatively.

It consists, as shown in (he figure, of two EKLENMEYER-flasks of

± 300 cc, each closed in an indiarnbber stopper with two perfo-

rations and joined by a twice curved glass tube reaching to the

bottom of the flasks, which liears in the middle a glass cock. The

flask, destined for the cu!ti\aliou of (he bacteria, bears, in the second

perforation of the stopper, a (uiie wi(h a glass cock to admit the

gasmixture; (he other flask is fitted with a glass tube filled with

cotton wool.

The iiso of this apparatus is its follows : For the crude cttltui'S

the first mentioned flask is ipiite filled with the culture liquid i



( 329
)

Destilled watcf
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willi wliicli ail exsiccalor is tilled and iiiln wlncli tlic [)lates ai'o

introduced.

By streaUiiij^' a yuiuig tiliu IVoiii a li(|iiid cullure uii tiie saitl solid

iiiediiun already on the second day nearly pure sligiitly turbid

colonies are obtained, quite distinguishable by their size and tiieir

slimy and lightly pink-coloured appearance. Such a colony, when

early inoculated into the al)ove ap])aratus forms, after some days,

another bacterial iilm.

The methan, being in all the experiments the only source of carbon,

necessarily at the same time must serve as food and as source of

energy.

The quantity of carlionic acid in the cidture iiask indicates

the amoimt of methan which has served as source of energy.

The quantity of methan used for the formation of the bacterial

bodies may l)e measured by subtracting the quantity of produced

cai'bonic acid, expressed in cc, from the \olume of disap|>eared methan.

So for example it was found that in an experiment in which were

added successively 225 ec. CH' and 320.7 cc. Cf to 102 cc. of

liquid, the flasks contained after a fortnight

78 cc. CO-'

no CH^

172 cc. 0'.

In the culture liquid 21 cc. of carbonic acid were sohed, so that

126 cc. of methan had been assimilated for building up the bacterial

bodies, and 78 -f 21 cc. VW for the respiration, 148.7 cc. of oxygen

being assimilated.

Another experiment gave the following result.

Successively added 200 cc. CH^

and 331cc. 0\
to 108.5 cc. li(iuid.

After two weeks the gas contained

72.8 cc. CO
39 cc. CH^

138 cc. 0\

In the culture liquid 18 cc. of carbonic acid wore solved. Hence,

73.2 cc. CH' had been assimilated for the formation of the bacterial

bodies, whilst 90.8 cc. CH' were converted into CO'.

Some oxidation experiments were performed with permanganate

and sulphuric acid, in order to prove that a large quantity of organic

material had accunuilated. Thus, 100 cc. of the culture liipiid,

described in the first experiment, consumed;



N. L. SOHNGEN. 'Met.han as carbon-food and source of energy for

bacteria
"

Bacillus methanicus (800).

Crude film mi Lultnrc liquid in methan-oxygen ntmosphere. Between thie

bacteria mucus (iccurs.

Bacillus methanicus (1000).

Pure culture on agar with salts in methaii-oxygeu atmosphere.

Proceedings Royal Acad. Amslei-ilam. Vol. VIII
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Before llie eiillivuliini cc. iRninal Iv.MuUV
10

After tlie nillivatioii 48.3

At a second exj)erimeiit 100 cc. coiisuined :

Before tlie ciiKivation cc. —- iioriual KMllO^

After the cultivation 20. 5 ,, „ ,,

Even tills rongh estimation gives the con\incing resnit that niiicli

organic matter is formed from the methan. Hence it follows that

methan is the starting point for the prodnction of a relatively rich

flora of microbes, which as said above, may even at an earlv period

contain amoeltes and monads living from the methan bacteria.

There can tlins be no donlil but methan is, though indireclly, of

importance as a fish-food in the waters, as the said floi'a certainly

serves as such.

Further investigations concerning the natural liistoiy of the methan

bacteria and the relation between the assimilated methan and the

amount of organic matter produced are in e.vecutioii.

H. K.\SERER (Zeitschrift fiir das Yersuchswesen in Oesterreich,

Bd. 8 p. 789, 1905) seems also to have observed bacteria living

on methan, but lie gives no particulars.

Microbiologic Lahorntory

of thf Tcchnic Hiyh School <a Delft.

Physics. — " Di'ti'viuinntion of the TnoMm'N-efeet in mereuri/:' By

C. ScHOUTK. (Communicated i>v Prof. H. Haga.)

This determination has been executed as a sequel to that, undertaken

by Prof. H. Haga, and published in the "Annates de I'Ecole Poly-

technique de Delft, I, 1885, (>. 145; HI, 1S87, p. 43."

A detailed account of (he way, in which the e.xperimeids were

carried out, has been given in my "Dissertation". The results

mentioned here were partly obtained afterwards.

The value of the TnoMSON-constant was expressed by a relation,

got by integration of the differential equation, which Vkrdet has

given for the points of an unequally heated homogeneous conductor,

when an electric current passes through it.

If the distribution of tempei'ature is consitlered, after it has grown
constant, and in .some portion of the conductor, eonfmed by two parts

of a constant tein|)eratnre, this e(|uation is integrable, and the integral

is quite sunpic lor the points halfway fn'tween these limits of constant
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teuipoi'rttiirc, wlicii all ovvv llie jcirt lii'tvveeii (lieiii the external

exdiaiige of lieut, \)y i-oiidiR-tion, ooiivectioii and radiation is small

enoiifi,li to be tlisicgarded with respect to the other thermal elFeets.

Tlic TiioMsoN-coiistanf a may then be expressed

:

A M
t w rii

a=

wherein i represents the strength of the onrrent; »> the resistance; /the

nieclianical equivalent of heat; ([ the section of tlie conductor ; U {\\q

diirerence of temperature between the two parts of constant temperature
;

/ the distance between those two parts; 2 Ay/, ?< the change of tempe-

rature which manifests itself in the middle-section when the current

is reversed; and A « the rise of temperature in the same section

according to Joule's law.

Tu order to be able to measure 4Ay7,y« instead of ILj-hU the

mercni-y was investigated in a ^/-shaped glass tube, put in a vertical

position, the curved part up. The upper part of this f"-tube was

enclosed in a glass bulb, in which different fluids (acetone, water,

aniline, glvceriu) could be kept boiling bv an electric current. In

this way the upjier part ^^as kept at a constant temperature. For

the same purpose the bottom parts of the legs of the f^-tnbe,

which were closeil b_y small rods of platinum, were placed in

running tapwater.

In the parts of non-uniform temperature this temperature was

measured in sections halfway between the constant linuts. If, after

the current has been sent through in one direction, thei'e should

exist a certain difference of tem|)eralure between the two middle-

sections, this difference will sulfer a change of 4Ayv,// by reversing

the current, if the condition about the external exchange of heat is

fulfilled.

Therefore the parts of non-uniform temperature were enclosed in

a large vacuum-tube, for the greater part of glass, with a brass

bottom and, for the sake of practical advantages, the glass boiling

bulb and part of the condenser upon it were also enclosed in this tube.

In order to measure A u, separate experiments were made, with

fts nearly as possible the same current. By making the current

go first through one leg and then through the other the diffe-

rencc in temperature of the middle-sections w^as varied by 2 A ?^

For measuring the temperature in the mercury the thermo-electric

(jilfcrLMice between this metal and platinum was used. Different kinda
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of nlatinum aoled ,iuite diirerontly in Uns regar.l. Tl.e strongest

thernio-currents were obtained with Pf Ir of 10 to 20 7„- A wire

of this platinum was fused into each of the legs of the f/-tube, as

accnratelv as possible in the middle-section. These wires l)eu,- con-

uectcd aiid a sensitive galvanometer being introduced into the circuit,

the temperatnre-ditrerences Lnu and Lu could be measured in

proportion. Should we have wished to measure each of those quanti-

ties separately, it would have been necessary to determine the thermo-

electric constants of this platinum with regard to mercury.

The unequality in temperature in the middle wires caused by an

inevitable lack of svmmetry in the U-inbe was compensated by

means of another tliermo-couple. After each series of observations

the galvanometer detlection, given by this couple witli a known

resistance and a known difference iu temperature between the points

of contact, was measured, in order to eliminate changes in the sensi-

bility of the galvanometer or in the distance of the scale.

The quotient - was determined indirectly. If the external exchange

of heat could be neglected, the temperature-gradient must be the

same all over the parts of non- uniform temperature, so long as the

current did not pass through the mercury, apart from the distribution ot

temperature near the limits. And in the middle-section the gradient

of temperature would remain very approximately the same, when the

current did pass through it. Theref\n'e the quantity j could be said to

be equal to the temperature-gradient in the middle-sections.

To measure this gradient in each of the legs of the f^-tube on

both sides of the middle-section at a given short distance both above

and below it, another wire of platinum was fused in. The tempe-

rature-dilference between these sets of wires divided by their distances

U
was put for y.

The wires last mentioned were of a kind of platinum of Avhich

the thermo-electrical constants with regard to mercury had been

accnratelv determined beforehand. As the same thing cannot be said

about the wires in the middle-sections it is impossible to say any-

thing definite about the nniforinity of the gradient resultmg from the

experiments as they have been made. Preparatory experiments

however have shown, that when / does not exceed certain limits,

the gradient is sufficiently uniform.

Much trouble has been caused by wild llierino-electric currents.
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Especially in aconimulator for the galvanouieter-current these difficulties

arose. Contacts made by solid homogeneous copper have given the

greatest satisfaction. With tliis arrangement for measuring the

temperature the current througli the f'-tube, the chief current, had

to be cut otr for a moment during tlie reading of the galvanometer.

Therefore the galvanometer comniulalor was comltincd witli an inter-

rupter for the chief current.

Changes in the meridian during tiie experiments were eliminated

by noting, before the deflection, the [)osition of the galvanometer-

mirror when at rest. This position was more or less affected by the

magnetic Held of the cliief current, but this obstacle was overcome

by systematically combining readings with reversed chief current

and gah'anometer-current.

The galvanometer, made by (Iaui'entikr, was of the TnoMsON-type.

Provided with a sensitive set of magnets after Paschen, suspended

by a quartz-tibre of ± 7 fi, with electromagnetical damping and

with coils of small resistance (2,7(5 fi), this inslrnnient answered to

all the special requirements of the problem.

Tiie strength of the current was determined by measuring the drop

of the potential at the ends of a known resistance, and conqiaring this

Avitli that at the poles of a WESTOx-element. The potential ditlferen-

ces were measured with a iixe-cell quadrant-electrometer (H. Haga,

These Proc. I p. 56).

The course of the experiments was the following :

A suflieiently long time beforehand the fluid in the boiling-reci-

pient was set boiling and the tapwater was allowed to run. Then the

curvcnl in llir> r-tnbo \v;ts closed. When the di'^lribution ofthetem-

lieratiii-o ii.-nl -r-iwii rnii~i;ini, tli<' |>u<iii..M- i>\' ihi' galvanometer i-cs|i.

w lien .-ii rcsi :uicl di 'll' '-ic I w . M-i- I'' ;ii I . A I'i'T li \
' m i ii iiii'- | hi-i iv'adiugs

w ere repealed, Inil !in\\ ihc r(iiiinml;il"r I'nr du' g.nUaiiiiiiicirr waselosetl

in the opposite direction. Then the current iji the U-tuhe was

reversed and after iO or 15 minides the galvanometer-readings were

resumed. In a corresponding way (he measuring of the Joule-heat

was carried out.

In each series 8 deflections wove read, as wqW for the determina-

tion of ^Tiiii '-^^ of l^ jH ; first four of one quantity, then eight of

the other, and again four of the first. In the meanwhile during the time

necessary for the temperature to become constant, the current strength

was measured from (inie to time, and Uie temperature of the run-

ning water was read. In (his way the following resuKs have been

obtained :
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a X 10»

— 73

— 80

— 90

— 108'

— 124

Tlie values I are averages of the resiills ol" four series eacli, whicli

liave been given in my "Dissertation".

The vahies II have been obtained with another similar inslrnniciit

T
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hihU'i- alxiul tlic same coiidilions. Tliev represent tlic averafi,'es of

vesp. 2, 2 and J series.

The meaning of those vahies for a is : When a current of one

ampere passes Ihrongii a colnmn of merenry, the TnoMSON-efTect will

cause a quantity of heat, ccpiai Id o (expressed in gram-calories) to

be developed in one second between two consecutive sections of the

temperatures t.
— ^° and ;; + ^", if the current goes in the direction of

the increasing temperatures.

As the diagram added shows, the values I and II for <J lie all but

in straight lines, passing through the origin, which means, that the

TnoMsoN-ellect is proportional to the absolute temperature (7').

a
The values II give -- = — 284x^0", and the combinaiion of

I and II give ~— 2(37 X 10 "•

It is not clear what has caused the difference between I and II.

May be it is the etiect of some difference in purity of the mercury

which is known by experiments on other substances to strongly

affect the THoiisoN-constant.

Chemistry. — Pi-of. FnANCiiiMONT presents a communication from

Dr. D. MoL on an investigation commenced in 1903 as to

the "ester anhydrides- of dibasic acids."

Of the aidiydrides of organic dibasic acids but very little is known

;

only the internal anhydrides, which cannot be formed except in

those cases whoi'e the position of the two carboxyl groups in the

molecule is stated to be fa\ourable, have been investigated. But in

some cases at least we may expect others formed in the same manner

as those of the monobasic acids, namely by the co-operation of two

molecules instead of the exercise of the two functions of the same

molecule.

We may equally expect that when the dibasic acid has passed

into a monobasic one, for instance by changing one of the acid

functions into an ester or a salt, this will anyway yield an anhydride

in the same manner as other monobasic acids.

Of some mixed anhydrides which are also esters we know, for

instance, the ethyloxalylchloride Imt not tiie simple anhydrides.

One of the chief methods of preparing the simple anhydrides is the

one a[>plied by Gerhahut in 1853, namely, the action of acid

chlorides (mixed anhydrides) on sails. It is this method which, at

any rate with oxalic acid, has at once yielded the desired product.
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Dr. MoL allowed ethjloxalylchloride to act with the usual pre-

cautions on the potassium salt of acid ethjloxalate covered with

ether and obtained a colourless li(|uid which distilled at 85°—90"

under a pressure of less than i millimetre, solidified on cooling and

then melted at 4°. Tlie results of the elementary analysis and of the

determination of the molecular weight agree with what is required

by the desired anhydride

o

C c

ethyhxa laiiliydride

.

as does the decomposition by water. On being heated at the ordinary-

pressure it is decomposed witii evolution of gas.

Dr. MoL obtained this substance in a still simpler manner by

acting with oxychloride of phosphorus on an excess of potassium ethyl

oxalate. The in^'estigation is lieiiig continued with other dibasic acids.

Chemistry. — ''Thalictnim aquilagifoUum, a hydvogen cyanide-

yielding plant." By Dr. L. van Itallie. (Communicated by

Prof. P. VAN Romburgh).

The communications from Guignakd (Compt. rend, de I'Acad. des

Sciences du 24 Juillet 1905) as to the presence of a hj'drogen cyanide-

yielding glucoside in tiie leaves of Sambucus nigra L. and other

varieties of elder have induced me to continue the experiments

|)revionsly made in the same direction. I ha\e been able to confirm

tlie observations of Guignard in ever_y particular notwithstanding the

ligures which I found for the HCN-content are lower than those

stated by him. Tliis may, probably, be explained by the fact that 1

did not test the elder leaves until the beginning of September whilst

Guignard made his experiments in June.

From JOG grams of fresh leaves of Sambucus nigra I obtained

8,3 milligrs. and from JOG grams of Sambucus nigra var. laciniata

7,7 milligrs. of HCN. No HCN was obtained from JOO grauis of

Sambucus Ebulus.

The ornamental plant Thalictrum aciuilegifolium (whicli appears to

23
Proceedings Royal Acad. Amstenlam. Vol. Vlll.
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grow wild in (ho oiivii'ons of Nijmegen) a[)pGars, however, to be

coinpai-atively rich in HCN-vieldiiig material.

If tlie leaves of this Raminonlacens are crushed and digested with

water for 12 hours at 30"—3G" a hydrogen cyanide-containing

distillate will he ohiaiiied on distillation.

Tlie distillate from 100 grams of fresh leaves collected on Sept. 11

in the botanical garden of the Veterinary School yielded 248,8

milligrs. of AgCN = 50,2 milligrs. of HCN = 0,05. per cent. A
volumetric experiment which showed 53 milligrs. of HCN confirmed

this result.

A third experiment made with leaves, kindlj^ forwarded to me
from the Botanical Gardens at Groningen, gave 0,06 per cent of

HCN in the distillate obtained from the same quantity of leaves.

I failed to obtain any HCN from the root of the jilant and 142

grams of the fresh stem only yielded 4,4 milligrs. of HCN.

The leaves of Thalictrum aquilegifolinm are therefore, compara-

tively rich in HCN-yiekling material

No HCN-containing distillale could be obtained from Thalictrum

llavum, Thalictrum minus and Thalictrum glaucum.

Hydrogen cyanide could not be detected in the leaves in the free

state. When fresh leaves were immersed in hot alcohol no HCN
could be detected in the alcoholic distillate.

The hydrogen cyanide is formed during the digestion and is, there-

fore, most probably lil)erated from a glucoside by the action of an

enzyme.

This enzyme is probably closely related to enudsin. I have obtained

it, in an impure condition, by extracting the tVesh, crushed leaves

with water, and adding to the filtrate a large amount of alcohol.

The |)recipitate so obtained was carefully dried ; it very readily

resolved amygdalin.

The glucoside present in Thalictrum aquilegiiblium is not identical

with amygdalin but is probably so with phaseolunatin isolated from

Phaseolus lunatus by Dunstan and Henry (Proc. Royal Soc. LXXH,
482, J 903), because in the hydrogen cyanide-containing distillate acetone

can be detected, but no benzaldehyde. The presence of the former was

shown from the iodoform-reaction with ammonia and tincture of

iodine and the solubility of freshly ])recipitated mercuric oxide in the

distillate.

Owing to the small quantity of leaves at my disposal it was

useless to attempt the isolation of the glucoside in the pure state. I

intend doing so next year, and also to watch (he development of (he

glucoside in the plant.
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I mav, however, state provisionally that this glucoside is either

insoluble or at most very slightly soluble in cold alcohol. When the

leaves, after being dried in an airbath at 80 \ and then pou'dered,

were extracted with cold alcohol, no HON and acetone could be

obtained by enzyine-aclio]i from the alcoholic residue.

When the extracted powder after being dried was mixed with

water, and then brought in contact with the enzyme, the aqueous

distillate showed abundant e\idence of the presence of HCN and

acetone.

Utrecht, September 25, 1905.

Chemistry. — Prof. P. van Romburgh presents a communication :

"On the action of ammonia and amines on formic esters o/

ghjcoJs and glycerol" (II).

As tiie action of ammonia and amines on allyl formate (Proe. June

24 '05) had yielded such good I'esults to me, I have also ijicluded in

my research other formic esters, and I now communicate, briefly, the

results obtained with the formates of some polyhydric alcohols.

If gaseous ammonia is allowed to act on the diformate of glycol

it is first absorbed slowly with evolution of heat. If, when the action

is over, the liquid is distilled, nothing passes over at the boiling

point of the diformate (174°), but the temperatui'e rises at once to the

boiling point of glycol, and then gradually to that of forinamide. A
complete separation of the two sul)stances, whose boiling point only

differs about 20°, does not succeed with small quantities, and although

it has been proved that the i-eaction takes place readily and almost

quantitatively, formamide cannot be obtained pure in this way.

One grain of the diformate when mixed with 2 grams of dipro-

pylamine gave a slow rise from 18'^ to 42°. The liquid being distilled

the formate again seemed to have disappeared, and a fraction could

be obtained at the boiling point of the glycol, and another at that

of dipropylformamide.

- With 1.8 gram of benzylamine, 1 gram of glycol diformate ga\e

a slow rise from 18" to 80°. On distillation, the formate seemed to

have disappeared and the glycol being distilled ot!', nearly the theoretical

amount of benzylformamide was left in a pure condition.

If gaseous ammonia is allowed to act on the diformate of pro-

panediol (1. 2), whicdi I prepared by heating this glycol with ibrniic

acid, phenomena are noticed analogous to those in the caseofglvcol

23*
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(liforiiiato. After llio iiclioii i.s over the ester has again disappeared,

and a mixture of projianediol (1. 2) and formaniide has formed.

7 grams of this diforniatc being mixed with 10 grams of piperidine

the temperature rose from 20' to 120° and on fractionation it again

appeared tliat the ester liad been completely converted into propanediol,

whilst the formyljiiperidine, after a few distillations, could be separated

in a fairly pure condition. The boiling point was a little too low,

])robably owing to traces of the glycol.

With 7 grams of benzylaiTiine, the diformate of propanediol (1. 2.)

gave a rise from 20° to l'JO°. On distillation the formed glycol

passed over at about 190°. The residue which had been heated to

about 250° (thermometer immersed in the liquid) solidified on cooling,

and consisted of nearly pure benzylformamide. It may be distilled

at about 295" with only slight decomposition. The distilled product

had a faint odour of carbylamine, and melted at 59°. By recrystal-

lisation tlie melting point rose to 61°.

If gaseous ammonia is passed into a mixlui'c of forraines of gly-

cerol, such as is ol)tained for instance by boiling glycerol with

formic acid, or heating witli oxalic acid, and then removing the

free formic acid by distillation in vacuo, it is absorbed with great

evolution of heat. After expelling the excess of ammonia and distilling

in \'a('uo a rich yield of almost pure formamide is obtained.

In one of my experiments 66 grams of formine (yielding 65 "/o

of formic acid on saponilication) was saturated with ammonia. In

the lirst distillation 22 grams of formamide ra.p. 0° and 17 grams

(lito ui.p. — 2° were separated wiiilst 40 grams of glycerol re-

niaiiK'il iji the dislilliiig llask. The yield was therefore practically

the theoretical one so that this method may be recommended for

the rapid preparation of formaniide in large (piantities.

With pure triformine ') the action of ammonia is slower than with

the above mentioned mixture. Triformine of glycerol eagerly absorbs

gaseous dimethylamine with strong evolution of heat, and on distil-

lation in vacuo a good yield of the diniethylfoi'manide b. p. 153" is

ol)laiiie(l. Piperidine gives with triformine a considerable rise in

fcniperalure (from 20^ to 70 ).

l)ipi-()]»ylamine forms wilh triformine, at first, two layers. After a

liltle sliakiug (the temperature rose from 18° to 77°) the liquid becomes

homogeneous, and by distillation in vacuo a good yield of the dipropyl-

formamide formed could be readily oiitained.

With diisobutylamine, triformine also gives two layers which do

1) I liope to cominuiiiculc about this substance, shortly.
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not disappear on shaking for a while, bnt if the liquid was allowed

to stand over night it became homogeneons, and on distillation in

vacno yielded diisobntylformamide.

Formic esters of unsaturated glycols also seem to react readily

with amines, at least ^Ir. W. van Dorssen, who is engaged in the

Utrecht laboratory upon the study of the 3.4-dihydroxy-1.5-liexadiene

CH., = CH — CH.OH

CH, = CH— CH.OH
obtained, on mixing 1 gram of the diformate of this glycol with 1.3

gram of benzylamine, a rise in temperature from 18' to 65°, and after

distilling otf the glycol could readily isolate benzyiformamide m. p. 61°.

Mathematics. -

Kl,l"Y\'El!.

"A local [>vohahUity problem''. By Prof. J. C.

The following problem was lately (Nature, July 27) proposed by

Prof. Pearson :

"A man starts from a point 0, and walks / yai^ds in a straight

line ; he then tni'us through any angle whatever, and walks another

/ yards in a second straight line. He repeats this process n times.

I require the probability that after these n stretches lie is at a distance

between r and r -|- dr from his starting point 0." ^)

I find tluxt the general solution of this ])roblem depends upon

the theory of Bessel's functions, especially that in some particular

cases it leads to the evaluation of certain definite integrals, involving

these functions.

Let OAA^A^A, . . . An-\ be

the broken line, the ?i stretcLes

of which need not be all of the

same length. Then the shape of

the figure, not its orientation in

the plane, is wholly determined

by the lengths a,a^,a^, . . , rt„_i

of the stretches, and by the

magnitudes of the angles

<iP//i> • , Vii—2 , formed at the

origin of each stretch ak by

the stretch itself and by the

radius vector Sk—\

1) Recently (Nature, August 10) Prof. Pearson staled, that the sokilion for n
very large was already virtually contained in a memoir on sound by Lord Rayleigh,
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In a turning point the rambler takes his new direction at random

;

lience lor any angle y^., all values between and Itt have an

equal chance, and tiie probability Unit those angles are respectively

included within the intervals, y/,-, <//. + </'//., is equal to the product

1

(2jr)"—

1

If we integrate this product over a region, determined by the

condition that the n''' radius vector s,t-\ remains less tlian a given

distance c, the result will be the required probability ir,.(c ; aa^a^...an—\ ),

that the ending point of the path lies within the distance c from

the starting point 0. ')

The integration becomes less complicated, if \\c introduce in the

usual way a discontinuous factor. Choosing a function T{(p,(p^,
.

, <fn—2)

such, that it vanishes when Sn-\> c, and that it is equal to unity

for .v„_i <^ c, to each of the variables <//, we may give the whole

range from to 2.t, and we have

W„{c;aa, . . a„_i) =
^ j

i ... id<;d,f^ . . d(fi„_2 T{<f,(p,, . . , (^„_o).

For the function 2' we may take Webeu's discontinuous integral,

that is, we may put

Uf^fv • ' ^"-2) = '•

I

.J,{'ic)J„{us„^i)dn,

the integral being equal to zero or to unity according to .s',,_i being

larger or smaller than c.

This choice of the factor T makes a good deal of reduction possible.

If we consider the side c of a triangle as a function of the sides

a and b and of the inclosed angle C, the relation holds

J„ {ua) /„ («?>) = — Cj^ («c) dC,

and this formula can be repeatedly' used in reducing the integral

IF,, (c; aa^ . . . a„_i).

So we get successively

1) In the case n = 2, we have, supposing a |-ai>c>a — Wi, W-2ic;aai) =

— urccos r-^ . Of course for c>a+ «i W^ becomes equal to unity and
jc zaa^

il is zero for a — tti > c.
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J, {uB,.--2) J, ("rt„_,) =: ^ j
J"„ {mn-\) d(fu^2 ,

J„ {llS„-s) '^o (»'«"-2) = T- 1 -^0 (w«H-2) ''<r«-l .

(I

2t

and consequently

W„{c ; ««! . . . fl„— i) = (.•

I
Ji («c) Jo (w«) "^0 (""i) • • ^0 ("««-i) du-

From this result we infer, lliat the probabilit}' sought for is of a

rather intricate character. The n -\- 1 functions J are oscillating

functions, and have their signs altering in an irregular manner as

the variable u increases. Hence even an approximation of the integral

is not easily found, and as a solution of Pearson's problem it is

little apt to meet the requirements of the proposer.

From a mathematical point of view the integral presents some

interest. In fact, if we consider it as a function of c, it is readily

seen to be continuous and finite for all real values of c, and the

same holds for a certain number of derivatives with respect to c,

but a closer inspection shows, that this anal^'tic expression, regularly

built up as it is, represents in different intervals different analytic

functions. To make good this assertion, we have oidj to remember

that the integral stands for the probability required in Pearson's

problem. Hence we know beforehand, that it always must be positive

and increasing with c, but that it never surpasses 1, this upper

limit being actually reached as soon as c becomes greater than

rt 4-rt,+ .
. .~\-an-i- Moreover, if we suppose a> «, -|- «2 + • • • + ^n-b

the inequality a > c -f- «i + «2 • • • + '««— i is possible for small values

of c. And if the latter inequality holds, the rambler of Pearson's

problem necessarily arrives outside the circle with radius c, and the

probability is zero.

Thus, by solving the problem, we have found

00

c"^ a -\- a^ ... -\- «,i_i ,... 1 ) r
. = c

\
J, (uc) J, [ua) J„ {ua^) . . . J„ («rt„_i) du

,

« > -f flj ... -|- a„_i ,.•• 1 J

quite independently of the number of the ^/..-functions, showing
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tliereby at the same time, that the t'ontinnous analytic expression

cannot be regarded as a single analytic function.

Tlie same still holds for values of c, not fulfilling one of the above

inequalities, tiiough the integral is then continuously varying with c.

So for instance in the case n = 8, taking the stretches a ]> c?i ^ a.,

in such a manner, tiiat a triangle is possible having these sides, I

aui led to conchule from the discontinuities of the first derivative

lliat in each of the following intervals

/ «! -f «3— «^c^0 IV « -j- a, + rt.j ^f]>n -j- "i ~«2
II a — rt, -|~ «j ^> € ^rt, -|- a..-, — a V c'^a-\- flj -j-rtj

III a -1- a, —
(/ J

/• f ]> « — flj -(- flj

a distinct analytic function is defined by the integral.

Some furtlicr remarks may be made. On integrating by parts

we find

GO

W„ (c; firt, . . rt»— l) =1 — « I -^i (««) "^0 ('"') "^o ("f'l) • - '^a ("<^'i— l) <^"

01- what is tiie same :

1 = W,t (c; rtttj . . a„_i) -f IF,, («; oaj . . a.—]) -j- TF„ (Aj; ac.

.

a,_i) -f-

Dividing both sides of the equation by n -\- 1 we may interpret

the coming relation as follows: n -}- 1 equal or unequal stretches

being given, if n of them, taken at random, are put together to a

broken line, according to the rules of Pkarson's problem, the proba-

bility is equal to -, that the distance lietween the extremities of

this broken line is less than the stretch that was left out.

And from the same equation we deduce in the very particular case

:

C := a = rtj . . . ^ «n—

1

1

Wn (a ; n") = —— ,

v-\-\

or: the rambler of Pearson's problem after walking along n equal

stretches has the chance to find himself within a stretches' length
M-|-l

ft'om his starting point.

In the most general case of the problem I cannot give a practical

solution ; something however can be done, in the case : n very large,

all stretches equal, treated already by Lord Rayleigh.



( 345
)

Puttino- na = L, c = -, we have

Now by raising to the n* power the ordinary power series for

JJ — ] we get

where St {n) stands for the sum of squares of the coefticients of the

expansion (?<, + ''^ + • • • "»)^> ^^ '^i^*'

^^, («) _ 1 S, 00 _ J_ _ J_ S, (>0 _ J^
3 2

!!«" ~ 77 ' 2! «' — 7?
""

2m» ' 3! h»
""

m» 2n*
"*"

Bw''

Generally supposing n very large we may put approximately

and, substituting, we lind that tiiis approximation leads to the suppo-

sition

'(?)"

For small vahies of u the approximation is good enough. It is

true both functions behave cpiite differentl}' when u becomes very

large, but as they are rather rapidly converging to zero, the actual

amount of tiieir difference can be neglected. In particular I tind that

the integral

J>,
(u) J, ("^Jda

is of an order of smallness certainly higher than that of the expression
n-j-l n

2n /2\~ /I ~

M—

2

while the order of smallness of the integral

/
71

is that of the expression

1
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Hence if only « be rather greater than unity, botli integrals cannot

have an appreciable difTercncc and we may put

W,„(c/L) — fj,{n)e *" du =zl—e '^' == 1—e " ^.

From this result it is evident, that W„{c/L) for n very large is

always nearly unity. The rambler, walking along a very great

number of very short stretches will almost certainly arinve in the

neighbourhood of his starting point.

1

Putting c = -L, we find W„(c/L) = i—e "= 77-,— , a result
n n In

1

nearly equal to the true value ——

.

' M-|-l

Returning to the general expression for Wn{c;aa^ . . a„_i) we observe

the possibility of dilFerentiating the integral with respect to c in the

usual way a number of 2??* times, provided 2m <C ^

Suppossing c > a + ^'i + • • • + "«-i ''"icl putting

^oO'«)-^o("«i) • • • «^o("«n-l) =/(")'

Ave deduce by diiferentiation

00

1 =:c j
J^{cu)/{u)du,

00 00

= (uJ„{cii)f{u)dH ,
— iu^J,{cu)f{u)du,

CO 00

= C7i'J,(cu)f{u)du , = Cu'J,{m)f{u)dti,

00 cc

Q — Cu''-">-^J„{cii)f{n)du , = Cu^-"'J^{m)/{u)du.

iJ

These equations allow us to introduce into the integral a new Bessel

function, the function Jim+i (w). For Jom+i («) is connected with

J^ {u) and e/j («) by the relation

J2,n+l {^t) = Po,2m («) Ji {>') — -P|,2«i-1 {11) Ja (")'

where
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Po,2,n {") =— {b„+ h, «^ + . . . + 62,,. m2»)

Pi,2»-i (") = — {h,n + by + . . . + ;»2„.-i m2™-I)

are a pair of Schlafli's polynomials.

Using this relation we obtain

00

b, = C2"'+1 Lfl'n J2,„_j.i (m.-)/(w) <^",

and as

/>„ r= L«,i ifi'» P„.2m ('0 = 22"' m !

we have

22'" w ! = (2'«+l

I

,<2hi J^„,_^, („t:) ./^ („rt) J^ („rt^) . . . /^ («a„_l) f/«

with the conditions

«+l
c> « + «i + • • + «"-i 1 '« < —7— •

Evidently the value of the integral would be zero, if instead of

the first of these conditions the condition

was satisfied.

In the same manner we might dilferentiate and also integrate with

respect to one or to several of the parameters a. This leads for

instance to tiie followino' results

= I J^j (itc) J
^ (««) J^ ("«i) • • . ^1 {Ma„_i) du

=J.^,
n odd : ^ I « J^, {uc) J^ [na) J^ ("rtj) • • J^ ('/rt„_i) cZ?;

.

c> « + «i + «2 + + ««-!•

Still other results present themseh'es when Pearson's problem is

slightly modified. Again putting

J„ {ua) J„ (waj) . . . .J„ (Ka„_i) = / (u)

and writing 9 for c, we get by differentiation with respect to q
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W„ ((/i2) = -— () <!(> (W in J(, {no)f{u) du,

u

and here W„ {d£i) means the probabililj that the ending point of

the broken line falls on a given clement dii of the plane, the polar

coordinates of which are q, 6.

By integrating over a given finite region \ve may dedncc llie

probability that the rambler reaches that region/)..

First let the region be a rectangle 11, and let the rectangnlar

coordinates of its vertices be ± [i, ± q, then we find for the corre-

sponding probability

+/' +y

ir„ (7?) =— Lf{u) da Cdi Cd,i J„ [n y/i' + ,f).

-p -q

Now we have

J^ {u \/^^ -\- ij') =
I

cos {u § cos a) cos {u »; sin a) da,

and therefore, effectuating the integrations with respect to | and to jj.

'^siii (pit cos a) sin (qu sina)
- da.

4 /'' fsm (pu cos a) sm (qi

ir„ {R) = —
\
n/(n) du —,

n:\J J u sm a cos a

A somewliat simpler expression is found, if changing the variables

we pass from u and « to

V ::= U cos «,

IV := u sin a.

Then the probability W„{R) is expressed as follows:

00 00

4: r r sm pv 8171 arc
, ^

—

Again an evaluation of this double integral is generally not practi-

cable, but the problem itself gives the value of the integral, if both

1) If this region is a circle witli radius c, the centre of which lies at a distance

b from the starling point 0, we have at once

ll^„+i (o; baa^ . . . a„_i) = c jj, («c) J„ {id>) J„ (ua) J, iia^) . . .J, (;w„_i) dn

for the probability, that the path ends inside the circle.
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the coordinates p, q are surjuxssing the total length of the path. Then

the probability becomes a certainty and it follows that

.-t' r r sin pv sin nw— — idv dw—^ . — . /'(l/y' + ««')

i J J V W '

with the condition

p and 7 >> rt -f tti + . . . + «„_ i

.

In the general case of the rectangle the probability Wn (R) is

independent of q, as soon as its length is superior to that of the path.

Assuming this to be the case, we remark that the value of the

slightly transformed integral

„ i r r sinpv si'nw ^ /< / w^\
" "<^' = -.j J"""'^ - /(IX'• + ,-rj

remains unaltered, when q increases indefinitely, and we conclude that

4 r sinpv r sinw 2 f sinpv
Lim W„(R) z= — —^ f{v)dv . dw = —

\
—i- f{v)dv.

(j=o= .-TV V
' J « JtJ V '

Thus we have solved another modification of Pearson's problem,

1

for halt the result, added to — , expresses the probability

1 1 fsin pv

2 JTJV

that the rambler, starting on his walk at a distance jj of a straight

frontier F, after walking along n stretches, will arrive at that side

of the frontier he came from ^).

As before we are enabled in a particular case b}' the problem

itself to assign the %'alue of the integral. If we suppose that the

rambler cannot reach the frontier, that is, if we take

P > « + «i + • • • + ««-i '

the probability becomes a certainty and we tiiid

1) Obviously the iirobability Wn (F) might have been derived from the proba-

bility W„-Jf-\{a-\-p:uaai...an—\) by making a indefinitely large. Therefore we
may conclude that

/' ^—^ , , 1 1 Z' sinvp

(u=oo J ^ nj V



( 350
)

rr rsin vp

2 J V

In the case n=:l, this is a known result to which another may
be added, if we take a ^ p. When the single stretch a is inclined

to the frontier under an angle less than

. P
arc sm—

,

a

the rambler remains at the same side and, all directions of the stretch

being equally possible, we have

hence
CO

vp

W, (F) = _ ( — 4- arc sin ^
| ,

jr V 2 a /

J^ (va) dv .

p Csin t

a J V

Mathematics. — "A definite iiiteffmlo/KvsmER" . By Prof. W. K apteyn.

In Crelle's Journal, Vol. 17, Kummer has determined the value oi

the integral

/* — .r—=/'"'"---

supposing b' to represent a posilive (|uanti(y and j) not an integer.

He finds:

u^ = r{p-^i)f{-p, b^) + r(-/>-i) b-^r+\f{p^2, b'),

where

,v x'' *'

'^"'
sZos!p{p^l}..{p-\-s-l)'

In the following pages we propose to study this iiilogral for the

case that p represents a positive integer, and at the same time to

show that there is a simple connection between this integral and

the integral

Vp= j e
"

xl' dx,

b

where h is supposed to be positive.
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It is rational to put in tiie integral of Kummer

p = It — 6,

assuming ?i to be an integer and s an arbitrary infinitesimal, and

then to determine the limit for 6 = 0.

Let us therefore examine the limit of

for s = 0.

Suppose

r(«+l-f) = .l„ + ^l,6 + J,a'...

s

r{-n-l+B) = ^ + C, + C,Bi-..
s

^,2„+2-2. = B, + D,e + D,e"--^...

f{n-\-2-B, b') = E,-^E,s^F.,B'-{-,

then

A„B„+ C„B„E„

s

and the limit

U„ = A,B, + A,B, + C,D,E, + C,D,E, + C,D,E,,

for we shall see that

A,B, + C,D,E, = 0.

Let us now determine the various coefficients.

First we have

r{n+i—6)= r{n4-i) — s rot+i) ^ ^ ' + ...
V -r ; \ -T / V -r ; r{u-\-l)

^
or if we put

r(.r)
^^ '

r(n+ l-B) = n! [l-Btp («+ l) + ...],

thus

A, = -n!il,{n + l).

To find i>„ and i>i we write

1 00 Z,2»+2+2s

"^ T^0(«+«+l)/(-'' + f)(-«+l+6)...(-l+f)(l+6)...(s-|-8)

If
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{-n+6X-n+ l-ff)-(-l+f)(l+f)-(«-hfJ

then we easily find

(—1)"

and

^=^+— +...+--r-+-+...
A(0) n ^«-l^ ^1 VI 2^

thei'cfore

:;.(6)=;.(0) 14-8 T [-...

^)= ^l'(H-")-V'(i+^'),

(_!).. ;,2«+2 0. /,25 (_l)-.J2«+2

n! s=o s.'(«+s+l)/ w/(m+1)/'^^ -^

5. = -. ^
1 «(_!).(„_,)/ (_l)"62«+2

n! (7i-\-\)!

(-1)"
^-"+- ^ r]il^-sW^

For the evaluation of C\ and C, we have

1

r( -H— l+f)=: —n— l-j-a
r(-«+f)

,

r(-»+6) = r(-n-f-i+6)

,

—n-\-i

r(-2+f)

r(-i+6)

-24-s
i^(-i+E),

-1+8
/^(e).

r(-n-l+8)
(-!)"+'

Assnmint

(„+ l_e)(„_f)...(2-f)(l-8)

(„4_l_f)(«_f)...(2_f)(l_f)
r(8).

M(0)
^

.

tlien

whilst

f'(0)
=

,t'(0)

(«+ !)•''

,
,
- i- 4- i + . . . + J-

+ 1 = v(«+2)-T|-(l)

,

/'(O) «+ l " 2

r(8) = P(8)+Q(e)
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\ h . . . 4- Q (e)

1 111
^ -u (3(0) — 1 H 1 ...
B ^^ ' ^2/2 4 .'3 ^ 4 /4

If we no notice lluit

ao)

00 c

- r i_i d.v = — j-^ = — //(tf-i)

J '• J If'!/

and tliat out of the well known forjiiula,

/(fd-n = — ii-(i) + /,/.« — .c 4- — -!^—\- .

follow!

1 1 1
ZiYe-1) = — i|-(l) — 1-1 1 ...,

^ '
'^ ' ^2/2 3.'3 ^ 4.'4

then it is evident that

r(6) = i + ,|,(i)-f-...,

from which ensues

° («+!)•'
'

(- 1)"+'
C, = -—~— •(•(«+ 2).

(« + !)'

Moreover we find

and finally

/(« + 2-a,6=) =:--_-

D, = — 2h'^"+n,ib

us/(m+ 2— f)(n-)-3— e) . . . {n-{s i-l—e)

If again we put

1

(«+ 2— 6)(w-|-3— 6) . . . («-i-.S+l— 8)

we find

r(0)

=. r(a) = r(0) 1 + f h •

. "(0)
^

(«+ 2)(«-l-3)...(«+s+ l)

i''(0) 1 1 1

,70)
=

,7T^
+ ,7+3 + • •

,7T7fr
= ^(" + ^+ 2)-v^(«+2)

so thai

24
Proceedings Royal Acad. Amsterdym. Vol. VIII.
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7:;, = -Tf(«+2)/(/< + 2,/.^)+ 2: — ip(n i s-{- 2)1)2^

.=oa/(m+ 2)...(« + s4-1)

With llie aid of tiiese values we find

yl„ B, + C„ 1\ E, = 0,

(-1)"

hence

^2»+2

C\ 2?„ 7i;„ + C„ I), E, + C„ I), E, =

-^ -^ ^ ' .=o«/(n+ 2)(« + 3)..(«+ s + l)

62s

Let us now determine U„ in another way to give this result

another form. To this end we differentiate tlie equation

«) I"'

we tiien s-et

/„ = i e
^'

A'" d.i:
,

1 dU, f"--'-7
26 <^/> J

1 d'u„
,

1 rff/„ ^, r"-'-T „ .

,

26 db' ^ 2b' db J

Oiil of tiie identity

(«)

/)= /i^ i2

.i-" d{e ')=-€ '.)•" r/,r + 6'^ ,'
' ,/"- 2 ,lr

,

we luoreover deduce l>y integrating between the limits and 00

' ,(" -
' d.,

"j

a 62 a> h-

i^ — I e
'

A'" (/;(' -\- h" I ('
' x'-~- dx

,

hence we find for Un the dilfereutial equation

"^6^ 6 (^
- 4 r„ = , (2)
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Un
This (liU'ereiitial eqiuxliini \vc also tiiid it we put .e = 2?, b -mm v = —

—

in Bessel's equation :

cFv 1 dv
f («+ in

cLc' iv ax \ ' /

therefore

U„ = h"+\ [A /"+' (2/ b) + B r«+' (2i b)\.

In order to determine the constants properly I notice liiat tiie

integral Un for A = is e(jual to n! and vanisiies for b =^ cc
;

moreover we finil

for b — b"+U''-+^{2ib) — 0,

n'
6"+' 7"+i (2i />) = — (— 0"+' —

for 6 = 00 /."+i / "+i (2i /<) =z ——=r <3

2 1/ jr6

,„+, .,+ ^iZ!

6"+i }'"+! (2i b) =
^

^ 2 l/jr6

."+. ..+^^

tlius

}'"+' (2/ b) = 2 /«+! (2/ b)
(

/,, H' ^ )
-

( ^ )
^ ^

^-^V^—^ ^-^ -

i:it

^ = A4-Be —
,^ 2

and finally-

i7„= rt«"+2i"+'[/"+i(2/6) + / r"+i(2i/^)]=jri"+2 6"+i//j"+i(2i6)')..i3

That this vahie and the \alue (1) agree is easy (o prove. For

according to delinition ') w^e lind :

- ^'
'^"^\t 17-^^' ^'' ^' + '^ + "' ^'^^ +

" + '^J •

from wJiich ensues when we multi[)ly by i"+^ /'"+'

:,M^ b"+^ [/'.+1 (21 b) -[- , y«+i (2(-
?,)J
= 2/"+'* ?-»+' /-/ ;, /«+! {2i b) -f

By

/''+1 (2; b) = (/ A)"+i V ^^

.=0 «/(«+«+ !)/'

1) Nielsen, Handbuch cler Gyiinderf. page 16.

24*
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the second iiieiiihcr uf tlie iuniier eiiiialioa becomes the second

member of the eqiuitioii (1).

Let us now examine

F,, = i e
''

•'' xULv (4)

Here too we can find a dilt'erential equation satisfied \)\ this iiite.i;ral.

By differentiating we find

2l> db J ^2
. '

b

1 fPF„ 1 dV" _"
2b 7/6^ '^ 2P~dr

~~

r —'--- n—l— — 2b i e ,«''-2rf,t;— 26»-'('-26_| 6"-2g-26 . , (^^

I

whilst the integration of tlie identity

.v"d \>i ^y = — (>
*

.C'dd: 4- b-e ^ j;"--d,v

between tlie limits b and cxd fnrnishes

_/,»g-26 _ „
I

e
•' .;,-i-i(/,y = — i t> '' .v^d.^^b"

I
e

"" w''--dx .

b lb
So we find for V,, the diiferential equation

!^._ 241 £^^4r„ = („ + !)..-.-... ... (5,
dir b db

If we now write tlie ecjuations (a) and {b)

'-^=-26£/„_i (6)
db

and

— = - 2Z. F„_, - b^' e-^-i' (7)
db

« I
.

it is easy to find out of (6) and (2)

b ,

2

and likewise out of (7) and (5)

b <7F„_,
Y ^ i:_j

2 db

Out of the last two equations we deduce the recurrent relation

b dUn-]

2 db ^

I' ''^"-1 .. ''" „
Vn = -— + '' T«_i + - tf-26.

2 db 2
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r„- 1 Un = -il [T""- .- h C'n- ,1 + " [ n-1 - i f^»-i] + ?^-^''
• • (8)

bv whieli we ran reduce the e\-aluatioii of V,, — 4 f-^,, to that of

Let lis now determine tlie value of To ~ U„. To lliis end we

start from the e(iualion (f) ; this becomes for n ^=

b-

1 d'V„ 1 dV,

2b db'
"^'

2b' db
-— — 2b \e
< J

d,v
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Mathematics. — "An article on the hiowledye of the tetrahedral

complex." By Dr. Z. P. Boum.vn. (Communicated by Prof. Jan

DE Vries).

^ 1. When for an arhiti'arj ray ont of a tetrahedral complex P,

represents the point of intersection witli the face Ak Ai Am of the

tetrahedron, (lien

^y'Ws + /'«/'« = 0,

where R represents the given anharmonic ratio of tlie complex and

Pi (i =r 1 . . 6) are the Plucker coordinates of lines.

By using the condition necessary for each ray of the complex,

namely

Pi 1\ + P, Ih + P, 1\ =
the equation of the complex becomes

A}\ p, + Bp, p, + Cp, p, — 0,

where the anharmonic ratio is given by

B-A
R ———

.

C—A
A given tetrahedral complex can always transform itself projectively

into another one with the same anharmonic ratio in regard to the

faces of the rectangular system of coordinates and the ])lane at

infinity.

§ 2. After having executed this transformation we can examine

whether a surface with tv\^o independent parameters can be found in

such a manner that the normals to be erected in an arbitrary point

on the go' number of surfaces passing thi'ough that point, are rays

of the given tetrahedral complex.

To this end we make the two determining points to lie infinitely

close to each other on each ray of the complex, so that each ray

is determined by one point (,»;, y, z) and the direction {(Ix, dy, dz) in

that point. The coordinates of lines now take the form

:

p^ =z ,'i; dy — y dx, p, = y dz — z dy, p^ t=. z d.v — .r dz,

p, = — dz, P,
— — d-v, p, — — dy.

So the equation for the complex becomes

:

A {x dy — y dx) dz -{- B {y dz — z dy) dx -^ C {z dx — x dz) dy = 0.

If now every ray of the complex is to be at right angles to a

surface z = f{x, y), then we have for each ray in each point of the

surface

:
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d.v : dy : dz =2 p : q : — 1
,

dz dz
where »rr= --, 7 = --.

o.» dy

So the differential c<iii;xtioii of the surface becomes :

- pqz {B - C) f yp [A - i?) + a:q (C - J) =
or

A- 1
2/ ^ _ A

The coinpiele integral with two parameters C and C\ becomes :

. = ± [/jkl
''^''-''^^ l/l^ ""y"^^

It represents a surface of ordei' fonr.

It is evident out of the equation that for li =-^, the surface re-

mains the same; only the A- and the }'-axes have been interchanged.

(This is geometrically immediately made clear). So we have but to

examine the surface for, let us say, R'^1.

^ 3. It must be possible to find the equation of the cone of the

complex in a definite point out of the equation of the surface because

that cone is the locus of the normals to the oo' number of surfaces,

passing through the point under consideration. If «, |J, y represent the

cosines of direction of a ray of the complex in the point
,},'i, 7/1, s, then

y 7
'

Substituting this in the differential e(|uation and eliminating « and

^ by means of the equations of the ray of the complex, namely

x—.v^ _ y—y^ __ z—z,

a /? y '

we find for the cone of the complex :

(R-1) z, (.V-.V,) (,y-y.) - Ey, (.v-.^,) {z- z,) + ,«, (y-t/,) (z-z,) = 0.

The planes of the coordinates forming the singular surface of the

complex, the cone of the complex must degenerate for each point

of one of these planes. For the point P(,(;j, ?/, = 0, cj the cone

breaks up into y = and into i>\ z -\- {li—1) z^ .v ^ R c^ ii\, i.e. a

plane passing through F and parallel to the J'^axis. This plane is at

right angles to OP, if this line has for equation ; = ± ,i'

j

y^ .

(Comp. ^ 4).
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§ 4. Tlie drawing of tlie surfaces to be found offers no difficulties.

For R^l (^ 2) we must take C^ positi\'e and then we have to

distinguish tlic cases C = 0.

So for C^O the surface consists of two separated parts connected

iiy points forming parts of a double conic in the X(>}''-plano. The
planes ,r = ± KC touch both parts according to equal ellipses and

no points lie between with ^ ]> 0.

The section with the A7>Z-plane consists of two hyperbolae

with centres ( 2 = ± 1/ _L_1
j
on the Z-axis. At infinity tliey are

connected twice, and intersect each other in the points of intersection

of the double conic with the A'^axis. The hyperbolae coincide in

the planes 1/ = ± \,^C\, where the common vertex of the double

conic is lying.

6' becoming smaller, the two parts of the surface approach

each other and for C'=0 the conies meet in the planes a; = ± J./ C.

The surface becomes a ruled surface, so it oreaks up into two

cylinders with axes in the XOZ-p\a,ne.

The axes have for enuation c = rfc ,/ I / , . (Conin. i 3). The
y R-i

section perpendicular to these axes is a circle which is in accordance

with the signification of the axes as found in § 3.

§ 5. It is known that the normals of a system of similar, con-

centric ellipsoids form a tetrahedral complex '). So this system must

be a particular integral of the above-mentioned differential equation.

Let us put Ct^ tjC\ -\- It. [y and It being constants) and let us

operate in the ordinary way; we find C and C, as functions of the

variables out of:

.e — C —
d+R

Substitution in the complete integral furnishes:

equal

along the Z-axis ; we shall then (ind if we take a' positively

Let us i)ut in this equation v = — —
, and let c be the axis

' b

1) Dr. J. DE Vbies : On a special tetrahedal complex. Proceedings of Febr. 25

1905, Vol. XllI, pages 572—577.
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.r v' z' a —

c

—
-f
- + - = /,'. with li =

{ a" \
Likewise

I // = — ji , "^ negative
J

tiie sjsteni of lij-perboloids with

two sheets

^ h\ with R —
c^ a- b' i-'+c"

and also [(;= — , (t- positive
J

the system of hyperboloids with one

sheet

.—^- = h', witli R —
b' c^+b"-

§ (i. The "curves of a complex" are curves wliose tangents are

rays of the complex. The coefficients of direction {a, /i, y) in a

definite point [x, y, z) must therefore be proportional to

of one of tiiose surfaces through that point. From this ensues that

« ;?

p := and q^ , whilst x, y, z, p and q must satisfj the
'/ 7

equation :

.V 1 y R _
^ " '^ R~l^~q \—R~

So tlio quantities .*', y, c, «, /?, y must satisfy:

z y R '' 1

Let a curve of the complex be given by :

where .v need not of necessity represent the length of the arc, then:

Amongst others all curves for all values of p to be represented by

,i: ^ ;. {I -\- s)l', y m >( {7)1 -f .i)P, z T= V [n -\- .«)/'

satisfy this equation if only

l—n _
rn— H

which condition can be satisfied by putting I = B, m = C, n = A.



( 362 )

For p := — 1 tliese are twisted cnbics. If we bring these tliroiigh

ca point (.'"i, 2/1, 2i) the go' curves all lie on the cone of the complex

of this point. This holding for each point, the bisecants (and not

onl}^ tlie tangents) are rays of the complex.

Indeed, all the twisted cubics pass through the ^crtices of our

tetrahedron and the four planes passing through a bisecant and these

four points have thus a constant aidiarmonic ratio. From this ensues

that the bisecants intersect the four planes of coordinates in the same

anharmonic ratio.

For p =z 1 we have the rays of the complex themselves.

For /> = 2 we \m\e conies which can be nothing but conies of

the complex, e.g. for » = — / the curve touches the plane YOZ, etc.

For p = 3 we have twisted cubics whose bisecants are not rays

of the complex, etc.

In general the tangents to the "curves of a complex" lie always

in linear congruences belonging to the tetrahedral complex. For such

a tangent namely we have

chv chi dz
(I + .) - = (,« 4- .) -^ = {n + .) -.

x y z

From this ensues among others

:

dz (I + .s) d.v + k {m 4- s) dx
,

{n -\- s) — =: ; . {k an arbitrary constant.)
z X -f ky

This is evidently always satisfied by rays of the complex, satisfying

at the same time:

xdz — sdx =^ k (zdy — ydz) and kdy ^ — Rdx,

for which we can write in coordinates of lines:

Pi = ¥ii en — kp^ = lip^.

These satisfy the equations of tlie tetrahedral complex and lie in

congruences ; the two linear complexes determining such a congruence,

are themselves special, and the position of their axes is evident from

their equation.

§ 7. Finally it ]n'Oves to be simple to bring in equation the

curves Avhich are drawn on an arbitrary surface in such a way that

the cone of the complex touches the surface in each_point of the curve.

Let the surface be /' (.i', y, ;) = and the ray of the complex

'
-' =^^

—

'^ =1-—^, passing through the point .*'i, '/j, :, of the
« I? y

surface.

A ray of the complex in the tangential plane must satisfy
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d/ df df

a,v, oi/, dz^

and furtlier according to llie diHerential equation

{R — 1) c, (tji — R II ^ ay + x^ jjy must be equal to 0.

Tlie two rajs of the complex in tiie tangential plane have but to

be made to coincide. The condition is

:

- 4 7? (R - 1) .-,
;/, /; /; = [-{R- 1) z^ ./; + r y, /; + /, .v,y,

\\\\eve f\, f\, f\ represent the diflerential quotients of / according to

.(', ?/ and z respectively, whilst analogous relations are easy to deduce.

Froui this ensues that the required curve is the intersection of

and

-4.R{R-l)zy f, f, = [- {R - 1) . /, + R y j\ + f, a^\

Without entering into further details I only wish to observe that

when f{a;,y,z)^{) represents a plane, the curve can be nothing

but the conic of the complex. From the above mentioned equations

we therefore lind a parabola (the conic of the complex touches the

tetrahedron })lane at infinity) touching the three planes of coordinates

of the rectangular system of axes.

Physiology. — "On the excretion of creaiinin in man". By 0. A.

Pekelharing. Report of a research made l)y (J. J. C. Van

HooGENHUYZE and H. Verploegh.

As the muscle tissue in lierbi\'oi'a as well as in carnivora always

contains a not unimportant amount of creatin, and creatinin is daily

excreted with the urine it may be concluded, tiiat creatin is formed

as a product of metabolism in tiie muscles, and having entered

the blood is at least for a part excreted liy the kidneys in the form

of the anhydride, creatinin.

But no agreement has been obtained about the question whether

the forming of creatin is bound to the labour, the contracting of

the muscles. To answer that question, researches have been made
whether the amount of creatinin excreted by the kidneys augments

after muscular labour. Different investigators have obtained diflerent

results. Van Hoogeniiuyze and Verploegh have resumed tiie research

anew, using a new method to determinate tiie amount of creatinin

in the urine, which was published some time ago by Folin ^). The

1) Zeitschr. f. Physiol. Chemie, Bd. XLI, S. 223.
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inctliod of FoLiN is founded on the reaction of Jaff]?, which consists

in adding picric acid and an excess of caustic soda to a solution of

creatinin, wliereat the liquid lakes a brown colour, whicii cannot

be discerned from the colour of a solution of bichromate of potas-

sium. This reaction is employed in llie following way : 5 cc. of

urine is mixed with 15 cc. picric acid 1,2 % and 5 cc. of caustic

soda 10 7o- After 5 minutes water is added to a vohinie of250cc.

This solution is compared hy Foijn in the colorimeter of Duboscq

wit!) a V, normal solulion of i)ichroinate of potassium of which a

column 8 mm. high shows exactly the same intensity of colour as

a column 8,1 nun. high of a solution of 10 mgr. creatinin with

15 cc. picric acid solution and 5 cc. caustic soda diluted to 500 cc.

Instead of the colorimeter of Duboscq, Van Hoogenhuyze and Verploegh

used a little instrument, constructed after their indication, which

answered completely to their demands. Immediately after each deter-

mination each of them performed 5 readings of the height of the

solution of cieatinin at which i(s colour had just the same intensity

as a column 8 mm. high of the solution of bichromate of potassium.

The several readings of which the average was taken, never ditTered

more than 0,2, only very seldom more than 0/1 mm.
It proved meanwhile that the temperature has influence on the

reaction in that sense that the colour of the creatinin solntion be-

comes deeper by increase of temperature. Therefore the water used

for the diluting was always kept at a temperature scarcely differing

from 15° C. The relation found by Folin was afTirmed. A solution

of 10 mgr. of pure creatinin in 500 cc. treated i)i the indicated

way produced as the average of 10 I'eadings 8.14 m.m. (max : 8.2,

min. 8.1) out of which a quantity of 9.951 instead of 10 mgr.

would be deduced.

The results become less exact when the concentration of creatinin

is much larger or smaller than 10 mgr. in 500 cc. Therefore the

determination was repeated when the readings became higher than 10.5

or lower than 5, with 10 cc. urine, in the first case diluted to 250

in the second to 1000 cc The method of Folin had great advantages

over the method of Neubauer used till now, in whicli the creatinin

is precipitated out of an alcoholic extract of the urine by means of

chloride of zinc and after that weighed. Not only that the method of

Folin takes much smaller quantities of urine, so that it renders it easy

to discern by the examination of different portions of urine the oscilla-

tions in the secretion in the course of the day, but it is also more

reliable. With the method of Neubauer there is always some danger

that under the influence of the alkaline reaction arising from the addi-
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tidii (if uiilk of lime (o seiKirate tlie |iliospliates, a part of the rrea-

tiiiiii is eiiangcd into oreatin. Tliis dangcn- may be lessened but

not wliolly avoided by acidifying the filtrate before evaporation by

means of hydrochloric acid, after whicli at tlie end the hydrochloric

acid must be eliminated by addition of sodium acetate in order not

to hinder the precipitation of creatinin zinc chloride. But there are

other difficulties connected with the metiiod of Neubauer which can

never be totally removed. The urine is after the removal of the

piiosphates concentrated till it obtiiins the consistency of syi'up and

is than extracted with alcohol. In the mass of salts rendered hard

by tiie contact with alcohol, a part of the creatinin may be retained

undissolved. If in order to eliminate this difliculty the urine is not

very much evaporated, there arises another source of error. The

alcohol is diluted by the still resting water and the consequence

is that now the creatinin-zincchloride crystallises only partially. For

this compound is insoluble in absolute alcohol but not in alcohol

containing water. A too small quantity of creatinin is therefore

always found by the application of this method.

Van Hoogenhuyzen and Verploegh have investigated the solubility

of creatinin-zincchloride in alcohol by putting dried crystals, prepared

from urine and pnriiied as much as possible, in closed bottles under

alcohol of different strength at the temperature of the room under

repeated shaking and by determinating afterwards, by means of

Folin's method, how much creatinin was dissolved in the alcohol.

They found :

in 100 C.C. alcohol 99 "/o trace of creatinin.

,, ,, ,, ,, 93 7o 5-*^ ing'i'- >.

„ „ „ „ 72 7„ 32.1 „

„ „ „ „ 50 7„ 104.5 „

In connection with this they obtained out of urine more creatinin-

zincchloride when the alcoholic extract before tlie addition of ehlorid

of zinc was again evaporated to almost dryness and then dissolved

by strong alcohol, than with the usual method. They could still show

creatinin in the liquid filtered off from the creatinin-zinc-chlorid as

well by the reaction of Wevl as l)y that of Jafpe. So the method

of Neubauer always gives a loss of which the amount cannot be

estimated. One is therefore not entitled to attribute much value to

the little oscillations in the output of creatinin found by applying

this method.

By the method of Folin on the contrary such a source of uncer-

tainty does not exist, when the time of the reaction — 5 minutes —
is riglitly observed, the liquid is brougiit to the exact volume with
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M'aler of tlie temperature of the room and when the determination

is completed immediately afterwards.

Van Hoogenhuyzk and Vkrploegh have imestigated by themselves

wliether increase of the secretion of creatinin in consequence of

muscular labour could be observed. For that purpose in every series

of experiments the urine was collected every day at appointed times

namely in the morning, in the tirst series of experiments at 9, in

the following at 8 o'clock, in the afternoon at 12 o'clock and at

AVj o'clock, at night at IV/^ o'clock. Every poi'tion was measured

and divided into two equal halves. One of (he halves was used for an

estimation of creatinin, the other halves were mixed, after which the

quantity of creatinin in the mixture was determined and moreover an

estimation of nitrogen was performed after the method ofKjp:LDAHL.

In this way the determination of creatinin was also controlled. In

all the series of experiments the conformitj' of the figure of the

total quantity of creatinin and the sum of the four portions was

very gratifying. The quantity of urine of one day was that collected

from 12 o'clock in the afternoon till the following morning 8 or

9 o'clock.

During each series of experiments a fixed amount of food was

taken, every day the same. Only in the iirst series coffee and tea

were still taken, in the later series only water.

I. From April the 8'''—24"' 1904, seventeen days at a stretch, food

was taken which consisted of bread, butter, cheese, milk, oatmeal,

sugar, meat, eggs, potatoes and rice, daily an equal portion of each.

The food contained

:

for V. H. 118 gr. proteid 146 gr. fat, 326 gr. carbohydrat.; 40,8 Cal. p. Kg.

V. 115 „ „ 8l\, „ 327 „
„'

38.6 „ „ „

On working days raoreo\'er both consumed 50 gr. sugar.

The ll''>, the 16''' and the 21"' of April bicycle excursions were

undertaken at wiiich they rode steadily on for 2V., a 3 hours without

resting. The other days were spent in the lalioratory while the

evenings were passed peacefully.

The excretion of creatinin underwent no [)ercei)tible change in

consequence of the nniscular labour. With both investigators it oscil-

lated not unimportantly during the whole experiment. It amoimted

on an average to :

V. H. 14 days of rest 2.116 gr. daily (max. 2,401, min. 1.821 gr.)

V. „ ,! ., ., 1.998 .. „" ( „ 2.158 „ 1.858 „)

V. H. 3 workingdays 2.147 „ „ („ 2.325 „ 1.925,,)

V. „ „ 2.015 „ „ ( „ 2.058 „ 1.949 „)
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The (lilierciioe is so small that no value imist be attached to it. On

the days whicii followed on the ninsciilar exertion tlie llgurcs of the

creatinin remained within the usual daily oscillations.

The secretion of nitrogen wa.s rather irregular with both during

the whole experiment.

From June the 22"'i
till .luly the 2"f> 1904 (eleven days) the

experiment was repeated with less food \vhich in particular was less

rich in proteid. It contained

:

for V. H. 71.5 gr. proteid, 125 gr. fat, 351 gr. carbohydr.; 33.7 Cal. p. Kg.

„ V. 8(X5 „ „ 74.75 „ „ 358 „
„" 34.6 „ „ „

On July the l'^' a bicycle excursion of three hours was undertaken

(50 KM.)'

The excretion of creatinin amounted on an average to:

10 days of rest Workingday

V. H. 1.983 (max. 2.042, min. 1.809 gr.) 1.997 gr.

V. 2.039 ( „ 2.174, „ 1.920 „) 2.049 „

On the days whicli followed the day of muscular labour the excretion

of creatinin did not increase either.

III. Whereas till now meat was still taken, in the scries of

experiment II daily 50 gr., the experiment was now taken with

food which contained no creatinin at all, moreover it was made

poorer in proteid. The experiment lasted from July the 7''^ till the

29th 1904, 23 days at a stretch.

From July the 7''' till 18* only bread, buttei-, cheese, rice and

sugar were taken containing:

for V. H. 50 gr. proteid, 115 gr. fat, 344 gr. carbohydr.; 31.2 Cal. p. Kg.

V. 50 „ „ 74 „ „ 344 „ „
"

33.8 „ „ „

From July the 18"' rice was partly replaced by potatoes and

the quantity of butter was decreased so that the ration became:

for v. H. 47 gr. ])roteid, 98 gr. fat, 337 gr. carbohydr.; 29,5 Cal. p. Kg.

V. 47 „ „ 64 „ „ 337 „ „ 30.1 „ „ „

On July the 28"' and the 29"' 5 eggs were daily added to this food.

On July the 15"' , the 20"' and the 23''^ muscular labour was

again performed while the other days were passed in the laboratory

with occupations whicli exacted only little exertion of the muscles.

On July the 15"' a bicycle excursion was undertaken in which

54 KM. were covered in three hours. On July the 20"' arul 23'''

fatiguing indoors gymnastics were performed for 27, hours at a

stretch with halters of 10 K.G. and with the chest-expander and
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the coinlniiod dovelopcr of Sandow ; care was taken that all the

iiuiscles of the body and the extremities were used.

When the first three days of the scanty diet, July the 7'''
, 8''' and

9''' , in which the secretion of nitrogen fell with v. H. from 14,562

to 9,045 gr. and with V. from 13,721 to 10,234 gr. are not counted,

as belonging (o a transition-period, and neither the last two days,

July the 28"' and 29'^ at which about 30 gr. more proteids daily

were taken, it appears that tiie excretion of creatinin has amounted

in 15 days of rest on an average every day to :

V. H. 1.836 gr. (max. 1.935, min. 1.693 gr.)

V. 1.962 „ ( ., 2.079, „ 1.876 „ )

while on the working days was found :

V. H. July the 15'^ 1.908, July the 20"' 1.921

and July the 23"' 1.974 gr. creatinin.

V. July the 15"' 2.142, July the 20"' 1.947,

and July the 23"' 1.937 gr. creatinin.

Here then the tigure with v. H. is always, with V. once above

the average on the working day. Meanwhile tlie deviations do not

surpass the oscillations, which are always found, also witliout im-

portant exertions of the muscles.

The figure found with V. on July the 15"' docs, it is true, surpass

the maximum in the period of the days of rest, but the diiference

0,063 gr. is so slight, tliat no value must be attached to that, in

connection to the lower figures of the two other workingdays.

On the two last days of the series on Avliich no muscular labour

was performed, but on which more proteid was taken, the excretion

of creatinin was :

V. H. July the 28"' 1.955 gr., and July the 29"' 1.959 gr.

V. „" „ „ 2.053 „ „ „" „ „ 1.984 „

while with both the secretion of nitrogen increased from al)0ut

8 gr. to 11 gi'. daily.

IV. In September 1905 a new experiment was taken, lo examine

firstly whether preceding muscular exercise might perhaps bring

some change in the result, secondly to investigate (he influence of

excessive labour and thirdly lo see whether the excretion of creatinin

would be inci'cased with excessive labour and totally insufKicient food.

After performing daily for tln'ee weeks at a stretch indoor gymnas-

tics after the method of Sandow, the experiment was begun Septem-

ber the 26"' with food of the same composition as was used July the

18"' till the 27"', hardly sufficient and poor in proteid. This food was
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taken nine days at a stretcli till Oct. the 4'''. On September the 29^''

exercises were performed with Sandow's implements for 2'/, hours with

short intervals. On October the 2""^ excessive labour was done,

consisting of a walk of 21 KM. in the morning from 9 till 12

o'clock, a walk of 10 K.M. in two hours in the afternoon and wor-

king with halters for 7s hour in the evening. On the six days of

rest between September the 27''^ and Oct. the 4'''' (on the tirst day

Sept. the 26'h {\^q m-ine was not examined) there was excreted on

the average every day -.

V. H. 1.859 (max. 1.977, min. 1.755) gr. creatiniu

V. 1.925 ( „ 2.047, „ 1.860) „

while on Sept. the 29''' there was found :

V. H. 2,00J V. 1.979, gr. creatinin

On October 2"^ „ 1.859 „ 1,945, „

That not too much importance for the influence of muscular labour

on the secretion of creatinin must be attached to the somewhat high

figure of V. H. on September the 29''' becomes clear when the sepa-

rate portions of that day are considered. In the first portion of

that day, that is in the urine excreted in the morning between 8 and

12 o'clock, so before muscular exertion was begun, 0,404 gr. creatinin

was already found to 0,331 gr. and 0,345 gr. in the corresponding

portions of the preceding and the following day.

After ordinary food had been taken for nine days, fooil was taken

in absolutely insuflicient quantity for five days at a stretch, con-

sisting of bread, potatoes, butter and cheese. It contained

:

for V. H. 36.6 gr. proteid 43 gr. fat 186 gr. carbohydrate; 15 Cal p. Kg.

V. 29.7 „ „ 34.7 „ „ 158 „
„"

; 15 „ „ „

On Oct. the 16"' a bicycle ride of 42 K.M. in 2", hours was
undertaken in the morning. In the first hour 20 K.M. were done

but after that the}' could progress but slowly from hunger and fatigue.

In the afternoon a walk of 16 K.M. was taken from 2 till 5

o'clock and afterwards in the evening they worked with halters. The
result was that both felt still very tired the next day.

The calculation of the average has no value in this short experi-

ment. The course of the excretion of the creatinin was as followed

:

Oct. the
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Here too where tlie food was not siiflicient for tlie organism to

defray the costs of the muscidar labour, as appeared also from the

increase of the nitrogen secretion on the workingday, one can cer-

tainly not speak of distinct inlhience of muscular labour on the

excretion of creatinin.

It is however ditferent when no food is taken at all for days.

Van Hoogenhuyze and Verploegii had an opportunity to make
observations about this too on the "Hungerkiinstlerin" Flora Tosca

a strong, young woman, who lent herself for the investigation during

a starving period at the Hague, in a room which was opened to the

public night and day. The urine was collected every day in three

portions, in the morning from 10 o'clock till 4 o'clock in the aftex'-

noon, from 4 o'clock in the afternoon till 10 o'clock in the evening

and from 10 o'clock in the evening till 10 o'clock the next mor-

ning; it was sent every day at a lixed time to the Physiological Labo-

ratory in Uti-echt and was there examined at once.

In the morning of June the 10''' 1905 the last food was taken;

after that nothing but mineral wafer (Drachenquelle) till June the

25'''. Besides creatinin several other constituents of the urine were

determinated daily; about this it wilM)e snflficient to mention that from

the course of the secretion of nitrogen, urea, nric acid and phosphoric

acid it appeared sufiicionlly that no food was taken.

During the whole hunger-period of fourteen days complete bodily

rest was observed as much as possible save on June the 17''' wlien

Tosca during two hours -with short rests, under direction of Verploeoh,

was occupied with gymnastic exercises with halters of 1 KGr. 13

different movements were made, the tirst ten 20 times each, the last

three 10 times each. The movements were so chosen that as many
muscles as possible were set to work.

The examination of the urine showed now that in hungering the

secretion of the creatinin as well as of the other products of meta-

bolism steadily decreased. But the muscular labour suddenly produced

an undeniable increase, not on the same day, but on the following.

Still on the third day the influence was to be perceived, which however

also was the case with connection to the total quantity of nitrogen.

On the first day, when food was still taken, the quantity of creatinin

amounted to 1,087 gr. Later on it decreased rapidly and rather regu-

larly till on the 8''' day. On June the 17"', the day of the muscular

lal)our, it amounted only to 0,469 to rise the following day to 0,689.

In the three days before the muscular labour 1,662 was secreted, in

the three following days 2,006 gr. creatinin. After that the secretion

decreased almost to 0,5 gr, daily, to remain rather constant then.
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From the above mentioned it appears tliat even with perfectly

regular food and with avoiding of all excessive muscular labour the

daily secretion of creatinin, as was communicated already in 1869
l\v K. B. Hoi'MANN '), undergoes rather important oscillations. This

is not sufiiciently taken into consideration by those authors who
as MoiTEssiEK ') and as Grkgoh ') have deduced from their results

' with series of experiments of three, four or five days, where the

creatinin was precipitated from the alcoholic extract of the urine as

a compound of zincchloride, that the excretion of creatinin increased

as a result of muscular labour. It seems therefore to me that more

value may be attached to the conclusion, which v. Hoogenhuyze and

Vekplorgh drew from their observations, that in man only then

increase of excretion of creatinin is caused by muscular labour when

the organism is forced, by abstaining from food, to live at its own costs.

If the creatinin which is found in the urine of normal and nor-

mally fed men and animals is not to be considered, even were it

for a small portion, as a product set free by the contraction of the

muscle fibre, the question arises what signification must be given to

this constituent of the urine.

Since Meissner's researches^) it is known that to make use of meat

as a food must lead to the excretion of creatinin, as creatin and

creatinin, brought into the blood either by resorption out of the

intestinal canal or by injection under the skin completely or almost

completely is excreted as creatinin by the kidneys.

The quantity of creatin in meat is rather important. It is usually

mentioned as 0,2 a O.S'/o of the fresh muscle substance '). With
the aid of Folin's method v. H. and V. have determined the amount
of creatin in muscle. 500 gr. meat freed as carefully as possible of

fat and tendons and minced was mixed with chloroform water and

was pressed out after standing for some hours at the temperature

of the room. This was repeated twice. After that the pressed out

meat was boiled for two hours with water and after cooling pressed

out anew. The filtrates were mixed, boiled at weak acid reaction

to remove proteids, after cooling filled up to 4000 c.c, and then

filtered. 500 c.c. of the filtrate was concentrated to 100 c.c. and
filtered anew, 80 c.c. of this filtrate was boiled with 50 c.c. n

1) Virchow's Archiv. Bd. XLVIII S. 358.

2) These Montpellier 1S91.

3) Zeitsclirilt f. Physiol Cheinie. Bd. XXXI S. 98.

*) Zcilschr. f. rat. Med. Bd. XXXI, 1868, S. 234.

") VoiT. /.ilschr. r. Biiil. lid. IV, 18C8. S. 77.

25*
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*r"' (ill April the 19'''. April tiic 'iO"' 2P* and 22''<i 50 grain oom-

luercial gelatin, well washed in water, was taken everj- time in two

portions, each of 25 gi-., jnst as the casein instead of 50 gr. cai'bo-

hvdrate. On April 23"' and 24''' tiic lirst diet was again taken.

In 10 days in uhicli the iuod daily taken contained 47 gr. proteid

(the first two days Ajiril the 7''' and the S'l', which \vere still nnder

the inthience of the food taken the [)receding days, the urine was

not examined) the secretion of creatiniii amounted to:

V. 11. on the average 1.813 gr. (nia.x. 1.921 niin. 1.706 gr.) daily

V. „ „
„" 1.850 „ ( „ 1.990 „ 1.723 „) „"

On the days on which casein or gelatin was taken the secretion

of nitrogen increased but the secretion of creatiniii not or scarcely.

It amounted on the three casein-days to

:

V. H. on an average 1.913 gr. (max. 2.009, inin. 1.83() gr.) daily

V. „ „ „ 1.897 „ { „ 1.934, „ 1.834 "„) „'

and on the three gelatin-days:

V. H. on an average 1.800 gr. (max. 1.813, min. 1.783 gr.) daily

V. „ „ „ 1.872 \, ( „ 1.811, „ 1.868 „) „

"

Jnst as in the series of experiments III as was mentioned above,

where, after the daily addition of 5 eggs to food which contained

47 gr. proteid, only a too insignificant increase of the secretion of

creatinin was found to attach any ^'alue to it, it ai)peared now that

the addition of casein and gelatin had no important influence whatever,

although the added proteitl was daily resorbed and desintegrated in

the body, as the determination of nitrogen taught.

A short time ago Folin has communicated ample researches about

the constituents of human urine and has come to conclusions ') with

which the observations of van Hoogenhuyze and Verploegh are cjnite

in accordance.

In 1868 Meissner has drawn the conclusion fi'om his obser*

rations that the origin of creatinin in the organism of mammals
must be quite different from that of the urea with whicli most of

the nitrogen is excreted from the body '). Fot,i\ draws this conchu

sion ane\v and, in connection with his observations about the secretioil

of other nitrogen containing substances and sulphur-compoundS) starts

from thi8 point in proposing a new theory about the desintegration of

proteid in the animal body, which he puts in the place of the wellknown
theories of Voit and of Pfluger. In considering the desintegration

of proteids in the body, there has been, argues Folin, generally laid

1) Amer. Journ. of Physiol. Vol. XIII, p 4.5. p. 66 p. 117.

9) 1. c. S. 295.
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stress almost oiilv on I1h> tolal i|iiaiilily (if nitrogen excreted, in

relation to the (|iiaiilil\ taken up in (lie food, anil not eiiongli

attention lias been paid to llic (|uaiililios of eaeli of tiie different

nitrogeiions |)rodncts of metabolism wliieli are excreted willi tlie nrine.

When tlie ijiiantitj of proteid in tlie food is eidarged or diminished

then the secretion of nitrogen increases or decreases till after a short

time a condition of equilibrium has been again obtained when intake

and output of nitrogen are alike. The variability of the metabolism of

proteids does not manifest itself in connection with all nitrogenous

substances l>ut for the greater part with connection to the urea.

The secretion of creafinin on the contrary and also in a less degree

that of uric acid is apjiarently independent of the richness of the

food in proteid. We must distinguish a desintegration of proteid

A'ariable under the influence of the food, on which depends in the

iii'st place the forming of ni-ea and which according to Folin's

conception takes ])lace for the greater part if not wholly in the

digestive organs — in tiie ca\ity and in the mucosa of the intestine

and in the liver — and beside a much less variable desintegration

of jtroteid in the different organs which does not immediately dejiend

on the food lint on the function of the tissues. In the tissues there

arise undoul)tedly nitrogenous products of desintegrating of different

composition. To them belongs as has been stated by Nencki, Salaskin

and their collaborators ammonia, which is changed into the harmless

lu-ea l)y the liver. Moreover urea is formed in tiie organism in

other places than the liver. This product of metabolism proceeds thus

for a part, as Folin expresses it "endogenously" in consequence of

the rather regular metabolism of proteid in the tissues and for another

part "exogenously" in larger or smaller quantities, as more or less

proteid is taken up in (he digestive canal. It is however not possible

to distinguish these two parts from each other in the urine.

But on the contrary the secretion of creatinin, on which the digestion

of the food when it contains no creatin has no direct influence,

gives an indication about the intensity of the desintegration of

proteid in the tissues. In this respect the muscular tissue, must be

thought of in the first place, but not exclusi\ely, as creatin is formed

undoubtedly in other tissues too.

It does not seem necessary to accept that all the creatin which

is formed in the tissues is excreted as creatinin. The observations

of Meissner give already rise to the supposition that creatin must

be considered as an "intermediate" product of metabolism, as has been

stated by Burian and Schur for the uric acid. Meissner at least

could not quite retrace in the urine the creatinin brouglit into the
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circulation. Ho did liud, ii is line, that .ifter injection of creatin

under the skin, not only the wiiole injected (|nantity was excreted

again witli tiie nrine, but also 20 nigr. creatinin with it, but it

remained uncertain how much of it prdceeded from the metabolism

of the animal itself.

To obtain an insiiiht into this v. H. and V. iiave matle anew

an experiment in \\ hii-ii tiie same food was taken, witli 47 gi\ pi'oleid

daily, as in tlie j)receding experiment.

YI. The experiment lasted from Aug. the 17"' till tiie 28"' 1905.

On the first day the urine was not examined. Tlie oscillations in

the secretion of creatinin were very insigniticant. In five days

from Aug. the 18''' till the 22'"i there was secreted :

V. H. itverage 2.023 gr. (max. 2.029, min. 2.017 gr.) daily

V. „ 2.028 „ ( ,, 2.029, „ 1.930 ,, ) „

"

On Aug. the 23"' each of them took in one portion 500 mgr. pure

creatinin dissolved in \vater. On the same day there was excreted:

V. H. 2.420 gr. and V. 2.508 gr. Tlie next day.

V. 2.030 „ „ „ 2.073 „ „

On Aug. the 26''' each of them took again 500 mgr. creatinin but

divided into 10 portions, 50 mgr. every hour. Now also the creatinin

was found back the same day for tlie greater part in the urine.

The excretion amounted to

:

V. H. Aug. the 25"' 1.998 Aug. the 2li"' 2.425 Aug. the 27"' 1.940

Aug. the 28"'- 1.951 gr.

V. Aug. the 25"' 2.045 Aug. the 26''' 2.467 Aug. the 27'''

2.035 Aug. the 28"' 1.968 gr.

At least in three of the four determinations a part of the creatiniil

brought into the blood was not found back in the urine.

From this experiment, which has still to be completed with others,

In which creatin will be taken instead of creatinin, it appears how
distinctly every change of some importance in the excretion of crea-

tinin can be shown with the aid of Folin's method. So it gives th6

tnore reason to trust the results of the above mentioned series of

experiments, and tiie conclusiou derived from tlienij that creatin is

& product of metabolism \vhicli is not formed at the contraction of

the muscle-tibre, but proceeds in muscles and other organs by the desin-

tegration of proteid to which is bound the life of the cells, without

regard to the developing of energy to which they are able in

performing their peculiar functions. Only then when the organism

is deprived of food and must therefore seek the power of performing
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lahoiir in itself, tlie inateriul w liicli the imiscles want for contraction

is taken from llie |)roteids of liic tissue; for tiiis tlie tissues are foreetl

to more vigorous life, of wliicli an increased formation of creatin is

tiie result.

Quite in accordance witii tlie investigations and arguments of

FoLiN, V. HooGKNHUYZK and Vkrploegh also found tliat tliough the

excretion of urea increases and decreases with the resorption ofpro-

teids, tlie excretion of crealinin is not directly dependent on it. Thei-e

is dependence in so far that with total privation of food, the activity

of the organs becomes as small as possible and that then with the

intensity of the symptoms of life the secretion of creatinin becomes

extraordinarily small. In connection with this a statement made on

the last day f»f the hunger-period of Tosca is worth mentioning.

June the 25''^ she took milk and eggs in the evening after ten o'clock.

The urine which was collected the following morning at 10 'clock

contained 0.375 gr. creatinin, more than doul)le the quantity which

was excreted by her in tlie last days in that same period. This

sudden increase can certainly not be put to the account of the food

as such, as is shown by the very slight increase of the excretion of

nitrogen in the same period, but must be attributed to the stimulation

which the whole organism suffered by tlie putting into action of

the digestive organs after such a long rest.

Noel Paton investigated a short time ago with the aid of

Folin's method the excretion of creatinin of a dog which was fed

with oatmeal and milk and moreover on one day with 5 eggs and

which got no food at all on other days '). According to the author

the results seem to indicate that in the dog there is a relationship

between the production of creatinin and the intake of nitrogen.

The secretion of creatinin shows a somewhat too large irregularity

in the communicated series to admit the making of conclusions.

But if the impression of the author is right, there may be thought

here also of a stimulating effect of the food on the whole organism.

Just as FoLiN, VAN HooGENHUYzE and Verploegh have observed

not unimportant individual varieties in the excretion of creatinin

with mixed food. Without doubt the quantity of meat which one

is used to take, influences it. But with persons living pretty well

under the same circumstances the difference seems to be less great

when the weight of the body is considered. In 5 students a secre-

tion of 26, 26.9, 27.4, 29,4 and 31,5 mgr. creatinin pro bodily

weight of one Kgr. was found in 24 hours,

1) Journal of Physiol. Vol. XXXIII, p. 1.
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Van IIooGV.Mii'YZE aiul Vi;kpi.(ik<;ii liavo aho examined llie iirino

oF 80ine siickliii<is. Always creatiiiiii could lie shown, more distinctly

with the reaction of Jafke than with tiiat of Weyl. On acconnt of

the small concentration and the trifling quantities of nrine which

could be collected an aocnrate colorimetric determination was not

possible. In four cases however a sufficient quantity of urine

(15

—

60 cc.) was obtained, to admit at least of a somewhat reliable

determination. In 10 cc. urine which was diluted to 50 cc. after

having been mixed with picric acid ami caustic soda, there was

found :

I child 8 daj's old, 1.11 mgr. creatinine

II „ 32 „ „ 0.91 „

III „ 2 months „ 0.41 „

IV „ 2 „ „ 1.7 „

It is remarkable that in case III whicli concerned a weak child

which was fed exclusively on cowmilk, the quantity of ereatinin was

so much smaller than in the three other children who were all

strong and bnjught up by human-milk.

The above mentioned proves, as it appears to me, that the method

of FoLiN is an acquisition of im|)ortance of which may be expected

that it will aid in ])enetrating deeper than before into the knowledge

of metabolism.

Physics. — "On tlw theonj of rejledlon of Uijht hy Imperfecthj

transparent bodies." By Prof. Iv. Sissinoh. (C'ommunicaled by

Prof. H. A. LORENTZ).

1. The laws of metallic reflection have been derived first by

Cauchy'). later by Kettet.er ') and Voigt'), while Lourntz'') has

developed them from the electromagnetic theory of light. By different

1) Cauchy, Cornpt. Rend. 2, 427, 1836; 8, 553, 658, 1839; 9, 7^6, 1839; 26,

86, 1848; Journ. de Lioiiv, (1), 7, 33S, 1839. Cauchy gives only general remarks

on the way followed by liini. Derivations of tlie results have been given, inter

alia by Beer, Pogg. Ann. 92, 402, 1854; Ettingshausen, Sitzungs-Ber. Akad.

Wien, 4, 369, 1855; Eisenloiir, Pogg. Ann., 104, 368, 1858; Lundquist, Pogg,

Ann., 152, 398, 1874.

3) Pogg. Ann., 160, 466, 1877; Wied. Ann., 1, 225. 1877; 3, 95, 1878; 22,

204, 1884. Ketteler has, also in consequence of Voigt's observations, modified

his developments, and given a final form to them in the "Theoretisclie Optik", 1885,

M Wied. Ann., 23, 104, 554, 1884; 31, 233, 1887; 43, 410, 1891.

*) On the llieory of reflection and refraction of light, 1875 ; Schlomilch's Zeitschr.

f. Math. u. Physik, 23, 196, 1878.
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ways those investigators ari-i\e at exactly llie same results. The

relation inter se of tiie meciianir tiieories his been elucidated by

Drudk'). In 185)2 Lohe.ntz") derived the laws of the refraction of

light by metal i)risms, which liad already been given by Voigt ')

and Drude •*), from a few simple principles. Concerning the nature

of the vibrations of light no special hypothesis is introduced. This

investigation of Lorkntz enables us to develop the theory of metallic

reflection in a simple way.

2. The sim|)lest disturbance in a metal is that represented by:

A e^l'-'- sin (ct — q,v -\- s) (1)

In this ,( is the distance from the bounding plane of the metal.

This disturbance is caused when light falls ]terpendiculariy on the

metal. Here we meet with the particularity, that the pUxnes of equal

phase determined by the goniometric factoi- of (1) coincide with

these of equal amplitiule which follow from the exponential factor.

From the assumption that the metal is isotropic and the deviation

fi'om the condition of e(pulibrium in the light disturbance is a vector

determined by homogeneous linear dilferential e(piations, Lorentz

derives, what other disturbances are possible in the metal. Assume

tiiat the bounding plane of the metal is the VZ-])]ane, and that the

plane wave-fronts are perpendicular to the AZ-plaue. Then a distur-

bance is possil)le, I'epresented by :

Ac-Pi^sinict— QL^ — s) (2)

if

i--Q^=/^-^^ (3)

PQ c-o,v («,-«,)=/. ^ (4)

are satisfied.

The planes of e(pial auqilitude and phase are given by /j = const.,

/, = const. In this /, is the distance to the plane in which the

amplitude is A, and /j that to the plane in which the phase has the

ycdne s. «, and «, are the angles of the normals of the planes of

equal amplitude and phase with the A'-axis.

3. From (3) and (4j the principal equations for the propagation

of light in metals may be immediately obtained. If light penetrates

from the surroundings into the metal, then the planes of equal

amplitude are parallel to the i»ouuding plane. The ex|)onential factoi'

1) Goltinger Nachrichten 1892, 306, 393.

8) Wied. Ann., 46, 244. 1892.

"•) Wlcd. Ann., 24, 144, 1883.

') Wied. Ann., 42, G6G, 1891.
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ill (2) passes iiilo e~P-' and «,=:(). In lliis case a,^ may he calied

the angle of refraelion in agreement witli what lakes [)laee for

perfectly transparent hoilies. Denote it by a, then (4) passes into :

FQcosaT=pq (5)

Let ns now ])nt /'= 2 jr /t : P., where ). is the wave length in the

air, and / the coeiricient of absorption. In (2) we put Q = 2 ct -. ?.^,

where P, represents the wave length in the metal. Be X -. ?.^ = n, then

we may call the index of refraction of the metal n, in agreement

with what happens in transparent bodies. In the same way Q = 2jt n : ?..

Let ns call the values of / and n, when the light propagates in the

metal perpendicnlarly to the bounding plane /;, and ii„. Then in (1)

p = 2.T k^ : X, q = 2.T ;?„ .• P..

Introducing these values into (3) and (5), we get:

P — n' = k,' — «„^ (0)

l:n cos « = A-,, ?i„ (7)

In order to bring our formulae for the disturbance in the metal

at tiie bounding plane in harmony with those for the disturbance in

the air, we must put sin i : sin it = ). : P., = n or sin i = n sin a, when

i is the angle of incidence. It follows from (6) and (7) that both

the index of refraction and the coefticient of absorption depend on

the direction of propagation, i. e. on the direction of the normal

of the planes with equal phase.

If (7) is written in the form :

P n' co.r c(=P(n'' — sill' i)
— k„' i,„' .... (8)

it follows from (6) and (8) that:

2«' = — ,(/ + H„» + sin^ i 4- j/(^/ — 7i„' + sin'' ly + 4»/ /!•„ . . (9)

2k' = /!•/ — w/ + si/i" t'+ ^/(/!•/ — «„'+.</«- (7 + 4»/ // . . (10)

They denote in what way /: and n. depend on tlie angle which

the direction of the propagation of the disturbance falling on the

metal forms with the normal to the bounding plane ').

For an opaque mirror of silver deposited on glass by a chemical

1) Ketteler was the fust to derive these equations, (see inter alia Pogg. Ann.,

160, 408, 1877) wliicli, of course, also occur in Voigt's theory. Voigt puts tlie

quantity corresponding to P equal to 2jr A; : Aj, so that Voigt's nk concsponda

to the coefficient of absorption k introduced here. It is not correct tliat Gauchy

already gave these equations, as Drude observes (Wied. Ann. 35, 515, 1888).

Tliey liave not been given explicitly in this theory. This appears, indeed, from

the fact that Beer (Pogg. Ann., 92, 412, 1854) substitutes other relations for

them, which are not correct. Derivations of the principal equations were given by

Wernicke (Pogg. Ann. 159, 226, 1876) and Ketteler, Pogg. Ann. 160, 468, 1877.

See also Ketteler, Wied. Ann., 49, 512, 1893 and Theoretische Optik, p. 198,

§ 85, Zur Geschiclile der Hauplgleichungen.
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way, and very firmly attached to llie glass, the values /= 72'34'. 8,

H^ 42 21'. 7 were found for [jrincipal angle of incidence 7 and piincipal

azimutli //') {H being the angle which the plane of polarization of

the rellected liglit, being restored by compensation to plane polarization

makes with tlio plane of incidence) from which follows for:

i=z{r 2(r 40' 60' 80' 90'

?i=r 0,295 0,450 0,800 0,928 0,990 J,03

k = 2,m 2,90 2,95 3,01 3,04 3,05

In the same way I found for a steel mirror ''), 1 = 77°23'.5,

//= 21^34', so that for:

1 = 0'' /=/ /=9(P
n = 2,684 2,794 2,799

k = 3,404 3,491 3,496

As follows from (9) and (10), k and ii increase with the angle

of incidence /. From (8) follows, that always ii'' "^ sin^ i. Media

which absorb the light, can never reflect the light totally.

4. Normal to the planes of eipial amplitude the amplitude decreases

in ratio 1 : c-' over a distance P. ; 2jr /,. In the planes of ecpial phase

the points whose amplitudes stand in the same ratio, lie at a dis-

tance P. ; 2.T k sin {a^—itj.

According to (6) and (7) n depends on /. The velocity of propa-

gation depends therefore on the way, in which the amplitude in a

plane of crpial phase varies. If « ^ 0, it follows from (6) and (7)

that /, = /•„,;« = /;„. The i)lancs of ecpial phase and amplitude can

therefore only coincide with a propagation normal to the bounding

plane. If this took place in every direction, >( would be zero according

to (8), so the substance would have to be perfectly transparent.

When the planes of equal phase and amplitude are normal to

each other, « =: 90'. For light that penetrates into the metal from

outside, the planes of equal amplitude are parallel to the bounding

l)lane, so for « ;= 90^ those of equal phase are perpendicular to it.

The propagation then lakes place parallel to the bounding plane.

This is in harmony with what follows from (7) and (8). According

to (7) k„ n„ = for « = 90' and so according to (8) cither A' = or

n =s siti i. The first case leads us back to perfectly transparent media.

For n^^sini there is total reflection. This however, can only be

the case with light absorbing media, if k„ n„ := or, as ?«„ > 0, if

1) SissiNGH, Thesis for the rtoctorute, p. 88, 1885, Areli. Neerl., 20, 207, 1886.

=) SissiNGH, Veih. Akail. v. Wetonscli., Amsterdam, deel 28, 1890; Wied. Ann.,

42, 132, 1891.
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/(„ ^= 0. So the ooeflioient of absorption of the medium normal to the

bounding phine had to be 0. For metals this is not the case, so that

no total retlection can occur there, as has been observed above.

It is well known that with total reflection on perfectly transparent

media the planes of equal phase and amplitude are normal to each

other for the disturbance in the second medium which is propagated

parallel to the bounding plane. Voigt showed, that this case also

occurs for a disturbance, which leaves a prism of a substance which

absorbs liglit, when plane waves fall on it and the dimensions of

the prism are large with respect to the wave length ').

From (6) and (7) we maj- derive (k^^^ — iio") cos « = «„ k^\ — 1.

\ n k J
From this follows, that according as k : n increases, a differs more

from jr : 2, with wliich we have got back a result of Voiot's ").

5. EiSENLOHR ") showed, that by the introduction of a complex

index of refraction, we arrive at Cauchy's results for metallic reflection.

In the following way it may be sliown that for metals a complex

quantity corresponds to the index of refraction of transparent bodies.

With observance of the conditions (3) and (4), (2) is a possible distur-

bance. In this /; and /^ are the distances from the point for which

(2) holds, to the plane of e(|iial amplitude, in which the amplitude

is A and the plane of equal pliase, in which the phase is .v. We
may also write for (2) :

Ae-}'i''^l'-i~ ^ui {i'.t— q^x. -q^z—s) (11)

because the planes of eipial phase and amplitude are normal to the XZ-

plane. The normals from the point ./,; on the two above mentioned of these

planes are respectively (Pi.r-f^,2-) : l/pi'-f/>5' and ('h'-f-Zs -):i/'7i'+?5%

so that r = k'/^HKN Q = i/?7+?/-
In the same way as (11) a possible disturbance is also:

Ae-n-^-P^^ cos {,-t-q^.v~,j^:-x).

The ditferential equations, which are supposed homogeneous and

linear, are therefore also satisfied by :

Ae—Pi^'—r'i' [cos {ct— qiX— q^:— s) =b e .nn {ct— qiX— q,:—s)]

or by
.4('±'l(<'--'-7iT7'.)--;7.+V'-;-^l (12)

For a perfectly transparent medium /i^ = p^ = 0. The velocity

of propagation is then v = c : ^'ii^'+'i,', or c being c='2ji : T,

') Wied. Ann., 24, 153, 1885.

2) Wied. Ann , 24, 150, 1885.

s) Pogg. Ann., 104, 368, 1858-
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v=:2jt: Ty/(i\^^fq^\ Let the velocity of li^lit in tlie air be T, the

index of refraetion of the perfectly transparent medium n, then

:

From (12) follows, that for a metal q^ qz ip^ occurs instead of q^

and (he (piantity q^ =[= i[i^ for (j.^. Let //,„ be the quantity, which for

a metal corresj)onds to tiic index of refraction ii of the perfectly

transparent medium, tiien

The cosines of the angles formed by the normals of the planes

of equal amplitude and phase with the X and Z-axis, are respectively :

Ih VTPtP.' , V. • Vp?Tp,' and q, : ^/q,'~+q7 , q, : \/q7+<hr

With observance of the above given values of P and Q and in-

troduction of the angle « between the j)lancs of equal phase and

amplitude l>iqi-\-p^q.i, = PQ cos «. Thus

:

«;„ = ^—^ i-F^ + Q-' z^ 2iFQ cos a),
4-t:'

or according to (3) and (5)

:

p J.

4.Tt'

Hence the so-called complex index of refraction of a metal is

nm= i^^'j).— • I-'t'f ^0 '•<? the wave length in the metal for light

entering normally, then according to (1) g=2jr : Ao^2jr»|, : ^ and

2)=:'2jTk„ -A, so Um = »„ =F '^'„-

6. It follows from what precedes, that in accordance with Eiseni.ohr ')

we can deduce the expressions determining the amplitudes for the

metallic reflection from those for the reflection on transparent bodies,

if we replace ii i>y //„ =p ik„. Let the incident beam of light have

the intensity J and let il be polarized in the plane of incidence.

The reflected disturltance may be represented by the real part of

sin{i — r)
, , „ . . . ,, , ,

*"* (* — »')

e ± '
''+ '/

. Here sm r^fin i : n. rut n = «„ zp tA-„, then :

sin (i -\- ]•) **«(« + r)

passes into Ae±'^\ The disturbance reflected by metals is the real

part of Ae±"''+'^-~'^\ in which A is the amplitude and B the dif-

ference of phase with the incident ray. In this way we arrive at

the well known expressions for the metallic reflection. I may be

1) Cf. also LoRENTz, 'I'liporio der Ternskanlsing on Bii'kin;;, p. I(i3,

ScHLoMiuai's Zeilsciir., 23, 20G, 1878.
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allowed to phu-e tlieiii here side by side, after wliicli I tsliall give

some expressions which enable us to determine the optical constants of

a metal from the quantities measured, and also some approximative

formulae for the calculation of the principal angle of incidence /
and principal azimuth H from »„ and /„.

Light polarized // plane of incidence.

Reflection by

transparent bodies metals

Intensity

Incident light Reflected light

siii'ii—r) , _ {cosi—[/n''—siH''iY-\-k''

sin^i-^-r) '' "
{cos i-^[/ti^— sin '

I)

'•'+P
Difference of phase with incident beam

10AO 2k cost
lot) tqWu :=: —

Light polarized i plane of incidence

Intensity

t<f{i~r) _ n-cos''{l—a)-]-k-cos"i a

tg^i.— r) )r<:os"{i^(t)-l^k\o.ri ''

Difference of phase witJi iiicident beam
0° for 0° < / < /

180^ „ /</<90° '"'^ ~ ^''

_,
2ik{kr-\-n"-cos"a— sin'i) cos i.

(k' - n'cos'u - sin''i)cos-i - rfcos'a cos 21-
k''

From tills follows also:

2k sin I t(i i

t:i i'pi - V,) = -^-.
''

cos'' a — /'/" i sin^ I -\- k'

n and /.: ai)ply to the disturbance in the metal, arising from plane

waves, which fall on the metal with an angle of incidence /. The
angle of refraction « is determined by Sin a = Sin I : ii.

7. The expressions obtained are in perfect harmony with those of

Cauchy. First the relations of § 6 may be brought to the same form

as these. For this purpose we put in accordance with Bekr ')

:

71 cos a =z [/ n^ — Siii^ I z=z U cos u , k ^ U Siti u . . (13)

Substituting this we get

cos^ i 4- V —-2 U cos i cos it

R, = 7-^
:

•

cos^ i -\- U ' -\- 2 U cos i cos u

Put

1) Beer, Pogg. Ann. 92, 413, 18J4.
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system of two determiiiiiig quantities is chosen, however, the ampli-

tudes and phases of the two components of the reflected light pohx-

rized in and normal to the plane of incidence, whether calculated

in one way or in the other, will have the same values. The two

systems of formulae are therefore identical.

Caccht ^) calls the so-called complex index of refraction <Tt^" . This

quantity being represented here by n^ -\- ik,,, ocos r= n,, a sin r = l„.

The auxiliary quantities q and to have been introduced by CArcHT

for the determination of the so-called imaginary angle of refraction r,

determined by sin r = sin i : («„ -|- ik,) '). In order to express q and

o) in the quantities used above, it may be observed that:

cos' r sin" i : sm' ;- := cos' »• («„ -\- ik^f == (n„ + tk^y — sin' i

or with the aid of (6) and (7)

:

cot r sin i = « cos « -j- (A.

As Caucht gives

:

cos r =z Qe''" ') and n^ + ik^ ^=. Ge'' , n cos a -{- ik is equal to prf^'-H^)

or

n cos a= U cos u ^z qo cos {r -\- (o ) . . . . (17)

k = U sin ti ^= QO sin (r-f-tu) (18)

The equations (17) and (18) allow us to deduce our auxiliary

quantities from those of Cauchy and reversely ').

8. According to ^ 7 :

2 U sin i tg i .2 U sin i ta i

cos 2/i = cos u , t(i Ufi— <r,,) = sin u — .

U -\- stnr I tgh U —sur i tgv.

These two equations may serve to determitie U and ;/, and from

this the optical constants n„ and k\ with the aid of (13), (6) and (7).

From the values of cos21i and hj {tpi— (f/^ follows:

U^ — sin' i tg'' i

sin 2h cos {<fl—(fp)jrr-,
—,•,,.

L '
-f- sin^ I tg' I

or
2 sin' i tq" i

1 - sin 2h cos i<fi-<f,,) = , . :. --j-. . . . (19)
c -j- sin I tg I

From (19) and the value of cos'2h follow^s :

sin i tq i cos 2h
UcosH = - f ——

- (20)
1 — cos {(pi—g>p) sin III

V LoRESTz, I.e. Theorie der terugkaatsing en breking, p. 164, Schlomilch's Zeitsclu-.,

23, pg. 206. EiSESLOHR, p. 369.

-) See note 1 on the preceding page.

») Cf. also Ketteler, Wied. Ann. 1, 242, 1877; 22, 212, 1884. Formulae for

the calculation of f aud i. aie given by Lorentz, Theorie der Terugkaatsing en

Breking, p. 164, 16-5, Eise.nlohr, Pogg. Ann., 104, 370, 185S.

26
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Furtlier

2 U sin u sin i tg i

''"~'''"^'^'-'^''^ = l/U^+einHtfi

From tliis and from the value of tg {<pi— f/)^,) follows

sin i t(/isiti{<f)i —ifn) sin 2/i

U sin V =z ^^ ^ .... (21)')
1 — cos {ipi—<p^ sin 2h

So from the restored azimuth h and the difference of phase

<pi
—

(pj, at an arbitrary angle, Ucosu and Usinu or ncosa and k

are to be derived for that angle. As 7i cos a = \/7i^— shf i, we get

afterwards n„ and /„ with the aid of (6) and (7). By means of them

wo can calculate <pi
—

(fp and h for every angle.

9. As a rule we introduce the principal angle of incidence /,

for which <//

—

(pp = :n: : 2. The restored azimuth at this angle is

called the principal azimuth H. As well from (20) and (21), as from

15) and (16) we may derive, when we add the index / to the

values of all the quantities for the principal angle of incidence :

Uj-=^smItgJ , cosxtj ==. cos2 H .... (22)

According to (13)

ki z= Ui sin uj = sin I tg I sin 2//. ..... (23)

{n'' cos'' (t)[ = nf — sin'' I =: sin'' Itg'' I cos' 2H
or

nf = tg"I\lsin''Isin^2H) (24)

We may also write (24) :

n/ + /•/ = <//») (25)

The optical constants 'ii^ and k„ are obtained from :

n^- — k^' ^n^"- — kj- z=i tg"- 1 (1— 2 «m- 1 sin'' 2 H)
or

n^ k^ := {n cos <()y kj =^ i sin^ J tg'' I sin 4 H . . . (26)

10. When /^„ and Z;„ have been gix'en, we find by elimination

of ni and ki from the two first members of the two equations (26)

and (25) an equation of the sixth degree for the determination of

f(/ I. There may be given also approximating formulae for the deter-

mination of / and H from ;«„ and /„. From n'—k'j^ n„^—k„^ and

k i/?r, — siu^ J := y?„ k„ follows

2m'^ = 6//ri+ ?(„'—/i'/+ \/{sin:'I—n„''—k^y-\-4k„-si7i-I

Substituting this in ni--{- k/'=tr/-I, we get:

') This equation was already given by Ketteler, Wied. Ann,. 1, 241, 1877.

^) Ketteler calls this equation an analogon of the law of Brewster, Wied.

Ann 1, 242, 1877.
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mi'I + 2sm-I{;r- - M„0 + (^o'^ + <f = sin'Itg'J . . (27)

With metals n„'-\-k„' is oomparativelj- large compared to the two

first terms of the first member of (27). By approximation we get

therefore

:

sin' I tg^ I^ k„' -\- H„',

from which follows with the same degree of approximation

Introducing this in (27), wc get

:

»./,,/ =^;.' +„,.}. +
J -^tl^j.

. . (28)

In the following way we get an approximate value for H. From

(23) and (24) follows
:"

7if — kj" = nj' — k^' := sin" 1 -j- sin' Itg^I coc 4 H,

SO

n^^—k^'—siti'I
cos 4 11= r-— —

sm'I tg I

1— cos4H
From this follows, as tif2H= -

rr;.. after substitution of the^ l-\-cvs4H

approximate value

I
/!•'—"'»

sinUtg'I= (h„^ + /,„') 1 + sm-I-^_
^-o'+«o'

which follows from (27),

<^2^= ^j 1+.*V/-^-! (29)')

11. Finally it may be observed that the relations hold for any

value of k. The reflection on perfectly transparent bodies is therefore

a limiting case for the metallic reflection. ')

Chemistry. — "On the chlorides of maleic acid und of fumaric

acid and on some of their derivatives." By Dr. W. A. van

Dorp and Dr. G. C. A. van Dorp.

(This communication will not be published in these Proceedings).

1) Gorresjjonding approximate formulae were given by Drude in Winkelmann,

Pliysik II. 1, p. 82.3, 824.

i) Cf. VoiGT, Wied. Ana., 24, 14C, 147, 1885.

(October 25, 1905).
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The following papers were read

:

Mathematics. — "Central Projection in the space of Lobatschefsky" .

(,!*' part). By Prof. H. de Vkies. (Communicated by Prof. J.

Cardinaal).

(Communicated in the meeting of September 30, 1905).

1. Let an arbitrary plane r be given in hyperbolic space; let

the perpendicular be erected in an arbitrary point O^ of r, and let

finally an arbitrary point be taken on this perpendicular. We can
now ask what we can notice if we project the figures of space

out of as a centre of projection on t as a plane of projection or

picture plane, and inversely, how the exact position and situation of

the figures in space can be determined by means of their projections.

27
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In tlie fdllowiiig a few oliscrvatioiis will be given on these two

questions.

Let ns siipjiose an arhilraiT plane f tlii()nt;li the line 0^>,, slaiiding

therefore at right angles to r; in liiat plane we can draw throiigii

two straight lines p^, p.^ parallel to the line of intersection c of t

and T passing through U^, therefore also parallel to t itself. The

angles formed l)j />, and p^ with 00^ are equal ; they are both

acute, and their aniouiil is a function of the distance 00^ ;= (/.

LOBATSCHEPSKY has Called each of these two angles the ^>a;y/7W^/»(//t' ')

belonging to the distance d, and has indicated them i)y /7((/); if (lis

given, the parallel angle is found out of the relation

in which for the number <• the basis of the natural logarithmic

system may be taken, if only the unity of length by which (/()^ is

measured be taken accordingly '). As far as the range of values

of //(d) is concerned, I only observe that the parallel angle ^n'/^jr

for (/= 0, decreasing and tending to if (/ increases and tends

to a.

If the plane e rotates round (>(>^, then ^>i and p., will describe a

cone of revolution round (H)^ as axis; this cone is the locus of all

straight lines tin-ough ^> parallel to t, and distinguishes itself in many

respects, in form and |)roperties, from the cone of revolution of

Euclidian Geometry; the plane t is an asymptotic plane, to which

its surface tends uidimited, and from the symmetry with respect to

follows easily liiat another plane t* like this exists, also placed

perpendicularly on OO^, but in (he point ^>,* situated symmetrically

to (\ with respect to (K So the cone is entirely included between the two

planes t and t*, and these two jilanes having not a sbigle point in

common (neither at Unite nor at infinite distance), are diveiyent

;

however, they possess the common perpendicular O^Oi*, and their

shortest distance is 2d. The cone discussed here will be called for

convenience, sake the parallel cone x belonging to the point 0.

2. The parallel cone divides the space into three separate parts;

let us call those two parts, inside which is the axis ^>(>'i, the interior

of the cone, the remaining part the exterior; it is then easy to see

that the points of space behave diiferently with respect to their

projectability according to their lying inside or outside the cone;

for a i)oinl /' inside the cone the projecting ray OP forms with

1) F. Engel: „N. I. IjOB.\Tsi;nErsKY. Zwei geomctrlsche Aliiiaiullungeif '. Leipzig,

Teubner, 1899, p. 107.

-) F. Engel, 1. c. p. 21i.
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(JO^ ') iui acute angle siuallei- than tlie parallel angle, tVuin wiiicli

ensne^ that OP (oi- pei-haps the prolongation of FO over O) must

meet the picture plane; the point of intersection F' is the central

projection of P. However, for /' outsiile the cone the acute angle

between OP and 00, is greater than the parallel angle; so now

OF is divergent with respect to t, from which ensues that points

outside the cone possess no projections at all; points on the cone on

the contrary do, but these projections lie at iniinity.

From the fact that points outside the parallel cone are not projectible

we need not infer that these points cannot be determined by Central

Projection; if such a point is regarded let ns say as tlie'point of

intersection of two straigiit lines, and if these can be projected by

Central Projection, their point of intersection will also be determined

in this indirect way.

3. Let a straight line / be at riglit angles to t in a point D
of T. As the line (JO, is also perpendicular to t, it is possible to

bring a plane through / and OO,, the trace of wliich connects O,

with D. This plane will intersect the cone x in two generatrices,

jt,, p^; we now assume that / cuts these two lines in two points

P, and P.,, and — to tix our thoughts — that P, lies between

U and F^. The line / possesses two points at infinity, I'^, V^^,

which both lie inside the parallel cone; let us suppose that V,^

lies under the picture plane and V^^ above it, then the succession

of the points on / is this: I"^, D, P,, P„, V^^.

The projecting ray OV,^^ cuts t in a point T', off? lying between

D and O, ; we shall call it the first vnnlshlny point of /. In like

manner the ray OV^^ jtrolonged over (J will cut the line e in a

point V\ lying in such a way that 0, lies between T"'; and V\;
we shall call V\ the second vanishing point of J. The point O,

does not lie in the middle between V\ and V\, on the contrary

it is closer to V\; if namely we let down the perpendicular OS oni

of O to / a quadrangle is formed with tiiree right angles, namely

at O,, D and ;S', and from this ensues that the fourth ^ 800, is

a«ute. Now OS is the bisectrix of /_ ^\^0V^^, and therefore the

perpendicular in on (AS the bisectrix of^ V,0V\\ this perpendicular

must be placed, as /^SOO, is acute, between 00,, and 0V\, and

from this ensues ^ V',0O, </ V\00,. If we now let the

rectangular triangle V',00, rotate about the side 00, till it lies on

the triangle V',00,, then we can immediately find that 0, V',<iO, V',.

1) By 00, we iinder.<taiul the straight hue prolonged at hnlli ends unliniiteilly,

by OP however a semi-ray starling from 0.

27*
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It is clear that the oeiitnil projection /' of / coincides witli the

trace e of the projecting plane Olz=s, and at the same time that

/ is determined by its point of intersection and by one of tiie two

vanishing points ; the second will be fonnd l)y letting down the

perpendicular <")/§ out of to /, and by setting off at the other side

of OS an angle equal to the parallel angle, formed by OS and

the only existing ray parallel to I. But further can be remarked

that / is also determined l>y its two vanishing points, or what comes

to the same by its two points at intinity ; to find / we should but

have to bisect the angle formed by the two projecting parallel rays

of /, to mark on the bisecting line a segment OS corresponding

to ^li /^Vi^OV^^ as parallel angle, and to erect the perpendicular

in S on OS.

The line / is divided into four segments by its two points at infinity,

its point of intersection and its two |)oints P^, 7', (whose projections

lie at infinity), and /' in like manner by its points at infinity P\^,

^^'joo' ^''® point D, and tlie two vanisliing points V\, V\ of /; the

connection between these dilferent segments of / and /' is as follows.

To the infinite segment V^^D corres[)onds tlie finite segment V\D,
and to the finite segment DP.^^ the infinite segment DP\^\ to the

points between P, and P.^ no projections correspond, because the

projecting rays of these points are divergent with respect to t
;

to the infinite segment P^ V^^ on the contrary a segment of /'

again corresponds, namely the infinite segment P\^ V\. There now
remain on /' only the points l)etween the two vanishing points, to

which also belongs 0^ : (o these no points of / correspond, their

projecting rays being divergent with respect to /.

^ 4. If a line lit is to cut the surface of the parallel cone

in two points, the length of DO^ may not exceed a certain upper

limit, so that the results just found do not hold for all lines i t.

Let lis again suppose through 00^ an arbitrary plane s, and let us

now first regard 00^ itself. If we let down out of 0^ on to jh

the perpendicular O/P, then because p, is parallel to e, the angle

TO^P',^ is the parallel angle belonging \o 0^7] and therefore angle

TO^O is smaller than this parallel angle, because OiO cuts the

line Pa (namely in /^O): and OO^P', being equal to 90", the paral-

lel angle TO,P',^ > 45°, and angle 7'C>,(9<45°. If in f we move /,

first coinciding with 00^, in such a way that it remains in D per-

pendicular to e, namely towards the side of P\^ (therefore from

P\^), then the perpendicular DT" on j;, becomes continually greater,

and so (see N°. 1) the parallel angle TDP\^ continually smaller;

as soon as the perpendicular DP has attained such a length that the
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p.-inilK'l aii^lo corrfsiKiiKlinu' lo il is pivcisclv 45 , llic (•oiii|)l('nir'iit

becomes 4n" ton, and llnTclni-c / |iai-alli'l Id /i,, Itiit on tlic oilier

side (if />'/' coiniiared lo ,-
-. I will still inlersecl /*, in a linile point

l\, tor as it enters IIk^ trianiiie (.">J'\.,^ at />. does of course

not contain the jioiiit /',^, and is divergent with reference to 00,,

it can leave the trianiile oidv in a finite [)oint of y*, : Itnt it will cut /), in

an point at infinity J\,^, heins at the same time F,^ . So its projectio

consists of the segment of the line i' of V\ over J) to P,„, and

the isolated point P.^^ is e(|ual lo T',,, ; now too il is determinec'

bv two of the three points Jj, \^\, V,^.

The point J) lies at a certain distance r from 0, ; if we describe

a circle in t abont ^', as centre and with ;• as radius, and if we

erect in all points of that circle the perpendiculars on r, a surface

appears which may be called a cylinder of revolution, of which the

circle just mentioned is the gorge line; the lines / (It) lying inside

that cylinder have two different vanishing points (with the exception

oi OOi, whose projection is a single point), the lines /on the cylinder

have a finite and an infinite vanishing point, and the lines / outside

the cylinder miss the second vanishing point.

As for the shape of the cylinder it is easy to see, tiiat the plane

T* (see N". 1) is an asymptotic plane: and t itself being evidently a

plane of orthogonal symmetry, the plane t** normal to 00^ in the

point (>!** symmetrical to O,* with respect to r will be a second

asymptotic jdane-, so tlie distance of these two planes is 4r/.

5. Ill Euclidean (ieonietry the lines ^t are at the same time

those which are parallel to (}(\, Itut in Hyperbolic Geometry this

is different; here we have to regard the lines having in common with

00^ the point I" ^ l.y'"g under the picture plane at infinity, and

those having with 0(^i in common the point V,^ l.y'"g above t.

A line / of the former kind lying in the vicinity of 00, has a

picture point D, two [loints /',, P„ and a second point at infinity

lying inside the cone y. ; its first vanishing |)oint coincides with 0,,

whilst llie second lies on DO, in such a way, that O, lies between

D and that point.

If the perpendicular OS let down out of to / becomes conti-

nually larger, the first particularity appearing here is that / becomes

parallel to the generatrix p, of cone x lying in the plane ()/; then

it is at right angles to the bisectrix of the obtuse angle formed by

p^ and 00,. All lines having this property form an asymptotic cone

of revolution') with vertex V,^, whilst t* is an asymptotic plane;

') H. LiEBMANN, "Niciiteiikiidische Geometrie", tlollection Schubert XLIX, page 63,
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tXH base circle we can olilaiii a circli' ^villl fiiiilc radius in t. I''nr

Uic generatrices of (iiis cdnc llic second |iiiinl J'.^ coincides with llie

second jioiiil a( iMlinitj; so tlie projection consists of the infinite segment

<f^Dl'\^ and liie isolated second point at infinity of tliis line.

l'\)r lines / (_)utside this cone tins isolated point xanishes, and on

account of this the second vanislnng point; for its deternnnation remain

however I), and the first vanishing point (>j. Now however, the

perpendicnlar OS still increasing, / can i)econie |)aralle] to p^, and

hence parallel to e or to t; it is then at rigiit angles to the bisectrix

of the acute angle between (i^ and <><>,, as well as to that of the

right angle between e and (>, T,^, which bisectrices are respectively

divergent. All lines showing this [)roperty form a second asymptotic

cone of revolution, for which however t is now the asymptotic plane
;

they have a picture point at infinity, but are no less deterndned by

this point and the first vainshing point (\.

If / also lies ontside this second cone, it becomes divergent witii

respect to t, so it loses its picture point D; but now its second point

at iidinity lies agaiji inside the cone y., which makes it projectible, so

that in this case / has two vanishing points but no jdcture point

;

however, the two vainshing points are sufticienl for its determination

(see N". 3). The originals at infinity corresiionding to it are both

under the picture plane; in connection with the preceding it w^onld

be preferalile, in order to avoid confusion, to say that / has in this

case two "first points at iiilinily" and therefore also two "first

vanishing points".

The lines containing the second jioiiit at infinity Y^^ of 00^
behave in like manner; we again find two asymptotic cones of

revolution, one with tiie asymptotic plane t, a second with the

asymptotic plane t®, and we terminate with lines with two "second

vanishing points" and without picture point.

Dd/l, September 1905.

Physiology. — "^-1 method for di'ti'miiaiiiii tJir osi>iotic pressure

of rerij small quaiit/'/ies of liquid." 15y Prof. II. J. Hamisurgkr.

It not unfrequently happens that one Avislies to know the osmotic

pressure of normal or pathological somatic fluids of which no more

than Yn or '/^ cc. are available. 1 recently had such a case when an

oculist asked me what should be the concentration of licpiids used

for the treatment of the eye. It seemed to me to be rational — and

the investigations of Mass.\rt ') justified this opinion — to prescribe

1) M ASSART, Arcliives de Biologic 9 1889, p. 335.
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ftiiicciitratiiMis of tlir saiiu- dsiiidlir in't^ssiirc as llic nalnial iin'ilinin

of liic cdriioa and coiijiiiictiva, luinirlv tli<> laclirviual tinid.

I'lilil iu)w, linweNof, lliis pi-cssin-c liad luil lieeii lueasured, at any

rate hy a direct nielluid. pnilialtly (ni account of the diffienlty of

ol)tainiii,u- a quaiitily (if llial lluid, siiriiciciit for llie cnstoiuaiT iiictliods,

\ i/,. the freoziiig-poiul and llic hldod cor|Misck's uMMliod.

So I tried to find a method with wiiieh '/j cc, if necessary '/^ cc-

of li(|nid should l)e sufticicni. I succeeded in finding such a method.

It is based on tiie ah'cady known i)rincipie that the vohime of

l)h>od corj)uscles is greatly dependent on the osmotic pressure of the

solution eoiitainiiii;- them. ')

This principle has licen a])plied here in the following manner.

The tluiil to lie examined is put into a small, funnel-shaped glass

tul)e, the cylindrical neck of which is formed by a calibrated capil-

lary, closed below.') Lei liiis (piantity be '/., cc. Init) other similar

funnel-shaped tnbes of the same size are pnt solutions of Na CI of

difterent concentration (0.8 "/„, O.i) "/„, 1 »/„, 1.1%, 1.2 "/„, 1.3 "/„,

J-4°'„, 1.57,,, J.(5"/„) and to each of liiese 0.02 cc. of blood is

added. After half an houi' - during which time the corpnscles are

sure to ha\e found osnmlic e(|uilibi-iuni with their surroundings —
the tnbes are centrifuged until I he sediments no longer alter their

volumes. It is obvious that the osmotic j)ressure of the fluid nnder

examination will be equal to that of the Na CI solution in which

the sediment of blood corpnscles is the same as in the fluid examined.

We passingly remark that this solution of Na CI in the case of

lachrymal fluid contained 1.4 "/„.

A few remarks must be added.

Firstly it may be asked whether the blood wliich is added to the

fluid to be examined does not appreciably alter the osmotic pressure

of that fluid.

Assuming that the blood used contains GO pCt. of serum, 0.02 co.

of blood will contain 0.012 cc. of serum. If the quantity of fluid

was 1/2 cc, the total quantity of fluid will now be 0.012 -[-0.5 =
0.512 cc. If the fluid to be examined had an osmotic pressure of

a 1.2 pCt. Xa CI solution and (he scrum thai of a 0.9 pCt, Na CI

solution, <lilntion of the fluid with the serum will have produced a

,..,., ,. 0.012X0.9 + 0.5X1.2
ii(|Uid Willi an osmotic pressure 01 = 1.19 n(Jt.' '

0.012 + 0.5 ' '

NaCl. The osmotic pressure of the fluid is consequently reduced

1) Hambueger, Cenlralblatt f. Physiologie, 17 Juni 1893.

») Hamburger Journal de Physiol, norm, et palliologique 1900 p. 889.
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hv 0.01 pet Na (Jl by llic addilinii (if 0.02 cf. of seriiui, a diirerence

wliicli caiiiinl even be detected willi the Beckmann apparatus.

If instead of 1/2 cc. of finid only 1/4 cc. lias been used, a similar

calculation shows that the osmotic pressure of the fluid under exami-

uafion is diminished by a 0.014 pCt. Na CI solution, corresponding

to a depression of scarcely 0.0084°, a difference of depression,

lying near tlic liniil of accuracy of Beckmann's determination of the

fj'eezing poinl.

However, if the diiference were greater, this could be no objec-

tion to the method, since also the Na VA solutions are mixetl with

the same quantity of blood.

The second remark concerns the pipette and the tubes.

In Older lo measure accurately, the bore of the pipette must be

iiannw and accordingly the instrument itself long. The column of

0.02 cc. of blood has a length of 143 mm. The same remark applies

to the funnel-shaped tubes. The calibrated capillary part has a length

of 57 millimetres and a volume of 0.01 cc. and is divided into

100 equal parts, which can easily be observed with tiie naked eye,

fractions being estimated with a magnifying glass.

The use of funnel-shaped tubes of the same length, but with a

still smaller volume of the capillary part than 0.01 cc, which

Avould enable us to make determinations of the osmotic pressure

of much smaller (|uantities of li([uid than '/t
^'''-j would give rise

to Icchiiical (bfticidties, on which 1 will not dwell iiere. No more

shall I mention here the sjiecial precautions in experimenting, neces-

sary for obtaining accurate figures. This subject will be dealt with

elsewhere.

In order lo give an idea of the reliability of the method, a table

follows, containing two series of parallel experiments. (See p. 397).

The agreement between the ligures (each di\ision represents

—— ^0.0001 cc.) is seen lo be \erv satisfactoiv.
100

'^

A third remark concerns the jiossibility of making one or more

additional determinations with tiie same fluid, for checking the

result obtained. All one has to do is to drain (iff the litjuid above

the sediment i»y means of a finely drawn tube or ])ipette and to

convey it into another funnel-shaped tube, to add again 0.02 cc. of

blood and to centrifuge in the same way. The liquids in the NaCl-

tubes are treated in the same way. I'ndoubtedly one changes the

osmotic pressure of the liquids a little by again introducing 0.02 cc.

of blood, but this is (hme with all the li(|uids and so the alleration
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Salt solutions.

Volumes of the sediments after centrifuging for.

i hour. ^ hour. ^ hour. i hour. IS min

NaCl 0.9 Vo

NaCl -1.1 u/„

NaCl 1.2 "/„

» »

NaCl 1.3 o'o

» »

NaCl 1.4 o/o

» »

NaCl 1.5 %

lachrymal fluid

the same lachr. fl.

02
04

78

70i

69
69

05
64

05
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lias no influence on the result, as would he the case if fresh solutions

of NaCl were taken each lime.

A last remark concerns the applicability of the method. Il cannot

be nsed so generally as the freezing point method : It cannot be

applied with gall since lliis fluid contains substances causing haemolysis

;

it also fails for urine, since this fluid contaius a relatively large

quantity of urea which contributes considerably to tlie osmotic

pressure but has no influence on Ihe volume of the bloQd corpuscles.

For a number of other fluids, as blood serum, lymph, cerebro-

spinal fluid, saliva, lachrymal fluid, etc., the method can be sucees,s-

fully applied. It does not matter whether the fluids are coloured, for

the determination only depends on the volume occupied in Ihe fluid

by the blood corjiuscles.

Zoology. — "'On the j)r'unordl(tl craninni of Tiirsius .<pectnini^'.

By Prof. Dr. Eugen Fischer of Freiburg i. B. (Preliminary

paper). Communicated by Prof. A. A. W. Hl'brecht.

An investigation of the [triniordial cranium of Tarsius spectrum

seemed particularlj' interesting to me as it might fill up a ga[) 1 had

found when making a comparative study of the cartilaginous skull

of apes and man on one hand, and of lower mammals (the mole)

on the other ^). So I was exceedingly happy when Prof. Hubrecht,

1) Fischer E. Das Piimordiaicraniuin von Talpa europac. Anat. Hefte Bd. 17,

1901 and : zur Enlwicklinigsgescliiclitc des AffenscliUdcls. Zeitsclir. f. Murpli. und

Anllirop. IJd. 5, 1903.



(
:m )

witli fieiiei'Oiis kiiKliiess, placed at iiiv (lis|i(isal, nut of liis rich anil

valiia!)Io collci'liou of cmliryos, such slagcs as were |u-(i|ioi' t'oi' liiis

imeslijialidu.

In what lulldws a hi'ief (lescfi|ili(Pii will he jiivcn of the funn and

d('vcl(»|)nie]:l nf Ihc chondrncraniiini as it appears at tiie height of

devcl(ip:nenl ; this descriptidii is based on the reconstructed waxmodel

which 1 made of the skull of an embryo of 34 mm. length. Oilier

details of this embryo are shown in Kkibp;iAs Normentafel ').

Since an extensive and illustrated description will follow elsewhere,

I shall he very brief here and give no detailed information as to

literature and comparisons. For the first and also for the nomen-

clature used and the meaning of many only shortly mentioned

details I refer to Gai'pp's brilliant comparative of the develo|)ment

history of the verle!)rale cranium in Hkrtwig's Handbook ').

The basal plate is broad behind and \vell de\'eloped ; anteriorly

it delimits Ihe foramen magnum. It is perforated by the hypo-

glossns. Laterally is has a fixed connection with the ear-capsule.

This connection, ho\ve\er, is pierced by the narrow and long, almost

slil-shaped i'oi-amen jugulare. liehind if, slariiug tV(un the junction

of the basal plate and Ihe ear-capsule Ihe cartilaginous plate de-

velops which up\\ards rejiresejits the parietal j)lale, backwards and

inwartls the tectum syiioticnm. This tectum is a very narrow stra[).

So in this res|)eet Tarsins resembles the young foetus of monkeys

and man (cf. Boi.k, Petr. Camp. II) and dilfers from the other mam-
mals, where a broad plate is found.

Further forwards the basal plate itself becomes Aery remarkably

narroAV, so that here it consists only of a thin, round projection.

At the same time it is separated by long slits from the two ear-capsules,

with the anterior parts of which it only coalesces again in the region

of the sella. This thin projection rises rather steeply, and in the

sella region it becomes quite considerable with its two processus

clinoidoi posteriores. The two slits terminate close by, after having

gi'(jwn very narrow. Their existence seoms to be very rare in mam-

mals ; they are defects which may be compared with the fenestra

basicranialis posterior of Reptiles (G.^upp).

The ear-capsules themselves showed no peculiarities; they are

') HuBRECUT und Keibel, Nonnenlal'i'ln zur Entwicklung von Tarsius spectrum

uinl Nyclicebus tardigradus. Jena I'JOG. Tabelle N'. 36. Fig. 20 a.— c.

1 am also greatly indebted to Prof. Keibel for enabling me to u.se the splendid

series of sections of Hubrecht's Tarsius embryos on which his own investigations

were cll'cctuatcd.

2J Gai IT. Die Kntwicklnngdes Kopfskelettes. Herl wig's Ilandlpticli igOo.Caj. Gp.57:3.
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itiodcraleh creel, llie l'(i-sa suliareiiala is only iiiilieateil. The Cura-

iiieii ;u'nsliciiiii ami !ii;;liei' iipw arils llie luraiiieii Nervi I'ueialis

mark (he horiler oC tlie \esliliiilar ami eochlear parls ; U) Ihc t'onner

ai'e attached above tlie pai'ietal philes: Ihey are vovy small and

insioiiitioant. A tbrameii jimnlare sjinriiim |ierFnrales its base. Fron-

tally they send oul a vevy shoi-l processus marginalis posterior,

exactly as in the monkey sknll. On llic exterior of the ear-cap-

snles lie, in exactly the same way as 1 described for tlie mole and

embryos of apes, the cartila^inons stirrup, anvil and liammei', pas-

sing into Meckkt.'s cartilage.

The orbito-teniporal part is characterised by its relatively pheno-

menal lengtii. The continuation of the cranial trabecie (Vom the

saddle groo\e, where it had much broadened, is a narrow high

ridge, a true septum interorbitale (U.vupp) still more extended than

I found it with apes, although not so high as there. So the cranium

is clearly tropibasical. By this long septum, which in front of course

passes into the nasal septum, the nasal capsule is far separated

from the brain capsule; it lies tar in front of il, exactly as with

Reptiles. The relatively large eyes of Tarsius are probably the cause

of the survival of this extremely primitive formation.

Where the described cartilaginous beam broadens into tlie hypo-

physis groove it sends out, fairly deep towards (.he base, a round

stalk at each side, bearing the small ala temporalis, which tapers

in the same way as with the foetus of man and ape. It does not

serve as a cranial wall yet, and has no Foramina rotunda and o\alia

yet. Above it starts with two roots the large ala orbitalis. Between

the roots the two foramina optica, the right and left one, are very

close together, so that only the thin septum mentioned separates

them. The orbital wings, themselves large plates, are neither bent

upwards so strongly as with the lower mammals (the mole), nor

do they extend laterally in such a perfect plane as with ape and

man, but their shape is exactly between the two extremes, they

slant sideways and upwards. Also the circumstance that their pos-

terior end lengthens out into a real, although \ery thin taenia

marginalis, which nearly reaches the parietal plate (there I'emains a

very small gap), shows a similar transitional stage between the

Primates and the other mammals. The anterior parts of the alae

orbitales are not connected with the iiasal capsule as usual (also in

the sheep e. g. this connection is wantiiig according to Dkckkr).

Below the sphenoid beam are, isolated from it, the roundish pteij-

goid cartilages, quite independent.

Proximally the septum interorbitale, as has been stated, passes
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into the nasal sopliiiii. 'I'lic nasal capsiilo has a remarkablo resem-

blance with that of the Primates; there is no trace of tiie (ionhle

tnbe t'oi-ni of other mammals.

The two apertures for tiie olfaclorv nerves are iiotii simple, with-

ont any formation of cribrosa.

Tills part of tiie fulnre nasal root is relatively broad, wiiich is

especially conspicuous with regard to the completed cranium.

Basally the whole nasal capsule has a slit-shaped opening, i. e.

the bottom (lamina transversalis post, and ant.) is lacking, this being

also charactei-istic for man and partly for apes, with whom I still

found an indication of the bottom (Semnopitliecus). About the yet

slightly developed conchae, the cartilages of Jacobson, the alar car-

tilage enclosing the nasal entrance, nothing particular can be mentioned.

Meckei/s cartilage proceeds well developed as far as the point of

the chin and here has a continuous connection, witliout any trace

of a suture, with that of the other side. Reicuert's cartilage proceeds

continuously to the tongue bone.

On the dermal l)ones I will not dwell here; besides the upper

squama of the occijiital, resp. inter[)arietal, all membrane-bones are

jn-esent; the annulus tympanicus is only '/, of a ring; frontal and

parietal extend as yet to such a small height that the top of the

skull is mostly covered with skin oiily.

When we now survey the whole cranium, as .sketched above, we
tind two important characteristics. On one hand appears the exceed-

ingly close rclationslii|i of the developing cranium of Tarsius and

that of ape and man. In spite of clear specific peculiarities, it

evidently stands much nearer to these than to the other known
mammalian ci'ania. This affoi'ds a new |)roof for the correctness of

Hubkeciit's opinion as to the position of Tarsius in the system.

At the same time an investigation of the primordial cranium of

true Lemurs becomes necessary and promises imiiortaiit results. This

investigation will shortly follow.

Secondly the resemblance between this type of skull and tliat of

Reptiles is striking; like the skull of moidvcys, so that of Tarsius in

its cartilaginous stage, pleads nnmistakal)ly for unity of plan and

origin of the Reptilian ami Mammalian skull (ef. (J-aupp's various

articles). In our case the position of the nasal capsule, the septum

iuterorbitalc, a series of details in the arrangement of the foramina,

the cartilaginous straps, etc. point clearly in that direction.

The study of each single form may in this way contribute to the

Solution of the problem of phylogenesis.

Frt'ihnry i. B., October 1905.
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Physics. — "On (he radiation of heat in a systein of bodies having

a uniform temperature'. By Prof. H. A. IjOrentz.

(Communii-ated in the meetings of September and October 1905).

§ 1. A system of bodies surrounded by a perfectly black enclosure

which is kei>t at a definite temperature, or by perfectly reflecting

walls, will, ill a longer or a shorter time, attain a state of equi-

liln'ium, in which each body loses as much heat by radiation as

it gains by absorption, the intervening transparent media being the

seat of an enei'gy of radiation, whose amount per unit of volume

is wholly determinate for every wave-length. The object of the

following considerations is to examine somewhat more closely this

state of things and to assign to each element of volume its part in

the emission and the absorption. Of course, the most satisfactory

way of doing this would be to develop a complete theory of the

motions of electrons to which the phenomena may in all probability

be ascribed. Unfortunately howe\er, it seems very difficult to go as

far as that. I have therefore thought it advisable to take another

course, based on the conception of certain periodic electromotive

forces acting in the elements of volume of ponderable bodies and

producing the radiation that is emitted by these elements. If, without

speaking of electrons, or even of molecules, we suppose such forces

to exist in a matter continuously distributed in space, and if we
suppose the emissi\ity of a black body to be known as a function

of the temperature and the wave-length, we shall be able to calculate

the intensity that must be assigned to the electromotive forces in

question. The result will be a knowledge, not of the real mechanism

of radiation, but of an imaginary one by which the same effects

could be produced.

§ 2. For the sake of generality we shall consider a system of

aeolotropic bodies. As to the notations used in our equations and

the units in which the electromagnetic quantities are expressed,

these will lie the same that I have used in my articles in the

Mathematical Encyclopedia. We may therefore start from the following

general relations between the electric force 'S, the current S, the

magnetic force .^ and the magnetic induction 03

rotS? = ~(i, (1)
c

1 .

rot ^ = 3^
(2)
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In these formulae (; denotew tlie velocity of li^lit in tlic aether.

In the greater part of what follows, we shall conline ourselves to

cases, in wliicli the components of the above vectors antl of otliers

we sliall have occasion to consider, are harmonic functions of the

lime with the frequency n. Then, the mathematical calculations can

he iimcli simplitied if, instead of tlie real values of these components,

we introduce certain complex quantities, all of which contain the

time in the factor e">^ and whose real parts are the values of the

conq^onents with which we are concerned. If 31^, '31^, QL are com-

|)lex quantities of this kind, relating in one way or another to the three

axes of coordinates and in which the quantity e"''- may lie multiplied

by complex quantities, tlie combination (Jl.,, ?l^, '}[.) may be called a

complex vector "1\ and ^\x, "^ly, -I- its components.

By the real part of such a vector we shall understand a vector

whose conqionents are the real parts of 51^, 21,,, '31.. It will lead to

no confusion, if the same symbol is used alternately to denote a

complex vector and its real |»art. It will also be found convenient to

speak of the rotation and the (li\ergence of a complex vector, and

(if the scalar product (-'I, ^) and the vector product [51. 55] of two

complex vectors '31 and 'i\ all these quantities being defined in the

same way as the corresponding ones in the case of real vectors.

E. g., we shall mean by the scalar product (31. ij}) the expression

2l.r':5a+ 3l.v33,/+-3l,5)..

It is easily seen that, if ^, -C>, G and S3 are complex vectors,

satisfying the equations (1) and ("2), their real parts will do so

likewise. The denominatioiis electric force, etc. will be applied to

these conq)lex vectors as well as to the real ones.

One advantage that is gained by the use of complex quantities

lies in the fact that now, owing to the factor 6'"", a differentiation

with respect to the time amounts to the same thing as a multiplication

by in; in virtue of this the relation between £" and S and that

between -p and 53 may be expressed iji a simple form. Indeed, we
may safely assume that, whatever be the peculiar properties of a

ponderable body, the compoiienfs of G are connected to those of ^£" by

three linear equations with constajit coellicients, containing the com-

ponents and their differential coef'licients witii respect to the time.

In the case of the conqilex vectors, these equations may be written

as linear relations between the components themselves; in other

terms, one complex vector becomes a linear vector function of the

other. A relation of this kind between two vectors 31 and 03 can

always lie expressed by three equalioiis of the form
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i?, = ,-,, 01, + r,, ^1, + r„ 5K,

S, = r,, -51, 4- '•,. %; + '„ 01:, •

which we shall condense into the forninla

'^ = (r) 31.

Aceonliiij,^ to tliis notation we may put G =i (y/) vi:, or, as is more

convenient for our purpose,

e = (/')e (3)

tlie symbol (p) containing a certain number of coeflicients /) which

are determined by the properties of the body considered. As a rule,

these coefficients are complex cjuantities, whose values depend on

the frequency ?«.

As to the relation between $ and .^, we shall put

53 = (ft) S:,

or

•0 = (';)-5 (4)

We have further to introduce an electromotive force whicli will

lie represented by a vector ^'e, or by the real part of a complex

vector ^'e. The meaning of this is simply tliat the current (S is sup-

posed to depend on the vector <£ -|- ^"e in tbc same way in wliieji it

depends on (i: alone in ordinary cases, so that

S + e. = (/0S (5)

Similarly, we may assume a magnetomoti\e force S^c, replacing

(4) by

P + -Pe = ('7) 3 (G)

This new \ector .^^ however, does not correspond to any really

existing quantity; it is only introduced for the purpose of simplifying

the demonstration of a certain theorem we shall have to use.

As to the coefficients we have taken together in the symbols (/;)

and {q),we shall suppose them to be connected witii each other in

the way expressed by

/'i2 =/^iWs8 =/'«' /'si =7*ir (7)

and

'?1. =?5P ?23 ='73J' -/si ='7l3 (8)

The only case excluded by this assumption is that of a body
placed in a magnetic field.

For isotropic bodies we may write, instead of (5) and ((5),

(£• + (£•« = y, 6, (9)

•P + 'Pe =q^\ (10)

with only one complex coefficient ^j and one coefficient q.



(404)

<i
3. Before coming to the problem we have in view, it is necessary

to treat some preliminary questions. In the first place, we shall

examine the vibrations that are set np in an unlimited homogeneous

and isotropic body subjected to given electromotive and magnetomotive

forces, changing with the frequency n. This problem is best treated

by using the complex vectors.

We may deduce from (1)

1

rot rot Sti z=i — rut (£,

graddir .r) — A S^z=i- rot(l (11)
c

and similarly from (2)

1

[fvad dlr i£ — L^z= rot'b (12)
c

Again, always using the equations (I), (2), (9) and (10), we find

div 33 = , dio (1 = 0,

die .Ip =r — div .pel '/''' *i = — die S'e,

rot <i = -{ rot (I- -j- rot nTc )
= S5 + - rot (Sc

p pc p

= i-b + •f?c
) + - rot (Se,

pqc p

1 • . 1.1..
rot S5 = - {rot .5 + rot .fi<. ) = - (i -| rot J^^

q qc q

1 . . 1 .*= (€• + <ic) + -rot .ip„

pqc q

SO that (11) and (12) become

1 . 1.1.
L /t .p = — nrad die S^e ^ v&e ''^* ^o,

pqc-
"

pqc pc

1 1.1.
h ^ £ = — ip'ad dw (£•<; -\ ;- iic -\ rot .F),.

pqc
'

pqo" qc

Tiic solution of these equations may be put in a convenient form

by means of two auxiliary vectors 31 and £1. If these are determined

'•y

L 51 - -- „-Vl = -^e, (13)
pqc-

^£>-~-£) = --e'c, . ..... (14)
pqc-

we shall have

.n = ijrwl dlr O OH rot 31, . . . .
(lo)

pqc- jjc
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g = .iruil iVn- % 5J rot £> , . . . (16)
pqc- qc

F'inally, [iiilliiig

I'' :=! i p q n c"i . , (17)

wc get instead of (13) and (14)

AD. -0 = — S;,,,

V'

for tlie solution of which we may take

(19)

Here dS denotes an element of volume situated at a distance ?•

from the point for wiiich we wish to calculate 21 and D, and the

index it
J
means that, in the expressions representing €"c and .C\

r
for that element of volume, t is to be replaced by t .

The algebraic sign of v is left indeterminate by (17). We shall

choose it in such a way that our formulae represent a propagation

of vibrations issiting from the elements of volume in which ^"e and .^e

are applied.

1

For aether we have q= l and, as may easily be shown - =: i n, v=. c.

^ 4. We have next to establish the equation of energy. The calcu-

lations required for this purpose, as well as those we shall have

to perform later on, may be much simplified, if we replace all

discontinuities at the limit of two bodies by a gradual transition

from one to the other; this may be done without loss of generality,

because, in our final results, the thickness of the boundary layers

may be made to become infinitely small. A further simplification is

obtained by leaving out of consideration the imaginary magnetomotive

forces, and by supposing the coeiTicients ft and q to be real. The

coefficients p^, p^, etc. however will always be considered as complex

quantities. We shall decompose them into their real parts, which

we shaH denote by «„, «,,, etc., and their imaginary parts, for which

we shall write /i^n, — /ii,j, etc., so that ^;,, =: «n — i ti^^, etc.

28
Proceedings Royal Acad. Amsterdam. Vol. VIII.
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Tlie c((iia(ioii (6) now becomes

^l- + (T-, = (a) 6 - » ((?j 6 (20)

or, if we define a new vector S by means of the eqnation

(i = © (21)

(£-4 g, = («)€ + «(/?) 2» (22)

In tlie deduction of the equation of energy we have to understand

by €", (Fg, .f) and ® the real vectors. For tliese we have tlie formulae

(1), (2) and (21), and besides, since r/, « and [i are real, the relations

(4) and (22).

From (1) and (2) we may draw immediately

c \{S? . rot d) - {i. rot -fl)j = - (.!> . ^) - ((f
. (5),

the left-hand member of which is

dlv <Bi

if we define the vector & by the equation

^ = c[A-..p] (23)

i.e., if we understand by it the vector jiroduct of S and
-'J*, multiplied

by c.

In the right-hand member we have in the first place

as may be seen from (4), if ',8) is taken into account, and further,

in virtue of (7), (21) and (22),

1 r\

((£• . 6) = (
(a) g . S) + - n-

(
(,-?) ^ . ,©) - {ie . ^).

Our equation therefore takes the foUowiiig form, in which the

meaning of the ditferent terms is at once apparent,

((f, . 6) = ( («) (5 . (J) + i „ --( (j-j) 2, . 5^) + -
^^y

{S? . 23) 4- dh e.

The first member represents the work done by the electromotive

force per unit of volume and unit of time; in the second member

w = ((«)<J. 6) (24)

is tiie expression for the quantity of heat that is developed per unit

of space and unit of time. Further, — (0. 5?) is the magnetic and

- »t (((J) £). S) the electric energy, both reckoned per unit of volume.

The vector £ denotes the flow of energy, so that the amount of

energy an element of volume dS loses by this flow is given by

div <£ dS.
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§ 5. Wc may now pass to a theorem which I have formerly

proved in a somewliat more cumbrous and less general way. In

order to arrive at it, we have to use the complex vectors, supposing

at the same time the existence of magnetomotive forces ; Ave have

therefore to apply the formulae (5) and (6).

We shall consider two different states with the same frequency n,

both of which can exist in tlie system of bodies. The symbols ^, S^,

etc. will be used for one slate and the corresponding symbols,

distinguislied by accents, for the otlier. We shall proceed in a way
much like the operations of the last paragraph, with tiiis difference

however, that we shall now combine quantities relating to one state

with quantities belonging to tlie other.

We shall start from the relation

V
\
(.p'. rot i) — {i. rot p')j = — ( >;>'. '"b) — ('i:-. (i').

Here the expression on the left is equal to

tidw[2. .fp']

and on the other side we may pul

(
p'. 5)) = in {s?'. 55) =^ in

( (,/) 5)'. Q)) _ (0',. .ij),

so that we find

c div [>£•. .fp'] = - in ( (q) i5'. 53) - ( (p)^ . S') + (.p',. 33) + i<Se- e ).

The theorem in question is a consequence of this formula and the

corresponding one that is got by interchanging the quantities belonging

to the two slates; we have oidy to subtract one equation from the

other. Since, by (8) and (7)

( (q) 53'. ^) = ( (q) 53. 53') and
( (p) (f . 6') =

( (/.) (£'. 6),

we find in this way

c {di, [ i. (?'] - div [(£•'.
.p]J = ( o'« 53) - ( %. 53') i- ( f,. G') - ( I',. G).

We shall finally multiply tliis by an element of volume dS, and

take the integral of both sides over the space within a closed surface

a. If we denote by n the normal to the latter, drawn outward, the

result will be

4} [^- •^?'\n - r^'- C']. ! '''J =Ji(P'e.-^)-(.p..-i)') f (i:-..(i')-((i'..6)!<z5{25)

§ 6. There are a number of cases in which the first member of

thi.s equation is zero.

a. E. g. we may suppose the system to be limited on all sides

in such a way that it cannot exchange rays with surrounding bodies;

we can realize this by enclosing the system in an envelop that is

28*
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perfectly letlet'tiiig- oji tlie outside. If, niider these circuinstances, tlie

vsurface o siirroiinds that envelop, we may put in every point of it

(£ = 0,Q' = 0, .fp = 0, Sp' = 0.

b. If the envelop is made of a perfectly conducting material,

both the electric force ^ and the force S' will be normally directed

in every point of its inner surface. Consequently, if the latter is

chosen for the surface a, we shall have

[i- . /p'J„ = and US' . Jp],. = 0.

c. Finally Ave may conceive a system lying in a finite part of

space and surrounded by aether, into wliich it emits rays travelling

outwards to infinite distance. Taking in tliis case for a a sphere of

infinite radius, we shall show that for each element da the factor

by which it is multiplied in tlie equation (25) vanishes. The direction

of the axes of coordinates being indeterminate, it will sufTice to

prove this proposition for the point F in which the sphere is cut

by a line drawn from the centre in the direction of the axis of .i'.

Now, if we confine ourselves to those parts of S", S'^, (£' and S^'

which are inversely proportional to the first power of OP, as may
obviously be done, we may consider the state of things near the

point P as a propagation of vibrations in the direction OP, the

electric and magnetic force being perpendicular to that direction and

to each other. Denoting by a and h, a and U certain complex

quantities, we may write

(J,. = 0. ^,j = «(.'"", ^, = i(;'"',

•C'x = 0, .^y = — he'"', -Oz = ««'"'i

C'^ = 0, 2'y = rtV"', €',- = h'e"",

Sp\. = 0, .ft',/ = — b'e'"', .rp'- = a'e"",

and we have at the point P, since in it the normal to the spherical

surface is parallel to the axis of x,

[S . .p'],, - [€•'. S?]„ = ( (f, .fp', - (£•, .rp',^
)
-

(
£•', .% - <i', S?„ ) = 0.

These considerations show that in many cases the equation (25)

reduces to

J|((I;',
. e) - (/p', . t)] dS =

Js(^\
. 6') - i-% . "b'JldS (26)

§ 7. It is particularly interesting to examine the elfects produced

by an electromoti\e or a magnetomotive force which is confined

to an infinitely small space S. Let P be any point of this region,

a a real vector having everywhere the same direction h and the

same magnitude |a|, and let us apply in all points of S an electro-

motive force ii
(''"'. Then we shall say that there is an "electromotive
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action" at tli<- jxiiiil /' in llic dirrclion //. Wo may represent it by

the sy 111 lull

a S -""'

and we may eonsider its intensity and its piiase to be determined

by the real part of ja[ Sc'"'.

In a similar sense we can also conceive a "magnetomotive action"

existing in some point of the system.

These definitions being agreed upon, equation (20) leads to the

following remarkable conclusions.

a. Let there be, in the first of the two cases we iiave distinguished

in the preceding paragraph, an electromotive action « S e'"' at the

point 7' in the direction h, and in the second case an electromotive

action a' S'c'"' at the point F' in the direction h', there being in

neither case a magnetomotive force. Then the integrals in (26) are

to be extended to the iiiliiiitely small spaces S' and S and the result

may be written in the form

(a' . (£p') S' = (a . d'p) S
,

if we represent by (i/)' the current produced in F' in the first case

and by d'p tiie current existing in P in the second.

Hence, assuming the equality

I

a
I

i^ :=
I

a'
I

S'

,

we conclude that

Sa'p- = (i\p (27)

The full meaning of this appears, if we write the two quantities

in the form

(ih'P' = fx e '(«'+') and d'hP — (i e '('"+"')

.

Indeed, (27) requires that

(x — (i ,r z= v'
,

and we have the theorem :

If an electromotive action applied at a point F in the direction h

produces in a point P' a current whose component in an arbitrarily

chosen direction h' has the amplitude ft and the phase r, an equal

electromotive action taking place at the point F' in the direction /*'

will produce a current in F, whose component in the direction h

has exactly the same amplitude [i and the same phase r.

h. Without changing anything in tiie circumstances of the first

case, Ave shall now assume, that in the second the vibrations are

excited not by electromotive forces, lint by a magnetomotive action

a' S' e'"', at the point F' in the direction h'. We then find

- (a' . $/') b' = (.1 . d'p) S,

and, if we put
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— 'ih'P' = 6'ap. (28)

a llieoreiii similar lo the former.

§ 8. Tlie alisorplioii of rays Ix'iiiii measured liy llie amount of

heat developed, the cxj)ressioii (24), iu which ti is tlie real eiu'reut,

will be often used in what follows. It may be rejilaced by

w = (,S . ^),

if we write rt for the vector («) S, so that

5., = «„ (£^ + «,, 6,/ + «„ e,, etc (29)

Now, l)y a well known Iheoreni, the axes of coordinates may

always be chosen in such a way that the coefficients a^^, «„, «3, in

these equations become zero. Denoting the remaining coefficients i)y

«,, f(j, «3, we have for the relation between g and 6

%, z= «, a^, 5y — «, ^y, g.- = «, a,,

and for tlie development of heat

«• = «, e/ + «, 6/ + «„ 6.-' (30)

The directions we must give to the axes in order to obtain tiiese

simplifications, may properly be called the principal directions; in

general, they will not be the same for different frequencies. This is

due to the fact that the coefficients in (29) depend on the value of //.

It is also to be noticed that by this choice of the axes of coor-

dinates, the coefTficicnts ,'?,,, /?„, /J,,, and /;,,, p.,^, p^^ will not, in

general, be made to become zero.

In the case of an isotropic body we may take as principal direc-

tions any three directions perpendicular to each other.

§ 9. Thus far we ha\'e only prepared ourselves for our main

problem. In the next jiaragraplis we shall first consider the absorption

by a very thin plate surrounded Iw aether on iiotli sides, and receiving

iu the normal direction a beam of rays. Combbiing tiie result with

the ratio between the emissivity and the coefficient of absorption of

a body, we shall be able to determine the amount of energy, radiated

by the plate in a normal direction, and our next object will be lo

calculate the intensity we must ascribe to electromotive forces acting

in the plate (§ 1), in order lo account for that radiation. This will

lead us to a general hypothesis concerning the electromotive forces

acting iu the elements of volume of a ponderable body and we shall

conclude by showing that, if these electromotive forces were applied,

the condition required for the e(piilibriuni of radiation would always

be fulfilled.
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^ 10. I.el llio |ilal(> Ix' Iioin(iuoii(M)iis, w illi ils faces parallel to llio

first anil the j-ccoimI |iiiiici|)al diiiTlidii. We shall lak(> (licsc Tor the

axes of ,(' and y, plaeiii.ii' tiie (iri^in (> in (he IVoiil surface of llie

plate, i.e. in the sm-face exposed to the rays, and draw iii.U' thi^ axis of

c toward the outside. As has already l>een said, the ahsorptioii will

lie calculated hy means of the formula (.'id) ; it will therefore be deter-

mined liy the eom|)oiients of li and by those of II", on which they

depend. Now, our pi'oblem is j^reatly simplified, if we suppose the

thickness A of the plate to be infinitely small and if, in oalenlating

the ah.sorptron, we confine ourselves to qnantities of the first order

of magnitude with respect to L. The (pianlity ?r relating to nnit

volnme, we may then neglect all iulinitely small term,s in (i and<£";

conseqnently, we need not attend to the changes of these vectors in

the plate along a line perpendicular to its faces. Moreover, in virtue

of the well known conditions of continnity, the values of Qi^., and ^y

within the plate will be equal to those existing in the aether imme-

diately before it; also, ^-. will be 0, because it is so in the aether.

For (fj and lir,/ we may even take the values, existing in the inci-

dent beam, the reason for this being that the values belonging to the

reflected rays, (the vibrations reflected at the two sides being taken

together) are proportional to the thickness, if the plate is infinitely thin.

It is seen by these considerations that in the case of a given

incident motion, S^, €y, ^- are the only unknown quantities in tiie

three equations connecting the components of ^ and 6. We need not,

however, work out the solution of these equations.

Finally, it must be kept in mind that, in the case of harmonic

vibrations, the mean value of to for a lapse of time comjii'ising many
periods is gixen by

"• = ^ I
«, {'^A' + ^'. {^'jY + «, (5.)' j , . . . (31)

if (Cij), ((iy), (iiT) are the (tiiiplititdes of the com|)oncnts of the current.

^ 11. We shall in Ihe first place assume that in the incident rayS

the electric force is parallel to the axis of ;v. Let its amplitude be a>

Then, an element w of the front surface will receive an amount
of energy

1
-ca'ui ........ (32)

per unit of time.

Within the plate, there will be electric currents in the directions

of X and //. These will have amplitudes proportional to (/, and for

which we mav therefore write

:
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(Iciiuliiig by / uiid y two Ihclors, wliicli it will be unnecessary to

(•ivicnlato. From (31) wo dediu-e for tiie iieat developed in the part

to A of the [date,

2 («. f + «= ."') «' *" ^

and, di\-iding this by (32), for the ooeflicicnt of absorption

A = -{a,r-^a,;f)A (33)
c

Our next step must be to obtain a formula for the emission. For

this purpose we tix our attention on a surface-element to' parallel to

the plate and situated at a large distance r from it, at a point of

OZ. The electric vibrations issuing from the plate may be decom-

])0sed in the first place into vibrations of different frequencies and

in the second place into components parallel to OX and OY.

After having eflected this decomposition, we may attend to the

amount of energy travelling across ay' per unit of time, in so far

as it belongs to \'ibrations having the tlrst of the two dii-ections and

to frequencies lying between the limits « and 7i-\-dn. Now, if the

plate were removed, and if instead of it a perfectly black body of

the same temperature were placed behind an opaque screen with an

opening coinciding with the element to, the radiation might be repre-

sented by

k o) to' d7i
; (34)

an expression wliich may also be regarded as indicating the ratio

between the emissivity of a body of any kind under the said cir-

cumstances and its coefficient of absorption. The experimental imes-

tigations of these last years have led to a knowledge of the coeffi-

cient k for a wide range of tonqieratures and frequencies.

By Kirchhoff's law, the How of energy across the element to',

originated by the part

to A =:S

of the plate, in so far as it is due to vibrations of the said direction

and frequency, is found by multiplying (34) by (33). Its amount is

therefore

kSja^f + t<^g')ui' dn

c r^

and we have now to account for this radiation by means of suitable

electromotive forces applied to the plate.
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§ J'2. We shall lii"st put tin- iincslioii \vlial must lie llic aiii|ililu(le

a, of an electroiuotive force acting in the direction of OX witii tlie

frecineiicy n, if this force is to produce, on account of tiie electric

vibrations parallel to ()A, a ilow of energy

k S a, f vi' dn—^ (36)
c r

across the element to' at the point /'. .Since this tlow may be

represented by

1
- c h' to',

if b is the amplitude of £"., at the point P, we must have

h = '- \/2k S «i dn.
cr

The amplitude of the current (i,, := li^ must therefore be

- \/2k S «, dn (37)
cr

At this stage of our reasoning we may avail ourselves of the

theorem of § 7, a. Indeed, if the electromotive force <£ex i" the part S

of the plate must have the amplitude r/, in order to call forth at

the point P a current Cfi whose amplitude has the value (37), a,

will also be the amplitude we must give to an electromotive force

^c2, acting in an element of volume S of the aether near P, if we
wish to bring about by its action a current with the amplitude (37)

in the plate. This is (he condition by which we shall determine the

value of «!.

^ 13. The solution is readily obtained by means of the formulae

(18) and (16). If, in an element of volume S of the aether, (igjc = a^ e'"',

<Sey = 0, Sg. :=: 0, we siiall have

o, S '''('-{)
% = -— e ^ '\ -Jl,, = 0, ?l- = 0, D =

4 .T T

and
a' 31, n-

,f f

as may be easily seen, if the equations

1

p = ^— , q^ \, 'Jlj rrr in ?l

,

hi

are taken into account.

In the differential coetKicients of 31., we may omit all terms con-

taining the squiU'e and higher powers of - . Hence, in a point of the
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axis of :, \vliicli passes tlinninii iIk' noini /', ,= 0.
' '0 ,1-

Iii lliis \va_v, llic clcclric lorcc in llio aellicr iiiimedialolv lid'ore

llu> jilate is fouiid to \>r

n,n-'S '"('--)

4 jt c' r

Its amplitude is

a, ?*" S
-/- -- •

• • (38)
4 .-r I- /

and that t)t' fiie cnn'cnt C\(. williin (he ]>iate

rtj «' S /
4 jr r' r

This must be equal to the o\|iies8ion (37). Tiie solution of our

|irolil(^in is therefore

a^ = i^\y^E^ (39)

In the preceding foriuidae S means the volume of the portion of

the plate we have considered. Now, after having decomposed this

poi-lidii into a large numlier of elements of volume S, we may bring

aliDul ju^l the same radiation by ajiiilyin^' in each of these an

eleclromoti\e force in the dii'cction of ()X with the amjilitude

4 jr c ( y'2 h «j dn

n V S
(40)

provided only we suppose the electromotive forces in all these

elements s to be indeiicndent of each other, so that their piuisesare

distributed at random over the elements.

Indeed, from the fact that the force whose amplitude is (39),

acting in the space S, gives rise to a radiation represented by (36),

we may conclude that an electromolivc force with the amplitude

(40), when ajjplied to the element s, will produce a flow of energy

/.' S f<i f- Hi' dn

( r'

acro.ss the element to'. A sinular expression holds for each clement s

and, on account of the circumstance that the vibrations due to the

separate elements have all jiossible phases, we may add to each other

all these expressions. We are thus led back to the result contained

in (36).

§ 14. Whatever be the nature of the processes iu tlie interior of

an element of volume, b\ wliicii the radiation is caused, thev can
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uiiil(Milili'ill\ III' (•(iiisidcrcil a^ ilclcnuimMl li\ llie slah^ of llic iiiallor

(oiitaiiicd within the clement; toi' tliis reason lui elecfroiiiolive force

equivalent to lliosc processes can only depend on quantities deter-

mined by that state; it cannot l)e altered hy changing the state of

the system outside the element considered, or the form and niagnitndc

of the whole body. The formnla (40), wliich indeed is determined

by the state of things within the element s, mnst therefore be applied

to an element of volnme of all ponderable matter. It will be cleai-

also that we have to add the following formnlae for the amplilndes

of the electromotive forces in the directions of y and c,

« K s 11 y a

As to the phases of the three elei-lromotive foi'ces, we shall snppose

iheni not (inly to change irregnlarly from one element to another,

bnl also to be mutnally independent in one and the same element,

so that the phase-dilfereiices between the three forces have very

ditferent valnes in iieighbonring infinitely small spaces. In virtne of

this assnmption the intensities of the radiation due to the ditferent

causes may be added to each other.

Till now we have only accounted for the (low of energy (3(5), a

part of the tdtal fhnv represented by (35). We shall show in the

next paragrajih that the I'emaining part

k S «, (f ui dii

'-^ (4-')
c I-

is precisely the radiation brought about by the electronioti\e forces

we have supposed to exist in the direction of (^]" and that the forces

acting in that ot (fZ cannot give ri.se to a radiation across the

element co'. After having proved these propositions, we may be sure

that, as far as the electric vibrations parallel to OX are concerned,

the jilate has exactly the emissivity that is required by KiiKiinoi't's

law. Of course, the same will be true for the vibrations in the

direction of (^Y.

^15. It may be immediately inferred from the theorem of ^ 7, a

that the electromotive forces applied to the plate in the direction of

OZ, i. e. perpendicularly to the .surfaces, cannot conti'ibute anything

to the radiation we have considered. Indeed, wc know already that

an electromotixe force ^ex existing in the aether at the point F can

produce no current €; in the plate; consequently, an electromoti\e

force ^£\,- in the plate cannot cause a current (J\ at the point P.

As to the elfect produced by the electromotive force with the
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niii|ilitu(l(' ii, .iclini,' in lln' ilii-i'dimi of (>)'. Iliis inav lie (nmidliya

ivasoiiiuu' siinil.u' lo lli:it we liiivc used in §§ J 2 uml l.'i. Let ns

sn|)]if)se lor a monicnt an oit'clroMiolivo force of tlie same direction

and iiilensilv to exist in an element of vohune s of the aether near

Ihe point /'. The amplilnde of the electric force IJ?., in the aether

inunediatelv liefore tlie plate will then he (cfr. 38)

and that of the cnrrent 6,, in the plate

«3 "" S //

4jr i;^ r

If follows from this that, if the element s in the plate is the seat

(»f an electromotive force ^,.,, , with amplitude a.^, the current

(5,. = ^>", ivi the point P will have this same value. The amplitude

of the electric force ^., will he

4.-T !•' >• cr

and the corresponding radiation across the element to'

1 ksa^ (7' to' dn
— eh to = '

.

2 «••'

This leads immediately to the expression (42).

§ J(i. We are now in a position to form an idea of the state of

radiation in a system of bodies t)f any kind. After having divided

them into elements of volume s. and after having determined the

principal directions at every point, we conceive in each element the

electromotive forces whose amplitudes are determined by (40) and

^41), the phases of all these forces being wholly independent of each

other. In representing to ourselves the state of things obtained in this

way, we must keep in mind :

i*'. that the principal directions and the coefticients ft,, «,, rt,

will, in general, change from jioint to point and will depend on the

fi'eiinency n.

2'""'. that for each frecjuency 11. or rather for each interval (In ot

frequencies, we must assume electromotive forces of the intensity we

have defined in what precedes, all these forces existing simultaneously.

We shall now show that, if the temperature is nniform throughout

the system, the condition for the equilibrium of radiation will be

fultilled in virtue of our assumi)tions. Of course, it will suflice to

prove this proi)osition for a single interval of frequencies (///.
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Lot s aiui s' 1)0 two elcniPiils of volmiie, ail)i(rarily clioseii, h.

one ut' (lie principal directions of tlio liist clement, li one of llio

principal directions of the otiier, «/, and «'/i' the coefiicients relating

to these directions.

In virtue of the electromotive force ^"c/i acting in s in the direction

//, liiere will be in s' in the direction k' a current ^/,' with a certain

am[)iitnde ((J/,) ; by (31) the development of heat corresponding to

this current will be per unit of time

-«V(g//)\s' (43)

Similarly, we may write

-aki^'kfn (44)

for the heat developed in s on account of the current S'/i produced

in this element in the direction h liy the electromotive force acting

in s' in the direction It.

Since each of the three electi'omotive forces in s calls forth a

current in the element s' in each of its principal directions, there

will be in all nine expressions of the form (43). These must be

added to each other, as may be seen by oltserving tiiat the total

development of heat, represented by (31), is the sum of three parts,

each belonging to one of the components of the current and that

the tliree electromotive forces in s are mutually independent. The

sum of the nine quantities will be the total amount of heat s' receives

from s, and in the same way we must take together nine quantities

of the form (44), if we wish to determine the amount of heat

transferred from s' to s. We shall have proved the equality of

the mutual radiations between the two elements, if we can show

that for any two principal directions, the expressions (43) and (44)

have the same value.

Let us call Hh and a'w the amplitudes of the electromotive forces

originating the currents whose thermal etfects have been represented

by (43) and (44). Then, in accordance with (40) and (41),

4 jr f ( /2 k «/, dn
,

Al 3t ci /2 k d^' dn
ah = / , « /,'= X . • • ('^^)

n y S M 1/ s

Now, by the general theorem of § 7, n, the amplitudes (5//) and

(^'/O in (43) and (44) are proportional to «/,s and a'/,'S'. Taking

into account the fornnda (45), we infer from this

{^h'Y i^'hY = «// S-' :
(('/,'

' S"-' = a/, S : ft'/,' s',

an e(|ualioii, which leads directly to (he ecpiality of (43) and (44).
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If (lie svsIpim of bodies is entirely siiiit off from its siirrouiidings,

the c(|iialit_v of the inutual radiation hetween any two elements

implies tiiat the state is stationary.

In order to show this, we fix our attention on one particular

element s, denoting all other elements by s'. By what has been

said, the sum ii^ of all quantities of heat whicii s receives from

the elements s' will be ecpial to the sum ii\ of the quantities of

heat it gives up to them. But, if the system is isolated from other

bodies, each quantity of energy lost i»y s will be found back in

one of the elements s' ; ii\ is therefore the total amount of energy

radiating from s and the equality ii\ =z >r., means that s gains as

much heat as it loses.

§ 17. We shall finally assume that the system contains a certain

space which is occupied by an isotropic and homogeneous body L,

perfectly transparent to the rays ; we shall examine the electro-

magnetic state existing in this medium, if all bodies are kept at the

same temperature. To this effect, we must begin by a discussion of

the radiation that would take place, if the liody L extended to

inlhiity, and if it were subjected to an electromotiA-e or magneto-

motive action (§ 7) at a certain point O.

A perfectly transparent body is characterized by the absence of

all thermal effects. This means that the coefficient « is zero, as

appears by (30). We ha\e therefore

P=-r^, (46)

the coeflicient q being real and positive, and the equation (17) becomes

v = c\/ iiq^, (47)

I shall take here the positive value.

Let us first apply to an element of volume S at the point 0,

which I shall take as origin of coordinates, an electromoti\e force

(Pc^j.^ ac'"', but no magnetomotive force. Then

aS ".('--)
5lr = e ^ ' ', :i,, = 0, "11, =z 0, £1 = 0.

4 .1 )•

What we want to know, is the amount of energy radiating from

0, i. e. the flow of energy through a closed surface surrounding

this point. In calculating this flow, the form and dimensions of the

surface are indifferent; we shall therefore consider a sphere with

as centre and with an infinite radius r.

Then we may omit all terms in li: and '^ containing the square

1

and higher powers of , and we liiid fi\)m (15) and (Hi), attending
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to (4f)) and (47) and taking the real parts

a S n' r'— x^

^x = -T :. • 5— cos n
4 .T ?' V r

(i-,
— _aSrt' xy ( r\

.-^ cosn\t
I ,

4.T?'t'' ?•' \^ V

)

4:Try' »•'

.fT, = , S->,i = cos nit , .n. = o
irtr^cvr \ vj ^nr^cvr

The electric and magnetic force being known, the tlow of energy

throngh tiie sphere may be calcidated by means of (23). Its value is

a" S» n'

1277^ (^«)

If we perform a similar calculation in the assumption of a magne-

tomotive force with amplitude a, acting in the space S, the result is

a' S" n'

J2V^ (^^)

^ 18. Let P lie a point of the body L mentioned at the beginning

of the preceding paragraph, / an arbitrarily chosen direction and let

us seek the amplitude ((£/) of the electric current, or rather the

square of the amplitude, produced by the radiating bodies, confining

ourselves to the interval of frequencies dn.

We shall divide the bodies into elements of volume s and we sliall

denote, for one of these elements lying at the point Q, iiy h one of

the principal directions, by «a the coefficient relating to it, and by

ah (cfr. (45) ) the amplitude of the electromotive force acting in that

direction.

The amplitude {fit) produced l»y this force at tiie point Pis equal

to the amplitude of the current ^n, existing in the element s, if an

«/, s

electromotive force (fc/ , having the amplitude -,^ is applied to an
o

element of volume S of the aether near P. In order to express myself

more briefly, I shall understand by A the radiation that would be

excited by an electromotive action at the point /-* in the direction

/ of such intensity that the product (^i\./ ) S has the value 1. The
amplitude (5/) in P, of which we have just spoken, will be found

if we multiply by itk s the value which, in that state, {^h) would

have in the element s. Hence

A
-A 32 jr'e'^-M/, S(7// ((i/,Q)'

64 Jt' c^ k dn a—
li'h

, (50)
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if \ve write "-^ foi' Uk' (ievelDpniciit (tf lioat in the elenuMit 8, wliii'li.

in the state A, is due to tlic current in tlie principal direction //.

Now, starting from the expression (50), Ave shall obtain the total

value of {^irY by an addition, in whicii all elements s, each witii

its three principal directions, must be taken into account. In a

system, completely shut oif from surrounding bodies, — ic^ will be

the total amount of energy, emitted by P in the state A ; we can

therefoi'e determine it by the formula (48), putting « S = 1. This

leads to the result

\6 Ji kc^ n dn

In the same way, using tiie theorem of ^ 7, h and the expression

(49), I find

1 6 jr 1- c" «' dn

These results being independent of the place of the point P and

the choice of the direction /, we come to the conclusion that the

state of things is the same in ali parts of the medium L and that

both the electric and the magnetic vibrations take place with equal

intensities in all directions. The amount of the electric and magnetic

energy per unit of volume is now easily found. According to § 4

the first is

for the value of which one finds

4 jr A- c' dn

by remembering that for every direction I,

(4^,)' = i,((i,)'.
?r

The magnetic energy may likewise be determined. Referred to unit

volume it has the value

j'7[(«..)' + CV+(V]'
and this is easily calculated, since for every direction /,

{•^lY = \ i^iY-
n

The residt is tiiat tlie two kinds of ejiergy are distributed over

the body / with equal densities. This luis been known for a long
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time, as has also been (he rule iiH|ilieil in nnr forniiilae, that these

densities are iinersely propoi-lidnal lo tiie enhe of the velocity of

[)roi)a,!4alioii r. It mnst fnrlhcr lie nolieed that, if the mediiun L is

aether, the density of the enei'gy of the radiation becomes

% n kdn

This agrees with the meaning' we have originally attached to the

coeflicient k (§ Jl).

^ 19. There is one point in the foregoing considerations that may
at lirst sight seem strange, viz. that the intensity of the electromotive

forces we have imagined should <iepend on the magnitude of the

elements of volume s. It mnst he Uept in mind however, (hat these

forces have no real existence, ami that we do no( pre(end (o have

found something concerning the causes l>y which the piienomena are

produced. That the magnitude of the electromotive twees must he

taken inversely proportional to the square root of the volume of s

is simply a consequence of our assnm[)tion that the force has the

same phase in all points of sucli an element. For a given amplitude

of the electromotive force, the I'adiatiou would therefore be pi'Oj)or-

tional to s% and we had to make such assumptions concerning that

amplitude, that the radiation became proportional to s itself.

In connection with these remarks it must i»e observed that we
have no reasons for asci'il)ing io the dimensions of the elements

of volume some particular \alue. These dimensions are indifferent as

long as we consider only the radiation at finite distances and the

transfer of energy between neighboui'ing molecules lies outside the

theory I have here developed.

Physiology^. — "On the ahi/ki/ 0/ (llstmi/uishmg intensities 0/ tone/*.

V>y Prof. H. Zwaardemakek. (Report of a research made by

A. Dkenik,)

The "tJnterschiedssch Welle*' for tm|)ulsive sounds (dropping bullets

and hammers) has been studietl fre(pieiitly and many-sided ly, but

regarding the "Untenschiedsschwellc" for intensities of tone we have

had at our disposal till now only some information communicated

by M. WiEN in his thesis.

M. WiEN found the value of the "Untcrschiedsschwelle" for the

three tones, to which he limited his investigation to be as follows:

for a average 22.5°
„
(with 18.2 and 27 for extremes) for c' 17.6%

29

Proceedings Royal Acad. Amsteidam. Vol VIII,



( -i^s )

(one (lolci'iiiiiialioii) foi- a' average 14.47„ (with 10.8 and 22.5 for

extremes). It appeared desirable to perfbrm sueli an investigation

through tlie whole scale and to establish it iji other regards also on

larger foundations. At mj request Mr. A. Deenik has executed a

very great number of ol)ser\'ations of this kind, and I take the

liberty to communicate his results here in short, and refer the reader

to an ample description in a thesis on this subject by Mr. Deenik

which will soon be published.

Experiments lolth (he tHnuKj-forl-.

A tuning-fork kept vibrating by electro-magnetism is started in a

room at the side of the sound-free cabinet of the physiological

laboratory and is kept vibrating at a tixed amplitude. This ami)litude

may be measured microscopically by means of the triangle of Gradexic;o.

Normal to the axis of this tuning-fork a circle divided into grades

is placed, to which two hearing-tubes are attaciied in siudi a way,

tliat Ihcii- radial prolongations cut the axis of the tuning-fork in the

tuning-centre. Tiiese hearing-tubes can be moved along the whole

circumference of the scale, and can be brouglit at pleasure into the

interference-planes of Kies.st,ino, in the planes of maximum-sound

or between.

The hearing-tubes are led into the interior of the sound-free

cabinet liy means of Ihick-walled caoutchouc tubes which were

still further ai'oustically isolated. There by means of a ~P— taj)

alternately the one or the other of the tubes may be listened at or

perfect acoustic rest can l)e obtained by bringing the tap into a

closed position.

An assistant now displaces one of the hearing-tubes, while the

other hearing-tube is tixed in the [)lane of maximum sound, every

time through some grailes at a time into the direction to the inter-

ference plane of Kiessling till a distinct difference has been signa-

lised by the investigator (descending method). After the position of

the tube has been read this is pushed on and then brought back

in the same way till the investigator observes that tlie existing

ditference in intensity becomes indistinct (ascending method). Again

the position of the tube is read off and the average is taken.

The observations take place in the above mentioned way "unwis-

sentlich" and at live succeeding times. From the ten figures obtained

in (his way the a\erage is taken at last, which indicates in grades

of the scale a lowest "Unterschiedsschwelle" for the concerned

amplitude.

To be altle to transpose these angle-values into absolute values,



( 423 )

ill the sound free cabinet, wliicli lias been internally covered with

trichopiese, the greatest distance at which soniul is still perceptible is

determined for the intensity of sound in the niaximumplane and for

that in the discovered "Unterschiedssehwelle" plane. If we accept that

in case of absence of re\-erberations, as we may suppose here, the

sound intensities decrease proportionate to the quadrates of the dis-

tances, the sound intensities stand mutually in the same proportion as

the cpiadrates of those distances. If we call the distance at which

the tone sound is perceptible in the plane of maximum sound rand
,,a— ^^^»

that for the somewhat weaker sound /„, then the quotient —;

represents evidently the "Unterschiedssehwelle", which in this case

may be indicated as "untere Unterschiedssehwelle" because the stimula-

tion distinguished from the chief is taken weaker than the chief

stimulation.

TABLE I. Experiments with the tuning-fork.

Tone level.
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a way tluU llic sound niaj be listened to through a caoulcliduc tulic

in the caltiuct. Tliis organ-pipe is permanently blown by air which

was supplied \>y a presspuni[> driven by water and afterwards dried

with chloride of calcium. The supply of this air takes place along

a long sj'stem of leaden tubes, which shows inside the cabinet a

division into two parts and afterwards a reunion. To this two sepa-

rate Itranches by micrometer screws remo\able diaphragm openings

of AnU'.KT are attached, wliich may be widened or naiTOwed at

pleasure. The reunion takes jilacc in a T-tap, which may also be

directed by the in\cstigat()r, and down the current ai'e placed the

necessary measuring apparatus for dctei'mining llie j)ressure and

volume of the air [)assing to the oi-gan-pipe. These measuring appa-

ratus are placed withiji tlie reacii of I ho investigator, so that he

himself can ilo the reading off.

The investigator arranges in the lirsl place the width of the two

diaphragm-openings in such a way tiiat the sound may be called

equal in the two positions of the lap. Tiieu he enlarges one of the

diaphragmata (the other remains constant) till a distinct diflference is

perceived (ascending method). This he does five times. After this the

dilference between the two tone intensities, which were alternately

listened to, was eidarged and the diajiiiragm position was a.scertained

by descending at which the diiference became indistinct (descending

method). This again was done five times. The same takes place con-

formally in narrowing the diaphragm-openings. So the first series

leads to a "obere" the second to an "nntere Unterschiedsschwelle".

The determinations which were made for each tone with two chief

intensities have evidently taken place "wissentlich" in this way. At

last a pressure and Aolume determination of the supplied air is made

for the found diaphragui widths. The first takes place by means of

a wateriuanometer, which for increasing sensibility has been put

sloping; the second with an aerodromometer^). The energy offered to

the organ-pipe could be calculated with the usual formula e = air-

volume X pressure X 981. This number, multiplicil by a constant

factor, different for each pipe, indicates the acoustic energy.

As in the expression of the "prozenfisclie Unterschiedsschwelle"
AD

the constant factor occurs both in ihc numerator and the deiio-
R
minator, the constant factor of the organ-jiipe falls away from

tiie further calcidation and we can also come to a trustworthy result

of the "prozentische Untersciiiedsschwelle" without its preceding

1) Arcli. f. (Anat. u.) Physiulogie VM2 supplement, p. 417.
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(Icteniiiiiation. Tlie final result fur carli luiie is in this way tlie

average from -iO determiiiatioiis.

TABLE II.
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Diffei-ences

of intensilius.

2f^

10%

! 1

\



KONINKLIJKE AKADEMIE VAN WETENJSOIIAPPEN

TE AMSTERDAM.

PROCEEDINGS OF THE MEETING
of Saturday November 25, 1905.

(Translated from: Vorslag van de gewone vergadering der Wis- en Natuurkundige

Afdeeling van Zaterdag 25 November 1905, Dl. XIV).

co2sra?E3<rTs.

Eno. DtiBOis : "The geographical and geological signification of the Hondsrug, and the

examination of the erratics in the Nr .hern Diluvium of Holland", (Communicated by Prof.

K. MARiiy), p. 427.

D. J. KoRTEWEG: "HuYGENs' sympatluc clocks and related phenomena in connection witli

the principal and the compound oscillations presenting themselves when tvo pendulums are

suspended to a mechanism with one degree of freedom", p. JSC.

H. W. BAKiins RoozEBOOM : "The difterent branches of the three-phaselines for solid,

liquid, vapour in binary systems in which a compound occurs", p. 455.

F. M. Jaeger: "On Diphenylhydrazine, Ilydrazobenzene and Benzylaniline, and on ths

miscibility of the last two with Azobenzene, Stilbene and Dibenzyl in the solid aggregate con-

dition". (Communicated by Prof. 11. W. Bakiris Roozeeoom), p. 46G.

A. P. N. FRANcmMONT and H. Priedmann: "The amides of x- and /3-aminopropionicacid", p. 475.

J. D. VAX DER Waals Jr. : "Remarks concerning the dynamics of the electron". (Communi-
cated by Prof. J. D. VAN der Waals), p. 477.

R. SissixGH: "Derivation of the fundamental equations of metallic reflection from CAnCHv's

theory". (Communicated by Prof. H. A. Louektz"), p. 48G.

P. H. ScHOCTE: "A tortuous surface of order six and of genus zero in space 5/14 of four

dimensions", p. 489.

W. Versu'vs: "The Plucker equivalents of a cyclic point of a twisted curve" (Communicated
by Prof. P. H. Schoute), p. 498.

"Preliminary Rqjort on the Dutch e.xpedition to Burgos for the observation of the total solar

eclipse of August 30, 1905," communicated by Prof. 11. G. van de Sande Bakhutzen, in behalf

of the Eclipse rommittee, p. 501.

Geology. — "Tlie geoyrnphical and geoloijlcal signification of the

Hondsrug, and the examination of the erratics in, the Northern

Diluvium of Holland." By Prof. Eug. Dubois. (Communicated

by Prof. K. Martin).

(Communicated in tbe meeting of September 30, 1905).

To those who do not know the Hondsrug from a personal visit

the name generally suggests an imposing hilly ridge, or perhaps

even a small mountain range. Visiting it for the first time, one is

disappointed in finding it to be no more than a nearly ini])er-

30
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ceptible undulation of the ground, which oiilj in some parts scarcely

deserves the name of hiU. Before one is aware of it, its "summit" has

been reached, and it is probably only owing to the rather steep

slope of the Drenthe plateau towards the valley of the Hunze and the

extensive Bourtanger marsh, that this part of the country has received

its peculiar name. Without these the "ridge" would possibly be passed

unnoticed. However, the fact remains that there is a slight, irregular

elevation of the ground, rising at the most but a few meters above

the country on its western borderline, which, running from the

South-East to the North-West, is almost entirely confined to the

Province of Drenthe and has its Northern end a short distance

beyond the town of Groningen.

From a geological point of view, the Hoiidsrug is interesting on

account of the numerous erratics found there, several shiploads of

which are yearly collected. This, however, is a peculiarity not limited

to the Hondsrug: until recently similar boulders were also met with,

in as large numbers, in other parts of Drenthe and Friesland, but in

the more inhabited districts of these provinces they have, for the greater

part, already been dug out. Another jioint which until lately lent a

certain importance to the Hondsrug, was the generally accepted notion

of it being a terminal moraine. This interpretation, first started by

Prof. VAN Calker, and especially based on his exploration of the

northern termination of tlie Hondsrug, in the town of Groningen

and in its vicinity, has snccessivel}^ beeji adopted. By a numl)er of

papers, dealing with the Hondsrug in Groningen, published during

the last twenty years Prof, van Calker has not a little contributed

to give to this insignificant ridge a rather prominent geological

importance. Almost from the outset of his investigations, van Calker

expressed his positive conviction that the Hondsrug is a terminal

moraine. As early as 1889, he writes'): "Seit meinen ersten ein-

schliigigen Untersuchungen stand meine Ansicht fest, dass der Honds-

rug eine Endmonine repriisentire, eine Morauenablagerung, welche

einem liingeren Stagniren im Riickzuge des Gletsciiers, vielleicht bei

einer gleich gerichteten Bodenwelle entspricht. Und mein A'^ermuthen,

dass diese eine weitere siidostliehe Erstreckung habe, wurde bestatigt,

als ungefiihr 38 K.M. sudostlicii von hier bei Buinen in Drenthe

beim Aufgraben von Geschieben audi solche mit abgeschliffener und

geschrammter Oberfliiche zum Vorschein kamen und noch etw^a

26 K.M. weiter si'idostlicii von dort, bei Nieuw-Amstcrdam solche

von mir selbst gesammelt wurden, und icii an letzterer Localitiit die

Grundmorane constatiren konnte."

') Zeitschr. der Deutschen Geologischen Gesellschaft. 1SS9, p. 351.
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But when we compare the descriptions of Prof, van Calker with

those of the terminal- and bottom moraines of other countries, it appears

doubtful whether even that part of Grouingen examined by van

Calker, notwithstanding its "tremendous accumulation of stones and

large boulders", deserves the name of terminal moraine, and may not

in fact rather be considered as a bottom-moraine'). It can only have

been the shape and direction of the Hondsrug and the presence of

the numerous erratics found at its surface, which induced Prof, van

Calker and others to regard this steep ridge of the Drenthe plateau

as a terminal moraine. Of its internal structure, except for the portion

which terminates in Groningen, no notice had been taken.

However in 1891, Lorie, after his exploration of the high peat-

moss of Schoonoord, already expressed the opinion that those who
had really visited and explored the Hondsrug were not justified in

calling it a tei-minal moraine. He considers it to be the border of the

Drenthe plateau, slightly folded back by the moving ice-sheet ').

A few years ago I had several opportunities of visiting those parts

and making the exploration alluded to by Lorie. To me it became

quite evident that tlie Hondsrug in Drenthe is not a terminal moraine.

Its geological structure, which I investigated more closely over the

Southern half of its length in Drenthe and but partially over its

Northern half, entirely refutes this interpretation. I found its nucleus

not composed of morainic material, but to be of fluviatile orighi and

to consist of Rhenish Diluvium ') At the same time I also observed

that this fluviatile nucleus — althougii but slightly — was distinctly

vaulted. The second problem therefore to be solved, was to find the

cause of this vaulting, about which I could not agree with Lorie,

who ascribes it to the motion of land-ice from the North-East. I

could not admit the possibility of the ice-sheet folding the soil

without perceptibly disturbing the nucleus of the fold, for the

contortions do not enter deeply into this nucleus; its stratification

has, in general, been well preserved. Basing my deductions on the

phenomena observed in the ice-sheet of Greenland, to which the

diluvial land-ice may be most aptly compared, I proposed several

possibilities which might account for this peculiarity. I suggested

the possibility of the ice having moved in the longitudinal direction

1) F. J. P. VAN Calker, De ontwikkeling onzer kennis van den Groninger Honds-

rug gedureude de laalste eeuw. Bijdragen tot de kennis van de provincie Groningen,

etc. p. 217. Groningen. 1901.

") Handelingen van het Derde Nederl. Natuiir- en Geneeskuudig Congres, 1891.

pp. 347 and 349.

*) These Proceedings, V, p. 98— 114.

30*
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over the Hondsnig, a certain elevation of tlie soil luideriieath it at

tlie same time having taken place from some cause or other. I

supposed, as one possibility, the mean pressure of the ice to liave

been somewhat lessened, or its progress to have been easier just

above the present ridge. I imagined the change in the direction of

the ice-stream to have been occasioned by the Northern ice-sheet

being pushed back by the British ice-sheet in the German Ocean.

Recently, Dr. H. G. Jonker, one of Prof, van Calker's youngest

pupils, has refuted my \ie\vs in these Proceedings'). Though, from

a few lines at the end of his paper, it appears that he agrees with

me on the main point, — namely, that, as to its geological compo-

sition, the Hondsrug in Drenthe consists of a fluviatile nucleus,

covered with a glacial deposit, and that on this account it cannot

possibly be considered a terminal moraine. But on the other hand,

he advances numerous arguments to disprove the probability of a

change in the direction of the ice-stream, and one of the ways in

which 1 conceived the raising of that ridge could have been effected.

In the first place I wish to refute, as briefly as possible, the

objections raised by Dj-. Jonker to the explanation of the last-named

point suggested by me.

As mentioned before, the results of my investigation principally

related to the portion of the Hondsrug situated in the Southern part

of Drenthe, about half of its entire length in that province. I myself

mentioned several spots where the glacial covering does not consist

of sand but of loam. This circumstance however is not inconsistent

with the statement that the ridge, in general, is less rich in clay

than its Western borderland. Neither does it exclude a freer move-

ment of the ice-sheet over the Hondsrug, which 1 suggested as a

probable agency in the formation of this ridge.

As far as I am able to judge from the few excavations I visited

in the Northern portion of the Hondsrug, it seems to me that, in

general, its structure docs not differ from that of the Southern part.

Dr. Jonker further mentions a few spots in the North of Drenthe

where the glacial cover of the Hondsrug consists of bonlder-clay,

viz. in the neighbourhood of Gasselte and Zuidlaren. Of the latter

locality and also of some places near the town of Groningen, where

much bouldcr-elay is found, Dr. Jonker himself says that the hilly

character of the Hondsrug is less distinctly to be recognized, and

that the Hondsrug is hardly noticed there. These spots therefore may

be left out of account.

With regard to Dr. Jonker's reference to the borings of the Dutch

') Vol. VIII (1905), p. 96-104.
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Society for the Reclaiming of Heatlis, 1 make the following remark.

Tiirough the kindness of the Direction 1 was enabled to consult the

original registers together with the maps, relating to the borings, and

afterwards controlled these in situ. I ascertained, by many controlling

borings, that the l)orings of the Society are lying too far apart to

give an approximately exact idea of the presence and distribution

of the loam; besides that it is decidedly incorrect to state that "red

clay especially occurs on the Hondsrug and chietly in its highest parts".

The other solution, which I suggested, in a second papei- dealing

with the Hondsrug, as a possible explanation for the origin of the

longitudinal vaulting of the ridge (an explanation whicii is independent

of the distribution of the boulder-clay and boulder-sand and which

at the same time throws some light on the origin of the strange,

round Iiill "Brammershoop"), which Dr. JoxNKEr leaves unnoticed.

1 l)elieve to I have given already sufficient reasons for the opinion

I hold, that, generally speaking, boulder-clay and boulder-sand have

been, from the first, two distinct kinds of deposits, and that the

latter has not proceeded from the former. I will only add, that to

Dr. Jonker's statements "that the percentage of stones in the boulder-

clay increases very much towards the surface", I can oppose the

results of other ami, I believe, more extensive statements, where

either the reverse was the case, or the stones were uniformly distri-

buted. This disparity is easily explained from the great local diffe-

rence in that quantity, justly observed by Dr. Jonker.

The vanishing of limestone-boulders does not prove the washing-out

of the loam, for it may have been occasioned by solution alone, without

washing; calcarious pebbles, originally present in clay or sand, may
disappear when the underground-water is not saturated with bicarbonate

of lime, and they may be preserved when this is indeed the case. I wil-

lingly allow that the reason why, for instance, the clay of the Mirdum-

Clitf is especially rich in absolutely unmodified calcarious stones (the

finest scratchings have been preserved), and that on the contrary, in

other parts, not a single calcarious pebble is found in similar clay,

need not be attributed to local differences in the original composition

of the ground-moraine. But this cannot be said witii regard to the

flints, and especially not in respect of the clay itself. Clay of the

tough kind, called boulder-clay, is a very resistant substance. Expe-

rience in the field teaches that there can be no question of a wash-

out of particles of clay from a similar mass. The motion of the water

through the clay is far too slow for it. If Dr. Jonker had more

frequent opportunities of studying boulder-clay and sand abroad,

especially in England, he would, undoubtedly, have modified his
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opinion on this head. I do not in the least question Dr. Jonkek's

assertion, that in some places he "can decidedl_y conclude from the

relief whether we have to do witii boulder-sand or with clay",

because there is such a large difl'erence in the resistance which

boulder-clay and sand oft'er to erosion; but in most parts ofDrenthe

it is impossible to judge from the appearance of the surface, whether

the ground underneath is sand or clay : this I learnt from consulting

the mentioned register of borings and also from numerous small borings

on my own account. The parts of the bottom-moraine from which, in

the opinion of Dr. Jonker, the l)oul(ler-clay has "disappeared", and

the "intermediate stages between original boulder clay, and altogether

washed-out boulder-clay", therefore undoubtedly, liave been varieties

existing from the beginning.

With regard to the occurrence of flint, which among our erraties

has been rather disregarded, there really exists an important differ-

ence between boulder-clay and boulder-sand. This I learned especially

too through the "comparative mechanical analysis", recommended by

Dr. JoNKER. Further I recollect that among the stones found in

the sand on the Hondsrug, 1 did not come across a single flint;

on the other hand I met with flint in all the clay-pits in the

neighbourhood, and, taking also into account the small fragments,

1 found it even largely represented. The single exception which

Dr. JoNKER observed in a pit of loamy sand near Groningen, is no

proof against tiiis general experience. Besides, the bed was only loamy

sand, not boulder-clay. He too found flint in several clay pits on

tlie Hondsrug in Drenthe. In the fact, that on the whole (for it is

necessary to compare places lying outside the Drenthe Hondsrug as

well, because our Northern diluvium is generally considered as

belonging to one and the same glacial epoch) there is, with regard

to the presence of flint, an evident difference between boulder-clay and

boulder-sand, I And another proof in favour of my opinion that,

generally speaking, the one has not proceeded from the other by

a wash-out. Neither the occasional absence of flints from boulder-

clay nor the occasional presence of these stones in boulder-sand, are

proofs against the general tendency of my argument.

In the preceding 1 have endeavoured to give a succinct refutation

of the objections raised by Dr. Jonker against one of the solutions I

proposed to account for the vaulting of the Hondsrug, — a question

which is only of secondary importance.

But 1 gladly avail myself of the opportunity to discuss a point

of far greater importance, on which Dr. Jonker has expressed an
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opinion, namely, the direction of motion of that part of tlie ice-sheet

which reached our country.

From an examination of sedimentary-rock erratics from tlie Gro-

ningen part of tiie Hondsrug, the results of which he stated in his

dissertation, which a])peared last year, Dr. Jonker came to the same

conclusion as Schroedeh van der Kolk had arrived at from the

examination of igneous-rock erratics, especially from the Eastern

parts of the country, and as others too, namely "that the glacial

flow which has produced the glacial diluvium in the North of the

Netherlands was a Baltic one." He even thinks it possible to trace exactly

the course taken by the glacial flow which "has created the Groningen-

diluvium". To these statements I have to make serious objections.

For long years, neglecting the available direct means of tracing

the direction of the glacial flow, such as the examination in situ of

the Qiietsclisteine — a study already recommended fourteen years

ago by our ever-lamented Schkoeder van der Koj.k — it has been

a custom in the Notherlands to be guided, in the determination of

the direction of the glacial How, exclusively by the solid rocks from

which the stones cari'ied towards us by the ice were derived. It

was not taken into account, and indeed was not at all known in

former time, that the great Ice Age, during which the Northern

Diluvium of our country was deposited, was preceded by another

glacial epoch, of lesser importance, it is true, for the Northern ice-

sheet did not reach our country then, but which was notwithstanding

the first real glacial epoch, by which the Pleistocene period was

introduced. In that first glacial epoch, the Scanian Epoch of Prof.

Jamfs Geikie, there lived in the North Sea the arctic fauna of the

Weybourn Crag, and, during the melting period of the Alpine ice,

our country received the Rhenish Diluvium.

In that same epoch, in Scandinavia and in the uplands to the

East of the Bailie, on the plateau called Fennoscandia, an ice-sheet

was formed which, following the slope of the land, terminated in

the North Sea as drift ice, and, on the other side, descended into the

basin of the Baltic, as the first Baltic glacier. It is well known that

the sculpture of the Scandinavian peninsula and of Finland has

been accomplished almost entirely during the Tertiary period, at a time of

a much higher level of those countries. The ice, which afterwards repeat-

edly passed over these parts, removed principally only the loose

material, smoothing the surface. Thus the first ice-sheet found all

the superficial deposits, accumulated on the rocky land-surface in the

preceding long period of erosion, both on that highland and in the

basin of the Baltic with its other environments.
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Doiihlless, already in the lirst glacial period, a transport of stones,

on a large scale and over considerable distances from the solid rocks,

has taken place, to the North Sea and especially in the basin of the

Baltic. The earliest Baltic glacier lias been traced as far as Schleswig.

When at the later, much more considerable accnniulation of ice, the

North Sea also was filled up with inland ice '), it may be reasonably

inferred that the Bi'itish portion of it has carried along with it the

erratics which at that earlier glacial epoch dropped from the drift-ice

to the bottom of the sea.

In this manner we account for the finding of erratics of Scandi-

uaxian origin on the coast of East-Anglia. They are however

not so plentiful in those parts as Dr. Jonker supposes. Among
thousands of stones of British origin, occasionally one Scandinavian

stone is met with. I believe that indeed not a single geologist in

England is of opinion that the Scandinavian inland ice ever reached

the shores of Britain.

Undoubtedly the inland ice of that second or great glacial epoch,

uhicli brought to om' countiy the Northern diluvium, largely swept

up and transported the morainic debris deposited in the basin of the

Baltic, esi)ecially in its Western parts, during tiie preceding glacial

epoch. A large percentage, perhaps even the majority, of the erratics

thus again taken up and carried much further by the ice, must origi-

nally have come from a direction entirely different from that which

would answer to the glacial flow, by which they were then carried

along. Consequently, the presence of numerous stones of Baltic origin

in the bottom-moraine at the town of Groningen and in its neigh-

bourhood, is no reason why we should assume that the course of

the glacial flow has been from the Northern and Eastern parts of

tiie Baltic towards Groningen.

The abundance of flints in our Northern diluvium and the direction

of the glacial striae in the southern parts of Sweden, indicated on

the well-known map of Nathorst, rather suggest a more westei-ly

origin. Moreover it appears questionable if on more extensive study of our

erratics — those found in the bottom-moraine of Te.xel and Wieringen

have been almost entirely neglected — the Baltic character of those

stones found in the Diluvium of the northern parts of our country

can be maintained. Considering the great local differences existing in

the composition of the ground-moraines the erratics of such a small

spot as the Hondsrug in Groningen, prove but little.

I may here be allowed to mention a few other facts distinctly

') There are good reasons for not admitting here pack-ice, as does the well-

known American geologist SALISBUR^.
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supporting the conceplion that the coalescence in the North Sea of the

Northern ice-stream with another coming from Britain, may have

caused a deflection in its course over the northern parts of our

country, and changed its direction into one from North-West to Soutii-

East. (_)wing to this meeting of Scandinavian and British ghxcial floAvs,

an enormous ice mass filled np the North Sea, in connection with the

ice-sheet extending over Holland, North Germany and the British

islands, the edge of which, as a high wall, fticed the South. Accord-

ing to Klockmann, Wahnschafpe, Rutot and others, between this

wall of ice and the mountains of Middle Germany, Belgium, France

and the southern [larts of England, the melting water rose several

hundreds of meters high, and in this water the deposition of the loss

took place. With regard to our country, I entirely agi'ee with this

view. The structure of the loss in the South of Limbourg decidedly

shows, in several places, its origin as a sediment deposited by

very slowly running water containing a large amount of drift-

ice, an opinion formerly advocated by Dr. A. Erens. In several loca-

lities of the Limbourg chalk-plateau (in the adjacent parts of Belgium

even as high as 300 M. above sea-level) erratics of Southern origin

are foiuui in or were excavated from the loss, especially veined

quartzilcs from the Ardennes, sometimes measuring 2 M. and even more.

If thus we have to admit such an extensive and powerful ice-sheet

with considerable accumulation in the North Sea, — and at the same

time infer from the direction of the glacial striae on the rocky sub-

soil in North Germany, that one and the same glacial flow, owing

to local conditions, has taken at the same or contingent points very

diflereiit directions, deflecting even more than 90°, — I do not consi-

der it impossible that in its course over the Hondsrug, and in general

over the northei-n parts of our country, the direction of the glacial

flow may have deviated entirely from that of the How passing

over the North of Germany.

Taking into consideration the still very limited knowledge we possess

of our erratics, and in view of the arguments in favour of a secondary

transport of i>ei'liaps the greater part of these stones, I consider the

suppositions which I advanced before, and which I have now somewhat
more developed, as to a possible modification of the direction of motion

of the Northern ice-sheet over our country, not only warranted but

necessary as a working-hypothesis for farther investigation. I doubt

whether Dr. Jonker himself will now still adhere to his belief that,

"in case this conception is the right one a great number of researches

into our " "Scandinavian diluvium" " would become doulitful and
it would be advisable at once to begin a revision". That Diluvium
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will ill every case remain Scandinavian, or ratlier Nortliern. At the

same time I would recommend a closer studj' of the Dihiviiim in

Texel and Wieringen, in order to ascertain, whether it contains

erratics, the origin of which may be traced to other parts than

of those which are found in the eastern parts of our country.

What I consider to be very "doubtful" indeed, is the right to

trace the direction which the Northern glacial flow is supposed to

have taken, solely from the examination of erratics, found at such a

large distance from the rocks of their origin. In reference to this

matter, I would strongly recommend "revision" and would especially

suggest a wider field of investigation than the Hondsrug in Groningen.

Mathematics. -- "Huygens' si/mpathic clocks and related phenoine7ia

ill connection toith the principal and the compound oscillations

presenting themselves when two pendulums are suspended to

a mechanism ivith one degree of freedom." By Prof. D. J.

KORTEWEG.

(Communicated in the meeting of October 28, 1905).

Introduction.

1. When in February 1665 Christiaan Huygens was obliged to

keep his room for some days on account of a slight indisposition he

remarked that two clocks made recently hy him, and placed at a

distance of one or two feet, had so exactly the same rate that every

time when one pendulum moved farthest to the left the other deviated

at that very moment farthest to the right ^). Yet when the clocks

were removed from each other one of them pi'oved to gain daily

five seconds upon tlie other.

At first Huygens ascribed this "sympathy" to the influence of the

motion of the air called forth by their pendulums ; but he soon

discovered the real cause — the slight movability of the two chairs

') ,Ce qu'ayant fort admire quelque temps"; he writes: ,j'ay enfin trouve

,que cela arrivoit par une espece de sympalhie : en sorte que faisant battre les

,peiidules par des coups entremeslez; j'ay trouve que dans une dcmielieure de

, temps, elles se remettoient tousiours a la consonance, et la gardoient par apres

„constamment, aussi longtemps que je les laissois aller. Je les ay ensuite eloignees

jl'une de I'autre, en pendant Tune a un bout de la chambre et I'aulre a quinze

„pieds de la: et alors j'ay vu qu'en un jour il y avoit 5 secondes de difference

„et que par consequent leur accord n'estoit venu auparavant, que de quelque

„sympalliie". Journal des S^avans du Lundy 16 Ma7-s 1665. Oeuvres de Christiaan

Huygens, Tome V. p. 244.
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over the backs of wliicli

suspended to them ').

rails had been placed with the chjcks

') „J'ay ainsi trouve que la cause de la sympathie . . . 7ie provient pas du

.mouvement do I'air mais du petit branslement, du quel estaiit tout a fait insen-

,sible je ne m'estois par apperceu alors. Yous scaurez done que nos 2 horologes

,chacune attachee a un baston de 3 pouces en quarre, et long de 4 pieds estoient

,appuiees sur les ^ mesmes chaises, distantcs de 3 pieds. Ce qu'estant, et les

, chaises estant capables du moindre mouvement, je demonstre que necessairement

,les pendules doivent arriver bientost a la consonance et ne s'en departir apres,

„et que les coups doivent aller en se rencontrant et non pas paralleles, comme
.I'expenence desia I'avoit fait veoir. Estant venu a la dite consonance les chaises

,ne se meuvent plus mais empeschent seulement les horologes de s'ecarter par ce

,qu'aussi test qu'ils lachenl a le faire ce petit mouvement les remet comme au-

,paravant". Letter to Moray of March 0th 1605. Oeuvres, T. V. p. 250.

Compare Journal des Sgavans du Lundy 23 Mars 1665, (Et^rresT. V. p. 301,

note (4), where Huygens withdraws his first explanation to replace it by the

correct one and likewise his "Horologium Oscillatorinm" where his experiments

and his explanation are developed on one of the last pages of "7'ars lyrima".

A somewhat more detailed account of those observations is moreover found

Fig. \u in one of his manuscripts, from which we
derive the diagrams found here and the expla-

nation Huygens deemed he could give of the

phenomenon :

jUtrique horologio pro fulcro erant sedes duae

,quarum exiguus ac plane invisibilis motus pen-

,dulorum agitationeexitatus sympathiae praedictae

, causa fuit, coegitque ilia ut adversis ictibus sem-

„per consonarent. Unumquodque enim pendulum
„tunc cum per cathetum transit maxima vi fulcra

,secum trahit, unde si pendulum B sit in BD
,catheto cum A tanlum est in AC, moveatur

,autem B sinistram versus et 4 dextram versus,

,punctum suspensionis A sinistram versus im-

„pcllitur, unde acceleratur vibratio penduli ^1. Et

„rursus B transiil ad iJE quando vl est in catheto

„AF, unde tunc dextrorsum impellitur suspensio B, ideoque retardatur vibratio

,penduli B. Rursus B pervenit ad cathetum BD quando A est in AG, unde

, dextrorsum trahitur suspensio A, ideoque acceleratur vibratio penduli A. Rursus

,B est in BK, quando A rediit ad cathetum AF, unde sinistrorsura trahitur sus-

apensio B, ac proinde retardatur vibratio penduli B. Alque ita cum retardelur

, semper vibratio penduli B, acceleretur autem A, necesse est ut brevi adversis ictibus

„consonent, hoc est ut simul ferantur A dextrorsum et B sinistrorsura, et contra.

,Neque tunc ab ea consonantio recedej'e possunt quia conlinuo eadem de causa

,eodum redigunlur. Et tunc quidem absque ullo fere motu manere fulcro mani-

,festum est, sed si turbari vel minimum incipiat concordia, tunc minimo motu ful-

jCrorum reslituitur, qui quidem motus sensibus percipi nequit, ideoque errori

jcausam dedisse mirandum non est".

We give this explanation for what it is. Huygens, who never published it, will

probably himself, at all events later on, not have been entirely satisfied by it.
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2. Altlioiigh HuYGKNs" obserN alions were published in Ihe Juurnal

des Sqai'ans of 16G5, and are moreover inciilioiied in his "HorologiLiin

ost'illatoriuiii", they seem to have been forgotten wjjcn in 1739

correlated phenomena were discovered by John Ellicott '). What he

observed at first was this: of two clocks N°. 1 and N°. 2 placed in

such a way that their backs rested against the same rail '), one, always

N°. 2, took over the motion of the other, so tiiat after a timeN°.l

stopped even if at first N". 2 had been in rest and N°. 1 exclusi\ely

was set in motion. Later on he found that the mutual influence was

greatly increased by coimecting the backs of the clocks by a piece

of wood °). He also made both clocks go on indefinitely by giving

their pendulums the greatest possible motion, when alternately they

took over a part of the motion from each other, according to a period

becoming longer as the clocks being placed without connection with

each other had a more equal rate *). At the same time he observed

that both clocks when connected with each other in the way described

above assumed a perfectly equal rate lying between those which

they had eacli separately.

3. Since then different mechanisms where suchlike phenomena

Indeed, it is nothing but the friction wliicli can finally cause that of the three

possible principal oscillations only one remains. Every explanation in which friction

does not play a part must thus from the outset be regarded as insulficient.

1) Phil. Tram. Vol. 51, p. 126—128: "An Account of the Influence which two

"I^endulum Clocks were observed to have upon each other," p. 128— 135

:

"[''urlher Observations and Experiments concerning the two Clocks above mentioned."

^) "The two Clocks were in separate Gases, and . . . the Backs of them rested

"against the same Rail."

S) "I put Wedges under the Bottoms of both the Cases, to prevent their bearing

"against the Rail ; and stuck a Piece of Wood between them, just tight enough

"to support its own Weight."

') "Finding them to act thus mutually and alternalehj upon each other, I set

"them both a going a second time, and made the Pendulums describe as large

"Arches as the Cases would permit. During this Experiment, as in the former, I

"sometimes found the one, and at other times the contrary Pendulum to make the

'largest Vibrations. But as they had so large a Quantity of Motion given them

"at first, neither of them lost so much during the period it was acted upon by

"the other as to have its Work stopped, but both continued going for several

"Days without varying one Second from each other" . . . "Upon altering the Lengths

"of the Pendulums, I found the Period in which their Motions increased and

"decreased, by their mutual Action upon each other, was changed ; and would be

"prolonged as the Pendulums came nearer to an Equality, which from the Natiu'e

"of the Action it was reasonable to expect it would." Later on we shall see that

there was probably an error in these observations. The continual transmissions

of energy and the perfectly equal rate of the clocks exclude each other to my

opinion.
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of sympatlij may ai)|)ear l)a\e been investigated theoretically and experi-

mentally; among others by Euler ^) the case of two scales of a balance

of which Daniet. Bernoulli'') had observed that they in tnrns took over

each other's oscillations; by Poisson '), b}' Savart^) and by RfeAL'^)

the case of two pendulums fastened with Poisson to the extremities

of a horizontal elastic rod, or with Savart and Resal to the horizontal

arms of a ~P-shaped elastic spring ; by W. Dumas ") the case of a

pendulum, beating seconds, with movable horizontal cross rails, on

which other pendulums were hung ; by Lucien de la Rive ') and

Everett") the case of two pendulums joined by an elastic string;

whilst finally Cellerier, Furtwangler and others developed the theory

of the motion of two pendulums of about equal length of pendulum,

placed on a common elastic stand, in order to determine experimen-

tally, and to take into account in this way the influence exercised

by the small motions of such a stand on the period of the oscillations ').

However, we see that the more recent investigations, with the

exception of the work of W. Dumas, who does not purposely mention

the phenomena of sympathy, relate to mechanisms where elasticity

plays a part; whilst it seems probable that this was not the case

or at least in only a slight degree in the experiments of Huygens

and Ellicott.

1) Novi commeniarii Ac. Sc. Imp. PetropoUtanae, T. 19, 1774, p. 325—339.
RouTH, Dynamics of a system of rijid bodies, Advanced part, Chapt. II, Art. 94,

giving the right solution, has justly pointed out an error in Euler's solution and

likewise in the one signed D. G. S. appearing in The Cambridge math. Journ. of

May 1840, Vol. 2, p. 120—128. Euler's treatment of tlie phenomenon of the trans-

mission of energy is also defective, as he does not lay stress upon the necessity

of tiie two almost equal periods, in this case of his quadratic equation admitting

a root nearly equal to the length of the mathematical pendulum by which he

replaces the scales.

2) Nov. (Jomm. I.e. preceding note, p. 281.

h Connaissance cles terns iwur Van 1833, Additions, p. 3—40. Theoretical.

This memoir was indicated to me after the publication of the Dutch version of

this paper.

*) L'Institiit, 1'' Section, 7'^ Annee, 1839, p. 462—464. Experimental.

5) Compt. Rend. T. 76, 1873, p. 75—76 ; Ann. Ec. Norm. (2), II, p. 455—460.
Theoretical.

*) 'Ueber Schwingungen verbundener Pendel", Festschrift zur dritten Sdcular-

feier des Berlinischen Gymnasiums zum graiien Kloster. Berlin, WEmiiANN'sche

Buchhandlung. 1874. The investigations themselves are according to this paper

from the year 1867. Theoretical and experimental.

1) Compt. Rend. T. 118, 1894, p. 401—404; 522—525; Journ. de phys. (3),

III, p. 537—565. Experimental and theoretical.

8) Phil. Mag. Vol. 46, 1898, p. 236—288. Theoretical.

") See for this the Encyclopddie der mathematischen Wissenschaften, Leipzig,

Teubner, Band IV, I,i, Heft 1, § 7, p. 20-22.
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So it seemed worth while looking at the queHtioii I'loiii another side, and

studying the behaviour of a very genei-allv cliosen mechanisra ') with

one degree of freedom, and with two compound pendulums attached

to it ; noting particularly the case that both [)endulums have about

equal periods of oscillation, whilst al the same time for the applica-

tion of the phenomena of sympathy of clocks the intluence of the

motive works will have to he paid attention to.

Moreover it is worth noticing that the results obtained in this way
will also be applicable to the case that the connection between the

two pejidulums is brought about by means of an elastic mechanism,

every time when practically speaking only one of tiie infinite number

of mannei'S of motion is operating which such a mechanism can

have. Such a manner of motion will have a definite time of oscilla-

tion for itself, which will play the same jjart in the results as if it

belonged to a non-elastic mechanism with one degree of freedom.

Deduction of the equations of motion.

4. Let 5 represent for any point of the mechanism with one

degree of freedom, to be named in future (lie "frame", the linear

displacement out of the position of equilibrium common to frame and

pendulums; let S^"') be its maximum value for a definite oscillation to

be regarded as equal on both sides for small oscillations ; let $, and

C, be its values for the suspension points Oi and O^ t>f the pendulums;

let ]\I be the mass of the frame; let m^ and ui^ be that of the

pendulums; a^ an a, the radii of gyration of the pejidulums about

their suspension points; f/j and </„ their angles of deviation from

the vertical position of equilibrium; .C;, //j and .r,, ^, the horizontal and

the vertical coordinates of 0^ and of 0^, h the vertical coordinate of

the centre of gravity of the frame; taking all these vertical coordinates

opposite to the direction of gravitation.

So Ave begin by introducing for tiie frame a suitable general coor-

dinate n, for wliicii Ave choose the quantity determined by the i-elation

Mh' ^ i Vdm, (1)

where the integration extends to all the moving parts of the frame;

this quantity might therefore be called the mean displacement of

the particles of the frame.

1) We assume with respect to this mechanism no other restriction than tliat the

motions of each of its material parts just as those of the two pendulums take

place in mutually parallel vertical planes, i.o.w. we restrict ourselves to a problem

in two dimensions.
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Foi' small oscillations of the frame we can put : u^7iu(."'\ ^:=ni('"\

where n is a function of time, but the same for all the points of

the fi-ame.

So we have for such vibi'ations

:

Mil' = M{iiu^">Y = I (n?("'))' dm — i t^ dm ;

so that ^Mu'' proves to represent the vis viva of the frame.

For the vis viva of the first pendulum we find, if k^ denotes the

distance between its suspension point 0^ and its centre of gravity,

and if (f^ is reckoned (like (p,) in such a way that a positive value

of 'fi increases the horizontal coordinate of the centre of gravity :

h ['»i Si' + 2 Wi k, .v^ 7 , + mi a/ (f^^] =

•]

therefore for the entire vis viva of the whole system

du
± 9 M

da;^ • •

-i-m.k,—- u (f, +
du

u' + i m, a,' (p.
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Out of thi.s proportioualit} follows easily :

M' u'" =
da ) V "W

"" ^= ^l-'^"*'' + »«i S/ -F "^ ?3

wliich [)roves tliat \ M'li"^ represents the vis viva of wliat we shall

oall the reduced system, which system consists of (lie tVame and of the

masses of (he pendulums each ti-ansferred to (he corresponding

suspension point O^ or O^.

If now likewise we introduce the verdcal coordinate //' of the centre

of gravity of the reduced system, so that M'li = Mh -\- t/i^ y^ -\- ???, y^,

(he first term of (3) transforms itself into \ <j M -— «', for which,

however, on account of the mutual pro|)ortionality of ii and u' we

may write : h g M —— ?t ^
du

'

So for the reduced system it holds that T = i 31' u" and V =
d"-/,'

,= hgM'—;- n' ; if now we write tor this svstem the equations ot motion,
da

''

and if we then introduce the length /' of the simple pendulum wdiich

is synclirone to this system ^) we shall easily find

:

dVi' , _i

17- = ^'> <"

Thus we tinally may write for (2) and (3) :

du da

V=^igM'(l')-Uc'' + {7n,gk,<p,' + hm^gk.^<f,- ... (9)

Application of the equations of Lagrangk and substitution of the

expressions :

(m) '/ /ff .
"

it' = u sin[/^t; f/, = x, sm j/— f ; <p^^^ x^shi \/ — t . . (10)

leads further easily to (he e(| nations

M' {I' - I) u''-'"' -i m,kj'^ >«, + m,kj '-^ X, = ; . . (11)
da da

1) Should the reduced system be in indifferent equilibrium as was probably tlie

case in Ellicott's experiments /' is infinite ; if it were in unstable equililjrium this

would correspond to a negative value of !'. We shall again refer to these cases

in the notes, h) the text we shall always consider l' positive, hence the reduced

system stable.
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where y.^ and x^ denote the maximum deviations of the pendulums

and ;. the length of tiie pendulum synchrone to one of the principal

vilu-ations.

6. In order to put these equations still more simply, we

tirst introduce the lengths of pendulum ^, = y- and l^ — ' of the

'^'i
'''2

two suspended pendulums, secondly the maximum deviations in hori-

zontal direction of their suspension points

:

- ("0 '^^'i ,("0 , . Cm) «?*, (,„)

S, = i-r " and §, = i-r "
dic\ du „

It is then easy to find the following system of equations equivalent

to the equations (11), (12) and (13), namely:

F{X) = {I!-).) {l,-y.) (/,-A) - c,^ I' I, {I -I) - c/ J! I, {I-).) = ; (14)

(")

where :

M' h (,/"'¥
"- ^1^' h (,/'"^)

(m)

3 7
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centrated and on the other side the entire vis viva of the reduced

system multiplied by the distance betioeen suspension point and

centre of gravity of the Jrrst pendidum and divided hy its lenyth of

pendulum ; and in the same ioay c,^

J)iscussion of the general case.

7. Passing to the discussion of equation (14) wq notice that

in the supposition /, ]> 4 we have: F {-\- <x>) neg.; F{li) pos.; F {l^

neg. ; F{0)^ l'lj,{l — c," — (•/), and therefore with reference to

(17) whore /'i
: /, and I:^:I^<^1, F{()) always positive.

So there are three priHcii)al oscillations. The slowest, which we
shall call the sloiv principal one has a synchrone length of pendulum

greater than the greatest length of pendulum of both suspended

pendulums ; of the intermediate principal 07ie the length of pendulum lies

between that of these two pendulums; of the rapid principal one it

is shorter than the shorter of the two '). Further we can note that

when /' ^ A ^ 1-2 I'le length of pendulum of the slow principal

one is gi'eatcr than /' and that for
/i > /„ > /' the rapid principal

one has a smaller length of pendulum than /'.

The following graphic representation gives these results ^) for tlie

case /' > ^1 > 4> practically the most important.

1) This is the case for V positive and this proves that when the reduced system

is stable, this must also be the case for the original system with the two suspended

pendulums. If V is infinite, thus the reduced system at first approximation in

indifferent equilibrium, then the slow principal oscillation has vanished or rather

has passed into an at first approximation uniform motion of the entire system, which

would soon be extinguished by the friction. The two other principal ones remain

and their lengths of pendulum are found out of the quadratic ec|ualion:

(h—X) {/o— X) — Cr ly (Za— A) — c.- 1.2 (?i— A) = 0.

For /' negative F(0) becomes negative too, but F(— cc) positive, so then always

one of the principal lengths of pendulum is negative. From this ensues that when

the reduced system is unstable, this is also the case for the original one.

-) Of course these results are in perfect harmony with and partly reducible from the

well-known theorem according to which when removing one or more degrees of

freedom by the introduction of new connections the new periods must lie between the

former ones. To show this we can 1. fix the frame, 2. bring about two connections

in such a way that the pendulums are compelled to make a translation in a vertical

direction when the frame is moved. In the latter case it is easy to see that the

time of oscillation of the reduced system must appear.

For the rest these same results are found back in the main, extended in a way easy

to understand for more than two suspended pendulums, in the work of W.Dumas,

quoted in note 6, page 439 which I did not get until I had finished my investi-

gations. By him also the lenglh of pendulum of the reduced system is introduced.

However, he has not taken so general as we have done the mechanism of one

degree of freedom, on which the pendulums were suspended.
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Fig. 2. 8. Witli respect to the manner of oscillating

of Uie two suspended pendulums we shall

call it the antiparallel mode when the simul-

taneous greatest deviations are on different

sides as was the case in the observations of

HuYGENS, in the reverse case we shall call it

the parallel mode.

It is easy to see then from (15) that the follow-

ing three possible combinations will always

appear, namely: for one of the three principal

oscillations the mode of oscillating of the pendu-

lums is the antiparallel one, for the two other

ones the parallel one, but in such a way

that for a definite greatest deviation of the

pendulums in a given sense the frame takes

for each of these two other principal oscilla-

tions an opposite extreme position ').

If thus for instance gi^™' and |,("') have

equal signs as was certainly the case in the

mechanism used by Huygens (see tig. la)

and also in that of Ellicott, the antiparallel

mode of oscillation observed by Huygens

belongs to the intermediate principal one.

rapid principal

oscillation

rapid pendulum /j

> t interm. principal

oscillation

low pendulum ?i

reduced system

X slow principal

oscillation

9. For the application to the behaviour of two clocks connected

in the manner described we first consider /, and ^ as very different

from each other, and that neither c^ nor c, is small. In that case

it is evident from tlie values of FQ^) and FQ^) differing greatly

from naught that neither of the principal lengths of pendulum nearly

corresponds to l^ or 4 '> however from (15) then ensues that the

oscillations of the frame are of the same order as tliose of the pen-

dulums at every possible mode of oscillating.

Now it is of course not at all impossible that the principal oscillations

or certain combinations of them once set moving, might remain sustained

by the action of one or of both motive works under favourable

circumstances with sufficiently powerful works and when means have

1) Dumas has : ,dass, wenn .... die Aufhiingepunkte der Nebenpendel tiefer als

,die Drehungsaxe des Hauplpendels licgcn, alle Nebenpendel von kiirzerer als der

,zu erzielenden [principalen] Schwingungsdauer in gleichen Sinne mil dem Haupt-

,pendel Schwingen miissen, alle anderen im entgegengesefecn Sinne". This loo

follows immediately from the formulae (15) which, indeed, correspond essentially

to those of Dumas.

31*
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been taken to decrease sufficiently the frictions in tlie frame. However

in sucli a case the beliavionr of tiie two clocks wonld differ greatly from

what was observed concerning the phenomena of sympatli}-; and in

the more probable supposition that the mo(i\'e woi'ks will prove to

be unable to sustain a considerable motion of the frame, which

motion would absorb a great part of the energy, each of the principal

oscillations as well as each combination of them will after a certain

time have to come to a stop.

So we shall leave this general case, and pass to the discussion of

three special cases, which are more important for the consideration

of the phenomena of sympathy, namely A the case that I^ and 4
differ I'ather niucli, but where c, and c„ arc small immbers, B the

case, that /j and /„ differ but little, but c^ and c^ are not small,

C the case where /j and /., differ but little and c, and („ are

both very small. In all these discussions we shall suppose I' ^ li^ I,

and /' differing considerably from /j and I^. The treatment of other

special cases, e.g. Cj small but c^ not, will not furnish any more
difficulties if such a mechanism were to present itself ').

A. Discussion of the case thai l^ and I, differ rather much but

lohere c^ and c^ are small ").

In this case F(J'), F (I,) and F{I^) are all very small, from

which is evident that each of the thi-ee roots of equation (14) is

closely corresponding to one of these three quantities, so that the

graphic representation of Fig. 2 looks as is indicated in Fig. 3.

From this then ensues according to (15) that for the rapid principal

oscillation the oscillations of the rapid pendulum are much wider

than of the slow one •'), and that for the intermediate principal oscillation

1) Also the case Z' = oo dilTers in nothing, as far as the results are concerned,

from llie cases treated heve Init by the vanishing of the slow principal oscillation.

-) The smallness of each of these coefficients may according to (16) be due to

three ditferent causes, namely 1. to the smallness of fcj : /i which will not easily

appear in clocks, !2. to the fact that the masses of the pendulums are small

with respect to that of tlie frame, 3. to the fact that the pendulums are suspended

to points of the frame whose horizontal motion is a slight one compared to that

of other points of that frame. It is remarkable that this difference of cause has

hardly any infhience on the considerations following here, and therefore on the

jilienomera which will present themselves.

') Then still when in (15) to''"' might prove to be very small compared to fi*"*'

;

for as a first approximation for /j—A we find: c^-l'L'.iV— ^2), and therefore zj^
—M'{V— 1.2) (zt'i^'l-nnofco^'li''"'- So the motion of the frame determined by !f''"') is slight

compared to that of the rapid pendulum and consequently xj is small compared to xg.
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Fig. 3. tlie opposite is the ease. For the slow prin-

^ - oipal oscillation the oscillations of both pen-

dulums are either of the same order as those

of the frame or smaller still; the latter is

the case when the third cause mentioned in

: rapid principal osc. note 2 of page 446 is at work,
rapid pendulum L Suppose now jr', -Tj and jr, to be small oscilla-

tions belonging respectively to each of the

three types of the principal oscillations, namely

the slow one, the intermediate one and the rapid

one, each having the same small quantity

; C inlerm. principal osc. of total energy e=T'-\-V; then every

<i slow pendulum
?i compound oscillation can be represented by

w^K'jt'+K^jT^+K^jT^ and its total energy will

be equal to (A"= + K,' + K,') a.

Let us then start from an arbitrary com-

pound oscillation for which K', K^ and K^

reduced system have moderate and mutually comparable
^ slow principal osc.

^.^^^^^ .

^ j^ ^^^^^ ^^^^^, ^j^.^j \^^^ jj^O^j^n of

one clock, namely the one with the rapid

pendulum will be dependent almost exclusively on the rapid prin-

cipal oscillation, that of the other clock on the intermediate one.

It is true, that slight periodical deviations in the amplitudes will

present themselves, which are due to the two other principal oscil-

lations, but these can have no influence of any importance on the

periods according to which the motive works regulate their action;

so that therefore one of the motive works will be able to contribute

to the sustenance of the motion K^jt.^, the other to the motion K^;t„,

but neither of them to the sustenance of the motion K'jt'. So this

will vanish first.

What takes place furthermore will depend on the power of the

motive works, and on the frictions presenting themselves during

the motion of the frame. If those powers are great enough to

conquer the frictions when the pendulums deviate sufficiently to keep

the motive works in movement, a motion K^ n^ -\- K^ jr, will remain,

where the values of A'l and A',, thus also of their proportion, will finally

depend exclusively on the power of those motive works and on the

frictions. A theorem the proof of which we shall put off to § 14, to

be able to give it at once for all cases, shows that in general such

a motion can be sustained rather easily ; it is the theorem that for

principal oscillations whose A differs but slightly from l^ or 4 whatever

may be the cause, the kinetic energy of the motion of the frame



( 44A
)

will be small compared to that of tlie corresponding pendulum. For

sucli a motion K^ jt, -|- K^ -Tj remaining in the end, tlie two clocks

will each have their own rate ") whilst howe\'er slight pei'iodic

variations in their amplitudes are noticed, caused by the cooperation

of the two remaining principal oscillations whose periods diflc'r con-

siderably if /i and I.^ arc sufficiently nnccpial.

11. Let us now however suppose that /, and 4, differing at first

considerably, are made to correspond more and more, for instance

by displacement of tiio pendulum weights. The chief consec(uence will

have to be that, according lo equation (15), the amplitudes of both

pendulums •will become more and more comparable to each other,

for /^i^, as well as for K^n,, in consequence of which to obtain

their motion for the compound oscillation K^::t^ -\- A'^n-, we shall

finally have to compose for each of them two oscillations with com-

parable amplitudes, and whose periods of oscillation differ but slightly.

As is kno\vn this leads for both pendulums alternately, to periods

of relatively greater and smaller activity, i. o. w. to (he ])lienomenon

of transference of energy of motion from one [)endulum to another

and back again ; the period in which this alternation of activity

takes place will be the longer according as /; and /, differ

less ^).

Now however a suchlike behaviour of the two pendulums accord-

ing as it gets more and more upon the foreground when l^ and 4
approach each other, becomes less and less compatible with the regular

action of the two clockworks. For, during the period of smaller activity

of one of tiie pendulums the motive work corresponding to it will

iinally, when the remaining activily has become much smaller than

the normal, come lo a stop. Then one of the two will take place :

either the principal oscillation which is sustained particularly by this

work is powerful enough to keep on till the period of greater acti-

vity has been entered upon, and this will be deferred the longer

according as /, and 4 differ less, or it is not so. In the first case

the clock can keep going with alternate periods in which it ticks and

in which it does not tick, which phenomenon may of course present

1) Both rates however a little more rapid than for intlopencl(>nt position.

-) Tliese phenomena remind us of what Ellicott observed later on (see note (4)

p. 438). However the correspondence is not complete, as in the case treated here

both clocks retain their different rate, whilst Ellicott mentions emphatically that

the two clocks did not differ a second for many days. We shall therefore have

to aaain refer to tliese observations at case C.
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itself in both clocks '). In the second case the clockwork stops

entirely ; the corresponding principal oscillation vanishes, and the

poiuhiliini jicrforms only passively the slight motion which is its

due in that principal oscillation, which can now be sustained indefi-

nitely by the other motive work.

This is the phenomenon remarked by Ellicott in his first expe-

riment when the clock n° 2 regularly made n° 1 stop.

We have now gradually reached case C where f, and c\ are small

and where /, and /^ differ but slightly ; this case demands, however,

separate treatuient, for which reason we shall discuss it later on.

B. D'sois.^ioii of the case that /; and ^ di[fer but very little,

hut where <\ and c^ are not small ^).

Before passing to the case C we shall treat the simpler case now
mentioned which will lead us to phenomena corresponding to those

found by Huygens.

To this end Ave put 1^ = 1^ -\- A, and substitute this in the cubic

equation (14j. Then by writing for one of the roots of that equation

l^-\- fi and by treating L and if as small quantities we shall easily

find for the length of [)enduium of the intermediate principal

oscillation the value

'+^-^ *'«'

from which is evident that this length of pendulum divides the

distance between l^ and l^ in ratio of c^'' : c,'.

The two other roots satisfy approximately the quadratic equation:

(Z' - ;.) (^, - A) - (c,' -f c,=) n, =r .... (19)

1) This was really observed by Elliuott (1. c. p. 132 and 133) for botli clocks,

however only temporarily, for at last the woik of the first clock came entirely

'o a stop. Compare for the rest the experiment of Daniel Bernoulli with the two

scales mentioned in § 3.

-) If ^1 is perfectly equal to Ij = I, then of course (14) has a root k = l for

whose principal oscillation according to (15) the frame remains in rest. The remaining

roots are found by means of the quadratic equation (t'—A) {I— a)— (C1--I-C3-) ^7=0.

One of them will nearly correspond to I if q and c^, are both small fractions. All

this in accordance with Routh's solution (I.e. note (1) page 439) which refers

exclusively to this case and also to that of Euler (barring what is remarked in

that note).



( 450 )

Fig. 1.

A

>; rapid principal
'

oscillation

( I rapid pendulum L
JCinlcrm. princip. osc.

o\v pendulum l\

i

reduced system

slow princip. ose.

They correspond to the slow and the

rapid principal oscillation differing considera-

bly in general in length of pendulum from I'

and /, ') and therefore by reason of (15)

giving rise to oscillations of the frame which

are of the same order of magnitude as those

of the pendulums.

So unless special measures are taken with

respect to the decrease of the friction of the

frame, these oscillations will have to stop,

the more so as they are not sustained by

the action of the motive works.

So the only oscillation which will be able

to continue for some lime is the intermediate

principal one whose length of pendulum is lying

between /j and /„; entirely in accordance with

the observations of Huygens ^) and also with

those of Ei-LicOTT described in note (4) p. 438

when for the latter we overlook for a moment

the observed periodic transference of energy.

C. Discussion of the case that l^ and 4 differ but very little and

that at the same time c, and c, are small numbers.

13. The remarkable thing in this case is that now the remaining

quadratic equation (19) is also satisfied by a root differing but little

from /,. So there are now two roots of the original cubic equation

situated in the vicinity of /„, one found just now and expressed by (18)

and the other which is likewise easily found by approximation and

represented by the expression

(c/ + c/)n.
/,

-

I'-i,
(20)

This root is, at first approximation, independent of A = l^ — /,

;

so when the lengths of the pendulums approach each other suffi-

ciently, it is, though small, yet many times larger than Z\. These

1) See the graphic representation of Fig. 4.

^) See however note (3) p. 452; from which is evident that the case which

really presented itself in Huygens' experiments is probably not the one discussed

here, but the more complicated case C.
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Fig. 5. conditions are represented by Fig. 5, where

f we have moreover to notice that the third

root belonging to the slow principal oscillation

differs but little from /'.

We can now show that for the rapid prin-

cipal oscillation as well as for the intermediate

; c
i-apid principal osc. One, altliougli not in the same measure, the

(I rapid pendulum /, osciUations of the frame remain small com-

fs?on''pendulum
'/"''

P^^'®^ ''''^'' ^''^^^ «*" ^^^ pendulums.

Generally this is already directly evident

from the equations (15); this is however
not the case when the pendulums are suspend-

ed to points of the frame whose horizontal

motion is an exceptionally slight one '). In

that case we refer to the general theorem to

be proved in the following paragraph, and
from which what was assumed ensues im-

i-educed system mediately.

slow principal osc. Let US uote before continuing that now
for the rapid as well as for the intermediate

principal oscillation the two pendulums possess amplitudes which

are nmtually of the same order of magnitude.

14. The indicated theorem can be formulated as follows : when

the length of pendulwn of a principal oscillation approaches closely to

li of 4 then the vis viva of the reduced system, thus a fortiori of
the frame alone, is continually small with respect to that of the pen'

dulum corresponding to l^ or /,.

To prove this we compare in formula (8) the three terms :

d.e, . . .

,

^ M' u'"'
\ ni,l\-—H'<f^ and h m^ a^'' (}\-. For the proportion of the

du

second to the third can be written 2 -— u' : t,(f,, or on account
du

of equation (10), 2 -~ i/'"' -. l,y., — 2 g/'"^
: /, x^ = 2 (^ — /J : /,. The

second is therefore, when ). approaches /; closely, small with respect

to the third, which can thus be regarded in such a case to represent

at first approximation the vis viva of the first pendulum.

1) That is to say, when the third cause mentioned in note ("2) p. 44G has given

rise to the smallness of q and Cj.
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For (he proportion of the vis viva of the reduced system to thai of

IJie pendulum referred to we can write ') :

M' m" : in^ «;- (p^' =: M' {li' )'' : ?/t, rtj' x,^ =:

= 3r («'^"'V ih - ^-y »h < (§.^"'V = (^ - ^-r c,' h\ . (21)

If now c, is not small, as in case B, then we have in this manner

alread_y proved what was put. In case A we substitute ).=zl^ — 6

in the cubic equation (14) after which we find easily at first appro-

ximation, Cj being likewise small -), <S^^—}.=Ci^I'l^:{/'— /J, by which

wiiat was put is likewise proved.

In case C finally, which occupies oui' attention at present, ensues

from (20) for the rapid principal oscillation /,— ;.^ (Ci'+c,*) /'4 :
(/'— /j

;

from which is evident after substitution of ^ and c, for /j and c, in

(21) the corr'ectness of the theorem also for this principal oscillation,

hence a fortiori for the intermediate one; unless c, be small but yet

much larger than c^, which restriction does not exist for the inter-

mediate principal oscillation.

15. B'rom these results must be inferred that in the case C under

consideration the rapid principal oscillation as well as the intermediate

one when once set in motion will each be able to maintain them-

selves under the influence of the motive works, when the condi-

tions of friction in the frame are not too unfavourable. However, the

intermediate principal oscillation will liave, if the difference in rate

between the two clocks was originally very slight, a considerable

advantage on the rapid one, the motion of the frame being much

slighter still in the former case than in the latter. And this will

probably be the reason that in the experiments of Huygens as well

as in the later ones of Ellicott evidently the intermediate principal

oscillation exclusively ') or at least chiefly ") presented itself.

1) According to (10), (15) and (16) taking at the same time note of the sig-

nification of ?i, c/j and fcj.

') For Ci small and r^, not, tlie proof runs in the same way, altliougb the

expression for S becomes a little less simple.

S) With Huygens. In his experiments the masses of the pendulums were certainly

slight with respect to those of the frame, so that without doubt f| and Co were

small and the case C was present.

*) With Ellicott, where at least at lu-st according to the observed transferences

of energy also the rapid principal oscillation must have been present. Although

Ellicott used according to his statement very heavy |>endulunis, we have probably

also the case C with him. If we do not assume this then it is more diflicult

still to make the perfectly equal rate of his clocks tally with the observed trans-

ferences of energy. The presence of two principal oscillations evident from these

would have been continued ludefinitely in case B, so the clocks would have

retained an unequal rate.



( i^^ )

Savart on the contrary lias cli'eeted with the aid of his "|"-sliaped

spring at whose ends ahnost equal pendulums were attached Ijolh

principal oscillations ').

But besides these two principal oscillations which de\iate in their

periods of oscillation, and moreovei- by the circumstance that the pendu-

lums will move in a parallel mode for one and in an antiparallel

mode foi- another, there is still a third manner of motion whicli

must be able to continue indefinitely.

16. To pro\e this let us again start from an arbitrary compound
oscillation w = K':t' -f A'j.Tj + A'^-t^j

; then unless the friction in the

frame he extremely slight the oscillation K':t' will soon disappear.

When however in the I'emaining motion /C is much smaller than /v'l,

it is clear that as the intermediate principal oscillation is then the chief

one for the motion of the two pendulums, the motive works

of both clocks will regulate themselves according to it, so that they

will not be able to contribute to the sustenance of the principal

oscillation A'.^.i„ which will thus likewise have to die away, so that

finally only a pure oscillation A',jrj will be left, for which both

clocks will follow the rate of the intermediate principal oscillation.

If on the contrary after the disappearance of the slow principal

oscillation A', is much smaller than A'^, it will have to be the inter-

mediate principal oscillation, which dies away, whilst the rate of the

clocks will finally regulate itself entirely according to the rapid one.

But in the intermediate case, when the proportion of K^ to K^ lies

within certain limits, also a manner of motion will be able to

appear under fa\oural)le circumstances where both |)rincipal oscillations

are sustained for iiulefuiilc time, whilst each of them will govern

the behaviour of one of the two clocks; for from the equations (15)

it is easy to deduce that in general the proportion between the

amj)litudes Xj and 3c, is different for both principal oscillations ').

Then the values of if, and K„ and so also their proportion will in the

long run be entirely governed by (he power of the motive works,

1) I.e. note (4) page 439. Savart had however l'<li = L; therefore with him

it is the slow principal oscillation which plays the part given here in the supposition

l'> li> ^2 to the rapid one.

-) By substitution of the value (18) for A we find for the intermediate principal

oscifiation kj : za = C]—2 fi('«) : Co—2 |j(;ji); whilst tlie substitution of (20) furnishes

for the rapid principal oscifiation

"1 • "2^^
" ^ I'-L I'-L

(m)

so for very small values of a we have for this one X] : x<> = |i("0 : ^J"'"''
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connected with the frictions prescnliiig themselves, i. e. these values

will be independent of the initial condition. At the same time the

two clocks will show a different rate'), of which clocks one therefore

will have to sustain the rapid principal oscillation, the other the

intermediate one. Periodic transference of energy will then take place.

Probably it will not be easy to realize this condition, character-

izing itself particularly by the fact, that one of the clocks goes consi-

derabl}' faster than would be the case when placed independently ').

The initial conditions will then have to be chosen in such a manner

that from the very beginning one oscillation will predominate for one

clock, the other for the other clock. And this will become all the

more difticult as c^ and c.^ become more and more equal, therefoi'e

according as the two clocks become more and more alike and

are suspended in a more symmetric way. For, so much smaller

will, according to what was mentioned in note (2) p. 453 be the

difference in proportion of the amplitudes x^ and y.^ at each of the

oscillations. ')

17. Finally we wish to point out how we must represent to our-

1) So this differs agnin from what Ellicott observed in his last experiments,

so that these cannot be regarded as the realisation of this case, though they have

the transferences of energy in common with it. However, between the fact of

those transferences and the assurance that both cloclis have entirely the same

rate exists a contradiction, as we have already seen, which is not to be solved,

hideed, those transferences can be explained by interference only, so they require

the cooperation of two oscillations of different periods ; but these oscillations must

both be sustained if the state is really to continue indefinitely, and then each

of them by one of the motive works where the oscillation referred to will predominate

the other one. See also the last note.

To me it seems most probable that with Ellicott the transferences of energy existed

only at first indicating the temporary presence of the rapid principal oscillation.

Ellicott's wording is not emphatically against this conviction.

-) The difference from case A is of course only quantitative. In both cases the clocks

go faster than when placed independently, but in case Cthe acceleration of the quickest

clock becomes much greater than that of the less rapid one (see § 13). A gradual

transition presents itself then, and the case of Ellicott was probably situated on

that transition-line.

3) The idea that perhaps each of the motive works might be able to take over

one principal oscillation and the other in turns had to be set aside after a closer

investigation. If we compose in the well-known graphical way two oscillations of

unequal ampUtudes and of periods of oscillation differing but little, it is evident

that the motive work will go alternately somewhat quicker and somewhat slower

than will correspond to the period of oscillation of the greatest amplitude, but this

can never go so far that the rate of the smaller amplitude is taken over, not even

for a short time.
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selves the transition of case A into case C. In case A in which the

rate of the clocks differs greatly, the manner of motion which is most

difficult to realize in case C, namely the one, where tiie clocks have

each their own rates, is the normal one. Yet the two other manners

of motion also are possible, i. e. those where exclusively 07ie of the

principal oscillations appears ; however in tliese cases, the pendulum of

the least active of the two clocks will still perform a slight oscillation

though not sufficient to set its motive work in motion.

If now starting from ease A we reach case C, i. e. if the rate of

the clocks is taken more and more equal, the state of motion with

mutually different rate of the clocks becomes contimially more difKi-

cnlt to realize, finally periiaps impossible ; whilst for the two other

possible manners of motion the pendulum of the second clock too

keeps performing greater and greater deviations till these deviations

are finally sufficient to set its motive work also in motion, so that

both clocks go quite alike, either with the rate belonging to the rapid

principal oscillation or, what is more easily realized, with that oi

the intermediate one.

Chemistry. — "The dijj'erent brandies of the three-phase lines for

solid, liqicid, vajwur in binary systems in which a compound

occurs." By Prof. H. W. Bakhuis Roozeboom.

(Communicated in the Meeting of October 28, 1905)

A chemical compound, formed from two components, need not to

be regarded as a third component, when this compound is somewhat
dissociated, at least when it passes into the liquid or gaseous state.

Instead of the triple point we then get a series of triple points, the

three-phase line, indicating the co-related values of temperature and

pressure at which the compound can exist in presence of liquid and

vapour of varying compositions ') This was advanced for the first

time in 1885 by van der Waals. The equation for that line was
deduced by him ") and shortly afterwards ') applied by me in a few

instances where it was always admitted that the vapour tension of

the liquid mixtures gradually diminished from the side of the most

volatile (^4) towards that of the least volatile component {B).

In the first considerations as to the course of the three-phase line

1) Tfiere exist several otlier lliree-phase lines wliich are not considered here.

3) Verslag Kon. Aka.l. 28 Febr. 188-5.

=) Rec. Tr. Ghim. 5, 334 (1886)
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;ui(l I lie parls which cou'ul he realised in different binary systems,

Ihc line was generally divided by nie info two branches according

as the coexisting liqnid contained more A or more B than the

compound.

7°

^.y./

In figure 1 branch 1 : CTEF represents liquids with more A and

branch 2 : FD liquids with more B.

At the commencement, special attention was called to the inq)or-

tant fact that in the first branch a maximum pressure occurs at T
where the heat of transformation of the tliree phases passes through

zero. Less attention was paid to the fact that the maximum lempe-

ratui-e R does not completely coincide with the point F, where the

composition of the liquid becomes the same as that of the compound,

but is situated either on branch J, if the compound expands when

melting, or on branch 2 if the reverse is the case ; this may be best

understood if one remembers that the melting point line of the com-

pound T^/v meets the three-phase line in the point F. Although indi-

cated in the first publication of van dek Waals and in my more

exfejided paper ^) this point rtnnained in the background l^ecause,

practically, the difference in temperature between F jxnd R is very

small. Afterwards "), Van der Waai.s worked it out more carefully

and only recently Suits') has fully considered the peculiarities of the

j),.'t'-figures between F and 7.*, after these had become important

1) Rec. 5, 339, 340, 356, 1886.

2) Verslag Kon. Akad. April 1897.

») These Proo. June 1905.
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from the point of view of the hidden equilibria which continuouslj

connect with each other the Hnes of tlie liquids and vapours coexis-

ting with the solid phase.

In the systems which formerly came most to the front, the diffe-

rence in volatility between the two components was so large —
such as with water and salts — that on the whole three-phase line

no vapour occurred which had the same composition as the compound.

If however, the difference in volatility is less pronounced, a case

ma}' occur where the equality in composition between vapour and

compound is attained somewhere. Van der Waals foresaw that pos-

sibility in 1885, but not until 1897 did he point out how such a

point, occurring on the three-phase line belov^^ the point F, indi-

cates the maximum temperature at which the compound may still

evaporate in its entirety, and how in that point the subliming line

of the compound meets the three-phase line. Such a point is indi-

cated in fig. 1 by G, the subliming line by GL.

It was, however, thought very desirable to elucidate the manner

in which, in such a case, the equilibria solid-vapour, solid-liquid and

liquid-vapour join each other on the three-phase line by a repre-

sentation in which is also shown the change of the concentrations

of liquid and vapour along the three-phase line of the compound

with increasing temperature.

Dr. Smits ') recently gave a i-epresentation of this by working out

a connected series p , .osections of a spacial figure, which in the case

of a binary compouml takes the place of my spacial figure, where

only the components occur as solid phases.

A good example may be found in Stortenbekkr's ') research on the

system chlorine + iodine. There it is found that both the compounds

.ICl and JCI3 yield at their melting point a \apour containing more

CI, but at a lower temperature they have a point on their three-

phase line where the vapour becomes the same as the compound.

Stortenbeker had noticed this fact during his research, but luid not

followed the matter up. After I had completed in 1896 my p, t, x-

figure for binary mixtures, I also projected t lie spacial representation

for this case, and I had (hen already come to the view, by graphical

methods, that the point (> is the highest temperature at which a

compound can exist near vapour of equal composition.

Bancroft '), in consequence of van der Waals' publication, tried

to elucidate the case of JCl by a representation of partial pressures,

1) These Proc. June 1905.

2) Rcc. Trav. Chiin. 7. 183. 1888.

3) Journ. Phys. Chemistry 3. Ti. 1899.
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which appears to me less suitable, to survey the connection of the

phase-equilibria. Tiie representation now worked out by Smits (see

his oommunicaiion tig. 4) is up, ,i'-projection of my own spacial

tigure with p ,t , x as coordinates which, however, had not yet been

published.

This representation is well suited to explain at once which are

tiie transformations which take place on the ditferent parts of the

Ihrec-phase line, owing to cliange in pressure or temperature, and

finally lead to the disappearance of one of the three phases.

Those transformations are dominated first of all by the connection

of the compositions of the three-phases.

From the tignre it will be seen at once that, if we indicate the

solid compound by .S', the coexisting liquid h\ L, and the vapour by

G, the order of the compositions of the phases commencing with

one richest in the volatile component A, is as follows :

on branch CTRF : GLS
„ „ FG : GSL

„ „ GD : SGL.

The only transformation which can take place between three

phases is such that one is converted into two others, or reversely.

That one must then necessarily be the middlemost in composition,

consequently successively L, S, G.

The most rational division of the three-phase line is obtained when

this takes place according to the transformation which occurs between

the phases, and we will, therefore, call in future the branches on

which L, S or G are the middle-bodies, the branches 1, 2, 3.

The transformation of 1 into 2, therefore, takes place in the point

F where *S'= L, that of 2 into 3 in the point G where S= G.

If now we observe in what direction that transformation takes

place, for instance on applying heat, we have

on branch 2 : S ^> G -\- L
3 ; ,S'+Z-» G

on the other hand on branch 1 we have :

on the part 2'RF -. S -\- G —^ L branch la

,, „ „ CT : L-^S+ G „ lb

whilst in the point T itself, both transformations are without heat

effect. The reversal of the direction of the transformation causes

retrograde phenomena, on increasing or lowering the temperature.

A reversal of the direction of the transformation caused by a

change in pressure also takes [tlace on either side of the j)oint F
on branch 1, or on branch 2 if the compound melts with contraction.
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and in this way retro,[!;i'ade plioiiomena by variation in pressure

become possible.

On the branches 2 and 3 a i-cvoi'sal of the direction of the trans-

formation caused by lieat sujiply is as a rule not probable, as this

always consists in the evaporation of tlie solid matter, coupled with

melting of the same, or cvaponitioii of the liquid, processes which

generally want a supply of lieat '). The readiness of the reversal on

branch 1 is, therefore, closely {•oiinccte<l with the fact tiiat the liquid

phase is here the middle body.

If we consider in an analogous manner the character of the three-

phase line on which the most volatile component A occurs as solid

phase, the order of the phases is hei'e SQL, therefore the line AC
represents branch 3 ; in the point ^4, G and L become simultaneously

equal to S: consequently, there exists no branch corresponding with

branch 2 of the conq)ound. On the three-pliase line DB where the

least volatile compound Ji is the solid phase, the order is GLS,
therefore DB corresponds with branch 1

.

In tiie previously studied binary compounds the volatility of the

one component was so much smaUor than that of the other, that on

the three-phase line only the branches 1 and 2 were noticed; if

the second constituent is sufticieiitiy xoiatile liranch 3 may be met")

with as in the case of Jt'l and J(!i,.

Such is the state of allixirs in the (^ase that the vapour tension of

the liquid mixtures grail ually decreases from J00"/(,^4 to 100 "/o -S.

If now, however, a minimum or a maximum occurs in the vapour

tensions the |iossihiiity may arise that, somewhere on the three-phase

line of a compound, the liipud and vapour phases, wich coexist

with the soliil phase, liecome ecpuil in composition ; and the (_(uestion

arises what significance this fact jiossesses for the dixision of the

three-phase line.

In his communication ciled Dr. Smits has for the first time given

the three-phase lines foi- botii cases and also the /y , .('-projections of

the appertaining spacia! figiuv Init has iml fui'ther investigated the

character of the ditlereut [larts of tiie tiiree-phase line.

Let us first take the case that a miiiiniiun occurs in the /^-.t-liues

for liquid-vapoiu'. If the compound in H(piid and gaseous state was

^) The special cases wliere revei-sal might take place will not be considered here.

-) If branch 3 is wanting because on branch 2, 5 nowhere becomes equal to G,

there is still a poi^sibility that this occurs somewhere on the three-phase line

which the compound with Ihe least volatile component as solid phase and vapour

gives below the point D. This we cannot further enter into.

32
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not at all dissociated, that ininiiiiniii wonld coincidt' with the cont-

position of the compound.

Flo. 2

P

The three-phase lines would Iheu appear about as showji in Fig-. 2.

Instead of one continuous line Ibi- the compound, there would be

two branches siiarply meeting in /•', CF and 1)F, botli. exhibiting

the cliaracler ol' bruncli i, and llicrefoi-e liie oi-der f//>.S' of the three

piiases, and l)()th lieconiiui^' laniicut iu /'. to the nudtiiig point line.

The sharp meeting in F is caused l>v the fact that there is no

conliinnly between ii(|ni<ls or \ap<iui's contaiiunu' an excess of ,1 or

of B, if the compound itself on its transformation into liipud or

vapour, that is in /'^, remains (otallv undis.socialed and therefore con-

tains no trace of A or B in the free state. In this case F is a

triple |ioint for the compound.

In case of the least trace of dissociation we, li()\ve\'(>r, get Cftntinnil\

and (lie branches 07'' anil l)l" nidle to one lhree-|ihase line of the

compoujid. which therefore assumes the genei-al form deduced by

SMrrs, aud is represented in fig.'S. The minimum in the vapour and

li(|Mid line now, howexer, shifts towards a composition dilferint;'

t'roiii that of the coni[)ound, generally all the more as the \(ilatilil\

of .1 and li clilfers more and the dissociation is greater. I'niess

special intluences') decidedly modify the partial pressures of the

components in the li(|nid phase, thr nuuinium will genei'ally be

situated at the side of 11. h'rom liie /* , .r-representation deduced for

this case by S\n'rs, ii will be easily seen that, proceeding along

1) Such as the existence ot several compounds.
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Itrancli CF of tlie tlivoc-pliase line and continning over FD, the

(M'dcr ill wliicii two of llie tliree pliases become eifual in eoinpositioii

is as follows

:

point /''

:

Z = <S'

point (r : (ji ^ S

poilll 11 : L=z G.

From this it follows firstly lliat, if somewhere on the three-phase

line of the componnd li(|nid and \a|iour become identical (jioint //),

there is certainly also a point (/ where \aponr and solid become

eqnal, as (J is sitnated between // and F.

P

F/q.5

Let ns now considci' the character of the different jiarts of the

three-phase line. From (' 1o H, ihe state of affairs is just the

same as in Fig. J. ('/•' is, fhei'cfore, again branch J with flie ordei'

(tIjS for tlie composiliou of ihe phases, F<i branch 2 with the

order (JSJ^ and (tH liranch ."> with Ihe order SGL.
Whilst howe\er in Fig. 1 the character of branch 3 continued n|i

to I), a change occurs at H because /y = (j. It is easy to deduce

from Dr. Smits's p, .r-fignre that the continuation HD of the three-phase

luie again exhibits the character of firanch 1, the order of the pha-

ses is just as on ('TF : GLS, \\\\\\ this difference that (t is now
the richcsl in the componeul i> a\ liilsi on branch CTJ'^ the \apoiir

was richest in .1. Because in // the com[iositions of L and <! be-

come equal, a transformalion in that poi]it of the three-piiase line

32*
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only occurs between those two ami. Ilicrefore, iho tansiOiil //J/ to

the three-pliase line niusi lie ihc line iiidicaliiin liie pj values for

the series of liquids and x'apours having equal couiposition.

Just as in F occurs as tangent to the three phase line the mel-

ting point line FK, wliich is llie oxlreiuc liuiitation of the equilibria

between solid and liquid, and in (i the subliming line GL, which

is the extreme limitation for (he equililn-ia solid aiul vapour, the

tangent in // is (he line H^f. which is the boiling |)oinl line of the

liquids willi a conslant boiling poinl, and alsii llie cxtrcim' linnlation

for the equilibria li(piid-vaj)Our ').

The points /'' (? and H are, therefore, poiuls of slriclly related

signilicance ; they are llie poinis where the order of the |dias(>s sud-

denly changes.

Let us now further considei' biancli //J). In tig. 3 occurs a point

of maximum pressure 7\, and of uiiuiinnni pressnre '/\. The first

point is (piite comparable with tlie maxininin 7' in the branch ^ '77''.

the pai't D7\ is again J/i on wincli, on heating', the Irausforniatiou

L —*• -S' -j- 6' takes place, the part 7'., 7', is liraiicli /r/, to which

belongs the reverse Iransfornialioii. wlnht in 7', itself the heat of

transformation passes thi'ough zero.

Owing to the continuous connection of /) T, 'l\ to IJ(i, we

necessai'ily get a small rising part 'l\ II of branch I. al'tci- the line

has passed through a niinimnm 7'. The possil)ility of this niiuininin

may be explained as follows;

Just lieyoud T.,, the ainonul of heal nec(>ssary to convert S -\- (i

into L can at lirsl increase, because L and (i botii approach in

conqiosition to .^', so that lh(> ipianlily of (i com^erucd in the said

transformation dinnnislics with I'egai-d to >'. ihit as we approach on

the tiiree-pliase line the poinl //, L and (i approach each olliei'

more than they a])proach .S' ffor ])oiut //, whei'c L^=^(t, is reached

sooner than (>. wliere ,s' r= (/j ; consequently the ratio of the phases

(jjf^, wiiicli translbi-ni ihemseh'es in /.. hecomes again larger and

the heat required for this again sniallei- until it linally becomes zero

at 7', and iieyond this point negative, in other woi'ds the trans-

formation again becomes /> —» N -|- ^'
: the small part 7',// again

represents /A and keeps on doing so iqi to the |)oint H where the

Iransformatiou in branch 3 takes place.

As the miuinnim 7', does not coincide with the ])oint H where

L=^(', a small modilicalion nuist be made in the /< ,,r-proiecti(Ui ot

') In llio figure llir lines HM and LU intersect, hi the spacial ligure this is

however, a crosshig.
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ihe s|vicial figure given by Dr. Smits in his fig. 5. His three-phase strip,

wiiifh 1 will rather call Iwo-phase stri|) because it is formed by the

iine^ iiiilicatiug the li(iui(l and \a|)i)ur cxisling by the side nl' (he

(•oni[»ound, assumes Ihe tni'ui ol' lig. 4, in w liieh the particular points

of the threephase line fig. o with wiiich this figure corresponds are

indicated by the same letters. The Hue is extended so far that it also

includes the maxima T and 7'„, and so shows in which respects it

differs from the case corres|)onding with fig. 2, and of which the

s(rip> iia\e been indicated by Smits in ins tig. 2.

If tiie minimum in the liijuid-gas surfaces siiould be very little

prduounced, another type of tiie tliree-phase line may be expected,

whicli is represented in tig. 5 in which both minimum and maximum

have disappeared in l)rauch III), the whole line having the character

of branch \h.

In fig. 4 this would I'csuh that beyond tiie point //^ vapour and liipnd

lines keep on a downwai-d course, which may be the case if the

composition of /> and il, wliich coexist with the compound, shifts

but little with the teni[)erature so that tiie increase in pressure wliich

would occur owing to tiie shifting towards the side of B is more

than compensated by the decrease in pressure caused by the fall

in temperature.

Up to the present not a single example has been studied where

a three-phase line of the type fig. o or 5 made its appearance. Still

it is not difficult to see that both must frequently exist in the case

of dissociable compounds witli sufficient volatility of the two com-
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poiienls. Examples will bo IohimI in the compomids of NH., or amines

with volatile acids as ilCl, lll'.i-, 11., S, IK'N or oi'i;anic acids as formic

acid, acetic acid, in chloral h\iJi'ale or alcoholate, cic.

P

Fcg.5

When the componiid iiecomes less dissociated, fig. 3 will assume

more ti:o character of lig. 2. To this belongs, perhaps methylamiiie

hydrochloride. As the dissocialion becomes greater and Ihc volatility

of 1) (lilfers more fr<nn .1, (he point //, where L^(r. will be fnr-

llier removed fnnn /'. In Ihe case of amine salts of organic acids

it is already known that the li(|iiid with a conslanl boiling poini

lies much closer to the acid-side than Ihe comjiouud.

If the volatilily of 11 decreases very much, lig. 5 may form.

If the line HM lies strongly 1o Ihe side of />' the case might happen

that the point // did not occur on the tliree-])hase line of ihe coui-

ponnd, but on liial of llie componeni ]>. In lig. 3 and 5 branch 3

is represented by the (hree-pha.se line AiJi as well as by BLG.
In the case mentioned, Ihe line ]jIJ I starling frt)m /J would at

first represciu branch 3 bul after passim;- ihe point L = <i il would

represent branch 1 cilher \li or later even Xn. These branches then

join on In-anch .'5, ihe Ihree-phase line of (he compound. Of (his, no

ins(ance is as yet known. In (he systems IICI, lllir, 11.1 and ll.^O

the ice line runs lo very low temi)eralnres, and Ihci'd'ore lo \ery

high concentration of MCI elc, bul ihe line IIM w hen runmng lo lower

tempei'atures also runs lo a higher acid conceni ration, so (ha( according

to Pi('KKi{iN(;'s (hUaon (he coexisling liquids the mininnim in HCI — H^O

would fall on ihe I lircc-|ihasc liiK- of ihc third hydralc in 1 1.1 11,,()

on Ihal of llic fonrlh liydrale (bc.tlh on Ihc side of ihe solnlion>

)-icher in water) in lllJr - ll._,() even just before (he nieidng point
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of the fourth hydrate at the side of the solutions richer in HBr —
in no case, thei'efore, on the ice line.

T^et us fnrliier consider the case where liquid and A'apour become

equal at a niaximuin pressure. Here, this point will lie generally on

the side of the most volatile component and as the compound becomes

more dissociated and the dilference in volatility of its components

greater, the chances are that tiie composition of liquid and \'apour

at which they become equal, differs more from the compound.

P

Flo. 6

From this originates a form of the liirce-piiase line which is in

general indicated hy Fig. 6. The point // is now shifted to the top

branch at the left side of the ma.vimuni T in branch 1. The part

HC now exhibits the character of branch o. The line HM, which

indicates the maximum pressures of the series of liquids and vapours

having an equal composition, is tangent \nH to the three-phase line

and forms the extreme limitation of llie equilibria between liquid

and vapour. The three-phase lines for solid A and solid B both

exliibit tiie character of branch 1.

Owing to the non-coincidence of the points H and T a similar

correction must lie applied to the p. ,/-[)rojection of the two-phase

strip given by Dr. S.Mrrs as has l)ecn done by me in Fig. 5 in the

case of the minimum.

The type tig. 6 will, presumably, not frequently occur, as a

comi)ina!ion between (wo bodies is as a ride accompanied by a

reduction in pressure and therefore, the occurrence of a uiaxinium
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pressure in tlie sei-ies of (lie liquid-vapour equilibria is but little

probable. At tlie momeut lliere only seems an indication that the

case occurs with PH., CI.

If the line HM is situated nincli more towards the side of A it

might then also happen (hat the point .H^ did not occur on the three-

phase line of the compound, but on that of the compound A, so

that branch 3 on this line follows on branch J and disappears

froir, (he three-phase lines of the compound.

In a future communication 1 will discuss (lie boiling phenomena

of the saturated solutions corresponding with the said branches of

the three-phase lines.

Crystallography. — "<>n Diphenyllnjdrdzinc, Hydnizobenzi'm'

and Beitzi/ianihne, and on the mlscihility of tlw htst two

with Azobenzeiw, St'dbene and Ddjenzi/l in tha solid state."

By Dr. F. M. J.^kokk. (Communicated by Prof. Bakhuis

Roozeboom).

(Communicated in the meeting of Oclober 28, 190o).

The following research was undertaken to furnish a new contri-

bution to the knowledge of the I'clatioii of the crystal-symmetry of

organic conqjouiuls and their power of yielding crystallised nnxed

phases with each other'). Originally, it oidy aimed at the investigation

of Hydrazobenzeiii' and Benzylanlllne in their coimection with the

series, investigated l)y Bkuni, Gakkt.li, Calzolaki and Gorni, of

Azobenzene, Stllbene, Tolaiie, Dlbenzyl and BeiizylldeneanUbie, but

afterwards, Dlphenylhydrazlne, which is isomeric with Hydrazobenzene

was also included.

Diphenylhydrazine.

(C, HJ, N—NH, ; melting point :
44' C.

This compound, which I obtained through the kindness of Prof.

S. HooGEWERFF of Delft, crystallises from ligroine in the form of

colourless, large, Instrous crystals, which exhibit a rather varying aspect.

On exposure to light they rapidly assume a brown colour.

') Compare F. M- Jaeger, Tliesie Proc. Vll. p. 658.
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Fig. 1.

(DiphcnylhyJiuzlne).

No distinct plane ol

Trie/ill o-piimcou/a/.

<l.:6:c = 0,7[^\)8: I : (),59H6.

.1 = 89^13i' «= 89°24'

Z>' = J37°28' i3=137°28i'
('= 8r'29' 7= 90° 4^'

The approach to iiiniior/iinc yymmctiy is

very plain.

Forms oiiserxed: /y = J()l()j, hroad and

lustrons: //(=|MOJ, somewhat narrower and

reflectini;- less sharply; p = jlJOj, very Inslrons

and broad; c'=:|001}, well developed and

yielding fairly sharp reflexes; o^rjlill, very

lustrons and well developed. The crystals are

mostly llattened towards p, or they may lie

de\cl(i|ied isomelrically with a slight elongation

aloiig the r-axis. It is |)eculiar that in the

vertical zone the co-related parallel planes of

the forms ///, ji and /> are generally very

luievenly developed. Pei'haps we vnay have

here a new example of the presence of an

acentric crystal ; the nature of the surface of

the parallel planes is also often different on

a plane and its corresponding contreplane.

Elched iigui-es could not lie obtained,

cleavage.

Cdlcvldkd

:

Measinrd

:

i; : p = (OTO) : (111)) —* 62°6' —
b : III = (010) : (110) =* 62 54V, —
// : c = (OlO) : (001) =z* 89 13'/, —
p:c = (110) : (001) =* 48 53 —

: III! = (111) : (ifO) =* 73 38 —
m:c = (110) : (001) = 49 24 49°28'

o:c= (111) : (001) — 56 54 56 54

p:o= (110) : (111) = 78 42 78 36

: // — (111) : (OTO) = 58 45'/.^ 58 43

p : III — (iTO) : (110) = 54 597, 54 '^97,

In the vertical /.(iiie the situation of the ii|)tical elasticity axes was

almost parallel lo llie direction of the r-axis
;
but on /> Ihe angle of

inclination amouiUed lo about 10°, on /// only aboul J°. An axial

image could not be observed.
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The sp. gr. of the crystals is 1,190 at 16°; the equivalent volnme

154,62. Topical axes •/ : ip : w = 6,0956 : 7,9182 : 4,7399.

Hydrazo-Benzene.

C, H, .NH—NH.C, II,; melting point; 125° C.

Fig. 2.

(Hydrazobcnzene)

.

WIhmi ivcrvstaliised from a mixture of aicoliol and ether, the cora-

IKMind iorms small, thin, colourless, square plates.

Illuniiliic-bipyrainidal.

a : /> : c 3= 0,9787 : 1 : 1,2497.

Forms observed : c = jOOlj, strongly predominaiil and very lustrous;

((=i:Jillj, sharply reflecting; cy = j021j, lusti'ons, always very snuill

developed: (o^!221|, narrow; /» = jllOj very narrow and often

wanting altogether. Tliin-lahled towards r.

Very

On r

towards

Sp.

Measured

.

c:o= (001) : (111) =* 60°46'

o:0 =(111): (111)=* 75 14

C:q =(001):^021)= 6811

(-:to =(111);(221)= 13 45

«>:m = (221):(110)= 15 27

c:m = (001):(110;= 8956

CO : w = (221) ; (221) = —
w : m = (110) ; (110) = 88 36

«o : CO = (221) : (221) = 30 58

)m|)le(ely cleavable along jOOlj.

Calculated

:

68°12'

13 36

15 38

90

84 41

88 46

31 16

C(

llie sitnalidii of llie directions ol' extinction is orientated

the side (
: ij. \\\ axial iniaiic coidd not he observed.

. = 1,158 at 16 r. : the e(|uivalent volnmc is 158,89.

'rojiical axes : / ^

"J"
''J ^ 4,9567 : 5,0645 : 6,3291.
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Benzylaniline.

C„ H, . CH,—NH . C„ H, ; nieltiiis point: HfiJ/ C.

^
. a

Fig. 3.

(Benzyl-Aniline).

From etiior or alcohol (lie conipouiid crystallises in larj^c colourless

crystals flattened towards a wliicii, hoAvexer, nexer exliibit nieasiirabie

end planes. Tlie licst crystals are obtained from methyl alcoliol. Tiiey

are then mostly twins towards liOOj or sometimes parallel-crystalli-

sations. The end [)lancs are j;enerally cnrved and nnsnitable for

measnrement. With some of the better developed crystals more

accurate measnrements could be executed.

Mon orlino-pvisina tic.

a: 6: r = 2,1076: J : 1,6422.

,?=z76°36i'.

Forms observed: rt^jj()(){, most broadly developfd of all -.lind

strongly lustrous
; c ^ !'H)1{, somewhat narrower and strongly Instrons;

s =r |021|, bent and cur\ed, sometimes less opaqne and fiat ; r =z |203j,

well developed and lustrous; w =r J24 2 Ij, indicated as extremely

narrow vicinal form, mostly wanting.

Medsuird

:

Calculated :

a:c = (100) : (OOJ) =* 76°36V.;
—

a:r ^ (100) : (203) =* 73 31V, —
c:s = (001) : (021) =» 72 37'/, —
s:s =1 (021) : (021) = 34 45'/, 34°457;

a:s = flOO) : (021) = 93 58 93 58

r:s = (203) : (021) = 75 1 74 59'/,

c:r = (001) : (203) = 29 53 29 52

Very completely cleavable towards JOOlj and {lOOj. Twins

towards jlOOj.

In the zone of the A-axis orientated extinction everywhere; the

optical axial plane is jOJO;. On i( and r a black hy|)erbola is visible

in cuinergenl liglii ; one axis forms with the normal on a an angle
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Azol/ciizoif
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Some time ago, Bur.M and Ciamuian '), and Garelli and Cat,Zoi,ari ')

eonclnded, on account of crv()sco|tic abnormalities, to a formation

of mixed phases in llic ^olid s\air \n'i\\oeu, Diben:i/l, StUbene, Tolane

and Azobenzene, and to tlic isoiiioi'iilKKjenoua substitution in aromatic

molecnles of tlie atoniicH-omliiualioiis:

— CH, — CH, —
— CH = CH —
— C= C —
~N = N —

According to Brim and (JouNr'), Tlfitziilidi'ih'aniluw. ('„Hj . CH =:

N . CjHj may also IVirni mixed rryslais with St/lhi-uf And Azobfuzent'

so tiiat according to llicm llie alduiic comliination : — CH := N —
onglit to be included in the aiio\c series. The question now arises

whether tiie combining forms: - NH— NH— and — CH, — NH —
wliicli lind in Hijdi'uzolii'ii:! nr and lU'iiziihtmiiif theii' most simple

repi'esentatives, analogous willi liie above derivatives, belong to this

isomorphogenons series or no.

The im])ortant quest ion, lunvever, arose whether we have really

the right to speak hen- of an isomorphism, as wc are not allowed to

conclude at once that an isomor|)liism exists merely on account of

the |)Ower of mixing in the solid slate only.

BoF.Ris"), however, demonslrated that the foni- lirstnamed sub-

stances exhibit such a close form relalionship thai this is |)ractically

indistiiiguishalile from true isoiuorpiiism.

Dlbmzijl : CeH, . CH,—CM, . C,ll,.

Monoclino-prismatic a -. b : c = •i,()8()(i : J : J, 2522 ;
ji = ijiii'

Sfilbrnf : C.U, . CH = CH . C,H,.

Monoclino-prismatic i> : b : c = 2,1701 -. i : 1,4()()3 ; ;J = G5°54'

7;'A///^-c„H3.c:ec.c„h,.

Monoclino-prismatic <i -. b -. c = 2,2108 : 1 : 1,3599 ; ;i = G4°59

Azobnizeix- : C„H, . N = N . C,,,ll,.

Monoclino-prismatic u -. b -. c ^= 2,107B : 1 : 1,3312 ; ,'J = (i5°34'

Here, however, we meel wilh <lilfe!'ences in aspect, optical orieii-

') Bruni and Ciamician, Soluzioni solidc f miscolc isomorre fia i coniposti a catena

aperta saturi e non saturi; Hcndic Lini-ci (18'.t'.i|. 8. I. 57.'i: Gazz. Chiniic. Ital.

aS99). 29. 149.

-) Garelli and Calzolari, Snl comporiamenlo crioscopico di sostanze avenli i

cosliliizione simile a qnelia del solvente ; Rendic. Lincei (1899). 8. 1. 585; Gazz.

Chim. Itai. (1899). 29. (i]. 258; Ren.lic. bincei R. Accad. (1900). 9. (1). 382. -

') Brum and Gorni, Gazz. (ihini. Hal. (IS99). 1. 55.

») Boeris, Atti Socjpta Hal. di Sc. Natur, Milano. (19(X)). 39. 1 11— 123. Abstract

Z. f. Kryst. 34. 298.
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atioi) c\c. wliii-li aro ,2.Toater tluiii is allouod in strictly isomorplioiis

siibstiinces, so ihal il is hpftor to speak of isomoi-pliotrn|)isin instead

of isomoi'piiisiii.

Now accnrdiiio- to GAUEU.r and Cai./.oi.vui. Di/ii/!:/// and Bimzyl

imilinr form ndxed ciTslals: also Azohniznir and Benzylanilme ^).

This in coniicclion with the resnils pr(>vionsly olilained by Mtthmann')

accoi'dinii' lo wiiicli tiie 'riTi'iilitliiiUc-nn'tliiil-i-llirr is isonioi-pholropous

with Ai_4 — , and A1.3— DUnjdrolcri'phlhiiUc.-d'niii'ilnjl-i'llii'r and the

Ai,r)— and A].-, — Dilujdroh'ri'jilithaHc-iliiiliiil-i'llii'rs ai-e isoniorpiio-

tro])Ous witli the Aj— Tctfdluidniti'ri'iilitlKtHr-dli'lhiil-t'tlii'r, whilst, in

addition the p-Di.o,vyU'rej)hlluilic->'tlit'rs hehaxe in an analoii'ons manner

to the p-Dioxiid'di.ydroterephtkalic-ediiTs ami are callable of foriuing

with these mixed phases in the solid slate, the ItaHan investigators

believe they are jnstified in eoming to the conclusion tiiat //' two

aromatic .^uh.ttance.s can form mixed crystals, tlieir hydro-products

can do the same.

The universal application of this rule is at once npset by Hydrazo-

he)i.zene and DiJienzyl, which, ci-yoscopically, behave quite normally

lint dilier in llieii' cr\ slalline form as shown above.

ll was, Iherefore. to be expected that Azohenzene and Hydrazo-

l>i'nzeve would form no nnxed crystals. Experiments taught me
indeed that from their mixed solulion iji ether Hydra zohenzene is

deposited first in colourless, perfectly pure crystals. Afterwards these

arc accompanied by pure red crystals of Azohenzene: they were

verified by the melting point.

I have also determined the melting point line of mixtui'es of the

two substances. This line has two branches and an ordinary eutec-

licuui situated at 59°,25 and cori'esponding with a cnuceutration in

^4~('-compound of 76.2 mol "/„.

Here are a few data

:

Azohenzene melts at (;7^8 C.

4- y.G "/., Hydnizoheiizene ,. ., iV^A C.

+ 17.7 V„ „ „ „ GOM C.

+ 23.8 7, „ „ „ 59^25C.

+ 47.0°;, „ „ „ 84° (A

+ 70.5 7„ „ „ „ 102°.5 C.

Hlidrazohenzene „ „ 125°.2 C.

1) Brum, Udier festfi Losiingen. Sainml. chom. Iciliii. Vortiage. Bd. VI. (1901).

p. 48.

5) MuTHMANN, Z. f. kivst, 15. 60; 17. 460: 19. 3o7.
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According to my roserarli there is hero no (|Mestion of an isomor-

pliisni with an tippearinif hiatns.

All tliis is ipiite in accord witii die deviating crvstalli)ie form of

Hydrazobenzi'vi'.

It deserves attention tliat l^n.r.ows') lias investigated p-Ayitd/in'in'

and p-Hy(lra:otoh(ei)('. He finds:

Ij-Azotolueni'. (143' CO-Monoclino-prismatic

n:h:c = 0,5687 : 1 : 1,7105 ; ,? = 89°.44'.

p-J-Iijdrdzotohienc (128' C.)-Mono(dino-prisinatic

<i -.h-.c^z 0,6279 : 1 : 2,0287
; (i == 89°.49'.

Notwithstanding these dexiations, also that one where JOOlj of the

first substance plays the role of ;I00| al the second he declares

these compounds to be "isomorphous" ! Of more than a mere morpho-

tropic relation there can be no question here, and the so called

isomorphogenous replacement of —N=:N— by —NH—NH— does

not help us here.

As Dlhoizjil and P>(;iizij]itnllii)i' can yield mixed crystals and as

according to liuuNi the latter yields unxed crystals widi Azohcnzi'iir

an analogy in form is to l)e snspecled heiv. This uiay indeed be

brought to light by assigning to Bokuis' forms in Azol)eiize))i-: {lOOj,

JOOlj, {1101, S201S, |403S respectively the symbols : JlOO*, jT01{, 5410(,

llOlj, jlO:!i, dial is lo say by calbng die form which si Id \\v

jit)]* with IJOKKIS, jOOlj.

Then we have :

Azohmzeiw : ,i -.h-.r — 2,107(3 : 1 : 1,4220 : ,? = 7(^.32'

Bmzj/Iaii/7/iii': a : A : r = 2,107(! : 1 : 1,6422 ; /? = 76^.36 V.

Therefore, a relation which, liaxing the .•irnnc ratio a -. /> and an
equal angle ,i, looks as if it ought to be consideretl as a case ol'

isomorphotropism bordering on isomorphism.

It must, however, be pointed out immediately that this explaualiou

is not a ralionnl ove as the othei- foi-ms of Azobenzeiii' obserxed L>\-

BoKRis obtain in this way very couq)licated symbols.

It must also be observed I hat die mellingpoint of llfiizi/hdiilinr

(36A° C.) is lowered by addition of small (pumtities ^A' Aiohcnzfiii'.

Whilst die ]ii'ii~!ihiiilliiir used melted al 36i" C. and the , I ro/yc/zcr/^f

at 68° C, the following melting points / were found i'oi- uuxinrcs :

') Billows, Rivisia di Miuet-ai. e Ciislail. Hal. (1903). 30. 34— 4S. Abstract

Z. f. Kryst. 41. 273.
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93i 7„ BenzijhitirnH' + 6^ "'„ Azohmzeiw, t = 35° C.

88 7„ „ 12 "A, „ t = 324° C.

48,67„ „ 51,4V„ „ f = 49° C.

23,7V„ „ 7(5,3",',, „ t = 61i°C.

On crystallisation of tlic Iwo conipoiuids tVoiii a joint solution in

alcohol -}- chloroform, small aggregated orange-coloured needles were

obtained which were unsuitable for fiirtlier investii^alioii. Hut it seems

that solid solutions are formed here.

As regards Azohenzene and StUhrne with whicli Dibenzyl forms

solid solutions, I have tried to determine, in mixtures of the two

substances, the points of initial and final solidification in the usual

manner. It appeared that these two substances whose isomorpliotro-

|)isni is almost indistinguishable from real isomorphism, also agree

with real isomorphous substances in this respect that they can form

a continuous series of iniird phases from "/„ to 100 °/„. The lower

branch of the continuously -I'ising melting point curve is situated so

close to the iiiglier one that a sharp determination was quite

impossible.

The following melting [)oints were found :

Azohenzene melts at 68° C.

+ 22,9 °/„ Stilhene melts at 82°.4 C.

+ 66,94"/,, „ „ „ 107°.2C.

Stilhene melts at 120" C.

The melting point of Azohenzene is therefore niised by addition of

Stilhene. The lowering of tlie meltinif point of Siill„-ni' is not propor-

tional to the number of molecules of added Azoli^nzem- {incorrect

I'ule of Kuster) but takes place move shneli/.

The mixed crystals obtained from mixed solutions were homogeneous

and of a bright red colour. They crystallise beautifidly. The mixture

being sublimed the vapour deposits mixed crystals as is also observed

by Bruni.

Finally, we wish to observe that //yr//v/.-()/;««C("«t', notwithstanding

the difference in symmetry, shows in its parameters some degree of

analogy with Azohenzene if we take o =
j 211 1, to ^{421; and

/H = !210i.

Azohenzene -. a -. h -. c = 2,1076 : 1 : 1,4220 (i = 76A32'.

Hydrazohenzene: a : h -. c = 1,9574 : 1 : 1,2497 i3 = 90'.

In the case of Dip/wni/f/iydreizine, notwithstanding its great simi-

larity to the nionoclinic system, there is no question of such a

distant analogy.
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Chemistry. — •'Tlic (niii(/<-s of n <ni(l i1->n/i/)/<i/iro/ii<in/f iici(l.'\ Bj

Trof. A. P. N. FuANciiiMONT ami Dr. II. FkikuiMANN.

(Connminic-aluil in the meeting of Octoljei- ^8, 1905).

Sonic time ago, I was asked tor inforniutioii as to a snl)staJK'e

isolated in 187!) hv Uaimstakk from some urines, lie desei'ilies it

as white prisms some millimetres loii^- and resend»linu' lii|i|)iiric acid

not only in form hut also in Instre. It is fairly readily soluble in

boiling water, with dil'tieulty in cold water and spirit of wine, in-

solulik' in absolute alcoliol and ether, and sutlers no decomposition

when heated to 'ioO'. It is a. u(MitraJ substance which, however,

yields with acids, hyizroscopic compounds difticult to crystallise, and

^•i\es a precipitate with mercuric nitrate. The analysis led to the

formida (';, H, (> N.,. l!y means i_)f nitrous acid he obtained fr(.)in it

a liquid acid and from this he prepared a zinc salt, which in zinc

and water cojitent corresponds with the zinc salt of sarcolactic acid.

This zinc salt Avas \evy soluble in water and in spirit of wine, and

from this lie concluded that it really consisted of zinc sarcolactate.

He also showeil that under the influence of alkalis, one nitrogen

atom is readily converted into ammonia and the other into ethylamine,

caii)oii dioxide being also formed.

From this he concluded that his sulistance was the amide of

«-aniinopropioiiic acid oi', as he called il, the diainide of lactic acid.

Beilstein in his text-book, mentions Haumstakk's substance as the

amide of r(-aminopropionic acid but adds a point of interrogation,

and rightly so. tor Maims'I'akk has tried to control the conclusion

drawn from his analytical research by synthetically [ireparing the

(liamides of ihe lactic acids, or amides of the amino-propionic acids,

and comparing them with his substance from the urine; from those

experiments he drew the opposite conclnsion, and declared the pi'evions

idea to be incorrect.

Hut if we look at the synthetical methods a|»plied by Bauaistark,

it is at once evident that he conld obtain nothing else bnt mixtures,

which he has not separated but seems to have regarded as |)nre

substances whose properties were totall}- dilferent from that of his

substance from mine.

Moreover, many, |iarticnlarly physical properties such as melting-

point, solubility, nentraiily etc. of the substance from urine, are not

those which we might reasonably expect of the amides of the amino-

propionic acids.

None of the amides of the aminojiropionic acids beii;g k;io\\ii, 1

Pioeeedmgb Koyal Acad. Amsterdam. Vol. ViU.
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iiislnictcd 1 >r. h'liiKDM ANN to |ii-c|i;in' IhiIIi I)v a iiiL'llind li'ailiii;^- to

pure |)fO(liicls, in order to end (he present iiucertaiiit y.

The «-amino|iro|iioiiic arid (commercial alanine) was converted in

the usual manner into tlie liydi'ncliloric methyl ester, which melted

at 158°. lly tlie action of siUer oxide or a(|neoiis eansiie soda, in

presence of etliei', the frei; iiwtlij/l t'ster was prepareij. which is very

volatile, and uinhu' a pressure of 15 m.m. passes o\ei' lielween 38°

and 41° as a colourless li((uid (spec. i^r. 13,5° =^ l,()3()'.l!, w Inch

however, aftei' some days chanues into a solid mass i alanine anhy-

dride), presnmai)ly owin_n- to the interaction of the two fnnctiojis —
amhie and organic esler. A niti'Oiien determination in the li(|uid

gave figures corresponding witii those reipnred liy the amino ester

CH3.CHNH.^.C0.,CH.,. The amino ester was mixed with a saturated

methylalcoholic ammonia and left to itself for a few days. A distilla-

tion at 35° at a pressure of 20 mm. removed rlie ammonia ami alcohol

and left as residue a colourless oily liquid of a strongly alkaline

reaction which is l)nt little soluble in ether and lien/.ene and solidi-

lies in a dessiccator. After being i-ecrystalliswl from alcohol, the

substance on analysis ai)peared to l>e pure. It crystallises in needles,

is very soluble in alcohol, very hygroscopic and melts at 62°. On
prolonged healing ammonia is set free and alanine anhydride is

formed, as was indeed to tie expected. Tlie a-inuiiiii/inipio/i/c uniiih'

CH, CH NH., . CO . NH., gives also a well-crystallised compound with

hydrogen (•hlori(U'. a tine crystallised (.)i-ange-i'ed cldoi-oplalinate, which

is I'eadily solulile in water, but little so in alcohol, and a bright

yellow i)icrate, little soluble in water, which on being recrystallised

from alcohol melts at 19!t". Thus we have sufliciently characterized

this amide I'oi- tlie present. It seems to be decomposed already at

ordinary temperature in an exsiccator.

The |i-aminopropionic acid was pvepai'ed but with a slight modification,

accoi'ding fo Hoo(;k\v1'',ki'f ami A an Dokt from sncciiunnde 'i. Like the

<f-compound it was converted into llu' hydrochloric methyl ester,

which melts at 95°.

From this was prepared in thr manner described al)Ove the free

ii-f/iiii/ni/iro/iiiiiiic mi'thi/I ester, which under J8 m.m. pressure distills

at 57"—59^ as a colourless liquid and is pure as follows from analysis.

After a few hours it is decomposed ^vith formation of crystals. By

direct ti'eatment witli nirtliylaleoiiolic ammonia the amitle wa> at

first obtained as an oil_\ b(|uid, wiiicli was purilied by re|>eate(_l

') This was .sinijily piL'piueil \ikv many olliei' ainidt'? (wlieu tliey and tiieir

acids can resist a fairly high temperatui'L') liy healing the acid in a c-urrcnt (if

ammonia until no more water is expelled.
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Sdliitinii in iiiellivl alcdiuil and prccipilation willi ctluT, wiion it .nave

good analvtical ivsnlls. On licin^' ('(idled, it hecanie solid, and on

inocnlalion w iUi a trace of the solid nialerial, it yielded beantifnl

crvstalti, melting at 4rV\ Tlie ti-)nii///(>j)riij)i<iiuc mnlde NHjiX'tL.CHj.

C().NH„ is very hygi-oseopie, \cry solidtle in alcohol, with difficulty

in ether, has a strongly alkaline reaction, absorbs carbon dioxide

from the atmosphere and yields a well-crystallised hydrochloride.

Txitli amiiio|)r(ipionic amides are, therefore, now known and not

identical with the substance obtained by Baumstakk from urine.

Physics. — " Ri'imirks roncemiiii/ tJir ili/nam/ct< of the elictron."

liy Prof. .1. D. VAN dkk Waai.s .Ik. (Communicated by Prof.

.1. D. van dkk Waai-s).

The theory of electrons is usually deduced from the following

equations

:

di.v ^ = () (/)

1 .

roU) = — (b + p l>) (//)
c.

1 .

rott— () (Ill)
e

div f) = (/ F)

f=& + 7lM)] (F)

The units and notations used ai-e those of IvOHENTz's article on the

"Elektronentheorie" in the "Eucyclo|i;idie der Mathematischen Wis-

senschafteu" V 14.

The equations (I) . . . (IV) determine the field, the motions of the

electrons being given. Eqiuition (V) will be independejit of the for-

mer four, and determine the motion of the electron in the electro-

magnetic held, of rei)resenting the force exercised by the field on the

electric charge. The application of e(iuation (V) is however attended

by peculiar difficulties. If in mechanics a body is given its mass is also

supposed to l)e known ; then if we know the force, the acceleration,

and the law according to which it will move may be calculated.

Now if in forming f we take into account all the forces also those

excited by the electron itself, then the case that we ascribe a "real"

or "material" mass to the electron offeis no fiuidamental difficulty.

For the case, however, in \vhich the electron has no real mass the

equation fV) assinnes the form :

force =:

33*
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,iv
, ,

withuiil a term witli in llic riulithaml iiiciiilx'r wiiicli enables
(//

us to <letei-iiiine tlie accclcraliun. If on llic other hand in forminu; f

we lake inlo aceoiiiit only the external forces-, \\ e may iiitiodnee Hie

electromagnetic mass rii' and write :

dv
toi-ce =: m —-.

dt

The mass in', however, is not known, and we can only calcnlale

it if we know already the law according to which tiie electron

moves. But then of course we need not make use of eiiuation

(V) any more.

Abrah.am '), accordingly, does not make any use of equation (V)

for determining the motion of the electron. He docs use an e([nation

which ill LoKENTz's notation, the integrals being taken Ihroui^houl

intinite space, may be written as follows:

Hut this equation is deduced from the equations (/)...(/!') ami

so it is not equivalent to equation ( I") which must be independent

of them. The only use which is made of equation (1') is the

introduction of the name force for the quantity p I t + -i>''M 1, of

1

the name momentum for -|^l\|. and of the name electric mass

for the quotient of the so defined force and the acceleration. But

the real problem: how will an electron with given shape aiui

charge move in a given tield, must be solved beforehand indepen-

dently of this nomenclature.

Yet it is evident that the equations (/)...(/!') will in genei-al

be insufficient for the determination of the motion of an electrical

system. In the case that we ascribe a real mass to the electron, it

is obvious that we must know the force acting on it. lint also on

the supposition that the electron has no real mass — and in what

follows we will confine ourselves to this case — another set of

equations is reipiired for the determination of the motion. For

ecpiation (//) enables us to determine ^ if o is always known, and

inversely to determine 1.1 if we know t . hut it does not enable us

to determine both these (piantities. The assumption that the motion

is quasi stationary is equivalent to a relation between and b

.

1) Abrah.\m, "Dyiiamik ilcs l^iektiun.'-." Ann. der Fhjsik IV. B. 13, 1 'JU4, bl. 105.
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For .suoli a motion the oqiiadoiis (/)...(/!') are therefore sufficient

fo determine the motion. If the motion is not quasi slationary then

the equations (/)... (/ I'') are not sutYicient, and we must make use

of equation ( l^), whicli may be written

:

pjb +l[(i, + |,j,.J)i)]L5=0 . . (Va)

the integral being taken'througlioul tlie electron.

If we wisli to stale the meaning of tiiis formula with the aid of

tiie conceptions force and mass, we may say: the real mass of the

electron being zero, it is impossible that a force should act on it.

We may, however, set these conceptions aside, and sinqilv state : the

electron places itself and moves in the electric field in such a way,
that the relation (I"") is permanently satisfied.

It is true, this (Mpuatiou has the form: force ^ without m —
(it

in the riglithand member. Yet it may serve to determine the motion.

This is owing to the fact that the expression of the force itself

contains the velocity i^ and the angulai' velocity iv In general we
may choo.se such \-alues for these quantities that the equation ( F")

is satisfied. To some extent therefore we return with the dynamics

of an electron to the standpoint of meciianics before G.m.ii.ki : the

forces do not determine the acceleration but the velocity. If we
might a.ssumc ^ and I' to be given throughout all space and at all

times, b and 13 would be determined by the place of the electron, and

we should get a dilfrrential equation of the lirsf order for the

determination of the motion of the electron.

The ((uestion is in reality less sinqile, because ^ and !) depend on

the former motion of the electron. This causes a time-integral of a

function of u and <\ lo occui- in the equation of nuition of the electj'on.

So we get integral equalituis as Sommkki'ki.u has used in his treatises

"Zur Elektronentheorie I, 11 and III".') In some cases the integrations

may be effected, and then we get functional equations.

If the electron moves rectilinearly witiiout I'otatiou, aiul if it

nu)reover has an axis of symmetry the direction of \vhich coincides

Avith the direction of the translation, then the terms of ecpuxlion

[I'd] which contain 'o or ji disappear and the equation reduces to:

SIS'
b ,IS— .

In this case it is no longei' ]iossible to sfitisfy the e(pialion by

1) Gottinger NachrichteD 1904, p. 99 and 363 and 1905 p. 201.
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means of a suitable choice ol' llif xainc nt' p and »l, and now it is

the pldci' of the (>lecti'on which niusi \n: such ihal tlie equation is

satisfied. If llie eh^clnui stood slill the e(|uati()n would cease to be

satisfied in a fbllowiui;- inouieut because of the propanatioii of the field-

forces, il uHisI llieiH'fore siiHer a displacenient in such a way that

the relation nnitiiriii's to l)e satisfied. So the e(|uation determines the

\'elocit_y, though tii(> velocity itself does not occur in it.

This renuxriv may perha|)S serve to elucidate the results of Som-

MKRKKT.i) concernino- the motion with a velocity greater than that

(if biAJit, and this is |iriucipall\ my aim witli ihis commuiucaliiin.

In tiie following 1 shall denote a velocity, greater than that of light,

with 33 and one smaller with ».

We see at once that the supposition of .Sommf.rfkld that the velo-

city of an electron moving with 25 will suddenly decrease to u when

tiie external force is suddenly suppresseil, cannot be accurate. For

if we take b to be the sum of two i)arts b^ (he external field and

b.^ the Held of the eleclrou itself, I hen we lia\e at the momenr t

before the suppression of the exiermil Held:

But as 11 requires an e\tei-nal force, I I I y b; '/•'^ is not zero, so

neither can | | |
(> b.> '^'^ ''(" zero. Tliis last ipiantily is independent

of Ihe velocit\' at the moment / itself, and so it camiot be made to

disappear b\ any choic(^ of the velocity, and there is no possible

wav in whicii e(|iialion ( \'ii) can be satisfied.

If we imagine the \elocity of an electron nuiving witli iB momen-

tai'iU to decrease to r, then the required exiernal force will not

snihlenlv become zero, bnl al the first instaiif ii remains niudianged,

anil ojd\ gradually il \aries in accordance with die new mode of

motion. This thesis apjilies to every discontinuity in the velocity

provided the molion be rectilinear and the electron have the reipured

svmmetrv. h'or die case liial die initial velocily is zero it follows

b-om So.MMKKrK.i.D's complele calculation of tlie force. We see again

the conformableness of the dynamics of an electron with a theory

of mechanics in which no inertia is assumed: llie for<-e reipiired for

a discontinuous change in the \elocity is not only noi iuliuiie. but

even zero; llie lorce, which acts before the discontinuity, remains

uncliaii.ued at lln' moment of the di.scontiniiity.

We camiot lie astonished at the fact that we do not lind a possible
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way of itKiliou tor an (Moclron iiiox iiii^- willi 55, wIipii llio external

foire is suddenly sn|i|)i-essed. Tlie sanu^ a|t|>lies Id an eleclroii nioxing

witli ; il' llie niolion is accelerated, and so if a force acts on the

electron, and if this force is snddeidy sii|i|iressed, the e(|nation ( Fa)

cannot he satislied in any way. This is because the momentary

disappearance of the external force is an impossible supposition.

Even an infinite acceleration would not satisfy ecpiation (T^a). Tlie

inlcmal I'oi'ci^ namely depends oidy on Ihe former motion of the

electron, and not on (lie vehicily or the acceleration at the moment

itself. SoMMKRFKLD s coucdusion that a motion with ^^ ^ go does not
dt

require an external force holds only if the initial velocity is i\ and

is nothing else but a statement in other wcntls of the fact that the

force acting on an electron whose xdocily is a1 the moment / mo-

mentarily — i. e, wilh iidinile acceleration -broughl from u to 93, is

zero at the moment /. If however we begin with a constant velocity

35j, and change the velocity at the moment f suddenly to iv^, then

the force is not zero at the moment /, though the acceleration be

iidinile, linl it has that \alue whicdi corresponds wilh a constant

x'elocity 2.\.

It may however be asked \vhat will happen, if the force acting

on an electron with 35 does not suddenly deci'case to zero, but

gradually. Sommkrffj.d says aixMit ihis case only thai the sudden fall

to r. w liich he expects from a sudden snppression of the force, will

make room for a gradual fall, lint as his expectation coiu'ei'uing

the case of a snddi'n snppression of die force a|)peared to be inac-

curate, we might snppose ihat also this expectation will appear not

to lie satislied. The more so becanse SoMMKitFEU) found a negative

value for the electric mass of an electron mo\ing with '5. We might

therefore expect thai a decrease of the force \\ould cause an

acct'lei-alion. This, howexer, is n(U llie c;isc, and here we see how I'isky

it is lo inli-odnce the conception of mass in Ihe theory of the motion

of electrons, to which if is essentially strange.

The negative mass, whicli Sommf.kkki.d ascribes to the electron

means nothing else, liul that in oi-der to nio\e with a given 95j the

electron requires a greater force w lien in the active interval the

velocity Avas on an aA'erage greatei- than i5j, a smaller force when

it was less. By actixc interval is meaid Ihe lime during which the

electron ennlled the lieldforces, wdncli at the moment t act on the

electron. The greater the velocity during Ihe active interval, the

greater the foi'ce, ami iinerselv the siualler the \'elocilv the smallei'
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thn force'). Bui i( docs iiol lullow IVoin this thai also a nreator

lui'cc is required il' llic relai-dalioii cvisls oiily iji IIm' riiliii-c. <)iillie

roulrary when (lie vclocit}' has decreased to 23^ <^ '5j the velocity

duriiiu' llie active iii(cr\ai has i)een smaller than 35j on an average, and

so also the force required will he smaller than that which corresponds

to a constant velocity 'B,. So willi a tiradual decrease of the velocity

cori'es|)on(ls a gradual decrease of the foi'ce. The reverse of this

ars

thesis is nol alwavs Irue: if — is a coutiuuous fuuclion of / then llie

\'elocit>- will also \ar\' couliiuiouslw If on llie oilier hand is
,lt

disconliiiuoiis Ihougli A he (•onliinious llieii d \\ill vary discouliuuously.

A diniiiiuliou of the force is llierefore aec()ui|iauied hy adimiiiulioii

of Ihe \i'locity, and inversely. The lieha\'inur of aii eleclroii mo\ iiig

with QJ corresponds in this respecl wilh thai of a hody wilh a posi-

tive mass. If the force acting on the eleclidu decreases gradually to

zero, the velocity will fall to v.

Though it seems to me that there is no reason lo iloulit w helher

Ihe hehax'iour of aii eleclrt)ii has heeii descrilied hei-e aceiiralely

though only in general oiilliiies, and Ihoiigh a coiupk'le calciilalioii

of the motion is not jiracticahle in conse(|ueuce of the greal inlricacy

of the forniidae, 1 will show in one simple case Ihal Ihe force

rcMpiired t'oi- a gi\eu iiiolinii agrees \\illi Ihe aliove desci'iplioii. I

imagine lo lliat pur[»ose an eleclrou w liicli t'oi- ><iiiie lime moves

wilh a constant velocity I'l. Al Ihe iiislaiil / ihe inolion i> suiklenly

acccleraled wilh a coiishinl aceeleraliou /i. \\\ order lo render ihe

calcnlaliou [lossiliie we w ill assume ihat wr nia\ ••'.\>\>\\ liie I'onniilae

for (|uasi slalionary molioii. We \\ill ealeulale ihe force al an inslant

/ ill llie liiKi inlerxal"), so / ^ t'. The calcnlaliou does nol presenl

any diflicuhies. n\\t\ can lie carried oiil in ihe way iiidicaled l)\'

SoM.MKiit'Ki.i). Afler iulrodiiclioii of llie approximalioii foi- ihe (|iiasi

slalionary molioii we uia\ excry w here separate the leniis as ihe\-

would lie for a couslanl \elocily iV. 'w e call ihe sum of ihese

leiMus A, ) and llie siipplenienlary leriiis w hicii (Jepeiid on the

aceeleraliou, and w Imse siiui will lie deiioled liy iS... In ihis way

we lincl

:

1) This rule is given by Sommehfei.u llidiiiili liis ciilculalious siiow tlint it does

ni)l hold L;o(id with pcrrecl L;eiiiT:dily. In iiuisl cnses and also in Ihe pii'sent one

it will ^'ive a tiiir idra in licni'ial iiullincs uf the value wlilrii Ihe force must

assume.

-j SOMMERFELD 111 p. -liM).
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r rf ,l(f\ «(«— 2c) /•- pt
^^j (2,f + . £j ./.-• + pt A-^-^J <p </.,•

pf

-)- six (itlier iiitesirals w hicli arc olilaiiictl by suhsliliitiiig' — c t'oi' c

and .('„ tbi' .f^ in tlie alidxe.

Tlio sigiiiticalioii of Iho synihols is as follows -. rMs llio i-adiiis ot'llic

splierical electron which is sii|i|)os(mI to bo charged wilh hoinogcneoiis

cubic density ; f is llie charge of the electron, c the \eh)cily of

iiuhl, /• ihe iiunK^fic \;UiU' ol il ; </ the liiiiction %i — .'' + -^ —

•

^20 «»
'

./, is (v -\- ()t -\- '/., jit- and ./, = (r — ')''+ '/- pt'- In the expres-

sions for ,/, and .c, the lerni ' ',, jiH may. ho\\'e\'er, be neglected.

Withonl perforniing Ihe iulegi-alioiis coui|ileloiy we nia\' (h'aw the

following conclusions :

1^'. All the terms of 7s., contain / as a factor. .So we have A = a,

if / \anishes. No sudden increase of ihc foi-ce is ihcrefori' reipurcd

if llie motion is suddenly acceleraled, as is Ihe case wilh a bod\' w ilh

posilivc mass; neither a sudden diuniniliou of tin- force as would

be the case with a body with negative mass. The force remains

unchanged.

2'"'. N(j terms with Ihc lirsl power of / occur in a.,, llierefore

^^A , . . "'a .— = (J. E\eii Ihe deri\ali\c is iheretore coulinuous at Ihe iioiul
fZ«((= .0

//
'

if = 0. This agrees wilh oui- remark lliat a disconlinuily in the

cleri\'ati\'e of A only occurs if ihc vchicily changes discontinuousU .

;j>''. For establishing the sign of A., for t = very small, we have

oidy to take into account the terms with /'-. There are al.so terms

with t- I (t) but the sum of their coeflicients is zero. If we pi'rform

the iutegTations as far as is reipiired we find :

1 c' o'ry'— <') ,r+ c) ^

3 v^ v^ V— c\
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-(- rt roprosonfiiig (lio f(irci> (if ihc licld nf tlie doctroii itself, — A'

is flic (wloninl field i-('((uii-c(l Inr llic nnilioii. Sn we see liiat tlie

sign of tiie exlcnial force — A., agrees witii liial of ]>. and that

therefore acceleration re(|niros increase, retardation decrease of the

external force.

We conclude lluit tlie iieluuiom- of an eli'cli'on nio\ing \\'ith i*,

tliongh in many respects it dili'ers considerably from that of an

ordinary liody, does not show at all tiial |)arado\al charactei', to which

we should cdiicliidc IVoni llie exjiressiou i/i'i/iff/rc iiniss. Nothing

prevents us from assuming that electrons really can behave in such

a way. Accordingly I do not see any reason for assuming with

WiKN ') that a moving electron must suffer a deformation in order

that the possibility of a motion with 35, as it requires an infinite amount

of energy, will be precluded.

Finally a remark concerning the series of the emission sjiec-

Ira of elements. The e(| nations of motion of the electron are

integral or functional equations, and may be developed into diffe-

rential equations of an infinitely liigli order. An iidinilc number of

constants occur accordingly in tlie solution. If llie e(piations are

linear, these constants represent the amplitudes and phases of har-

monic vibrations; the system may therefore vibrate with an infinite

nnmbci- of periods'^). We are inclined to think that the periods of

the lines of a speciral scries are the solutions of such an equation.

We have liien the gi-eat advantage that \\ e need not ascribe to the

electron a degree of freedom for each line in the spectrum. A degree

of freedom in the atom is then not required for each line, but only

foi' each series of lines.

SoMMKi!i''F(,n ti'ies to account for the spectral series by means of

the vibrations an eieclroii perlnrms w lien il is not subjected to

external forces. The periods w liich ho finds, do not agree with those

of light. It seems to me that we might have expected this a priori.

Viir llie viinations of light are not emitted by isolated electrons but

lliey are characteristic foi- atoms or positixe ions, and areinfluenced

by the forces l)y which llie elecli'on is connecled to the other parts

of the atoms oi' ions. Hut also with the aid of those forces we caimot

accouul fur ihe spectral series willioul a nnicli betler insight into

1) W. WiEN. Uber Elelilronen. Vortrag gelialten nut dei- 77. Ver.'^ammfiing Deut-

scher Naturforscher uiul Arzte in Meian j). iJO.

-) Cornp. also tliese Proceedings March I'JOO p. r)3'i-. Tlicii liowcver, 1 llinii^lil

piToncoiisly Ihat the solution olitainecf in tills way was ilillVrent lioni tlial, wLicli

1 hail lii:;t developed with the aid of iiilegrals of Fourier.
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the way in which ihcsc fnircs ad, and («f ihe properties of the elec-

tron, than we iiavc as yrl olilaincd. It'c u'. we introdnee liie so

called (piasi-elastic force into Ihc (Mpi.alions of nioiion of Ihc eh-clron,

then this does not hriiii;- ns anv nearci- lo onr aim. In (ii'dcr In sliow lliis

we niav write tlie ecpialions for ti-anslation of an eleeli'on in the

form of a diiferential etpiation as Lorkntz lias done in ecpiation 7;J

p. 190 of his article "Elektronentheorie" in the Encvcl. der iMath.

Wiss. V 14. If we introduce the qnasi-elastic force — /\c we may

write the eqnation as follows:

,/'.,; d'x d\r,

•' ^ ' dt' ' ' de ^ ' dt*
^

As it is only my aim to delermine Ihe order of magnilnde 1 have not

determined the coetUciciits (.l, and .1., have been determined by Lokentz).

The only thing we have to know^ is that the order of magnilnde of

the ratios of two successive coerticients is —-— =-. The solntion
An C

of this eipialion is .r — ^i'cc'^' where s is a root of Ihe e(|nalion :

/ + J, »" + A^ *' f A, s' =
This e(|uation has two kinds of roots, namely 1**' two roots for

which Ihe other terms are small compai'cd with /' -(- , 1 , .v' ; these

will represent the light vibrations; 'i'''^ an infinite numbei- of I'oots

for which .v is so large liial /' may b(> neglecteil com])ared wilh the

other terms. For these .s- nnisl be of ihe order —
, and Ihe period of

a

a ...
the or'der — . The appearance of llie term / has little inlluence on

the value of these rools. the pei'iods of these vibrations are there-

fore neai-ly independent of the quasi-elastic foi-ce, and an isolated

electron might have execuled \ibralions wilh nearly the same periods.

We might have expected a priori that we siionld find periods of the

2rt

order — : it re|iresenls the lime i-eipiired lor the |iropagaliou of an
c

electric force ovei' the diameter of llie eleclron. The periods of lliese

\ibrations are of the same oi'iler as those of Ihe I'otatory \ibralions

the periods of which have been accurately calculated in Ihe interesting

treatises of 1Iek(;lot//) and So.mmki{1'ki,d.

The lines of the spectral series are not accounted for in this way.

Yet the periods of the rotation and translation vibrations of the

isolated electron must have a physical interpretation. Perhajis we
should see them appear if we succeeded in forming the spectrum of

RoNTGEN radiation.

1) Herglotz, Gott. Nachr., ]903.
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Physics. — " DiTiratio)! t>i' lln- I'linihinii-iiliil r(iii(tl!i)its of incfalllc

rejli'djoii froni Oaicmv's l/n-drij" .
\'y\ I'l'of. R. Sissingh. (_Coni-

mimicated liv I'l'ot'. [I. A. I;0I!KNT/).

1. Il has lieeii luiiiifod out in a previous papei'') tliat the theories

of iiielallic rclh'ction diawii up In C\r( iiv, Kkttklkr and Voigt and that

l)v IjOkkntz load lo identical resulty. It must therefore also be possible in

the theory of Caichy to derive the two relations whicli the three last

llieories furnish between index of refraction and coeflicient of ahsorp-

lidu for normal and oblique incidence of the light that penetrates

inio a uietal. Ilie so-called fundamental eipiations. These fundamental

0(pialioiis may firsi be dblaiiicd by payini!: regard lo the connection

of the (pianlities \\lii<di the tiuMtry of C'aiciiv ami the other theories

iiitroduee fur the di^sci-iptiou of the [iheuomeuoii. ('vrciiv determines

the so-called complex angle of refraction / by sin r =^-/i! / : r><''' and

sin'

I

cos J- ^ ()!'"'
'']. From this follows 1 -—.= o- <'-"', so that:

a-' n,s2r= ly a' r„s2{T + lo) -Jr .V),' I . . . . (1)

o' Kill 2 r -- (/' o'' .</« 2 (t -|- (o) (2)

If we pay I'ogard to the relations between (T, t and //„ and /(„,

index of refraclion and coelTicient of absorption for normal incidence,

and to the e(piatious (17) and il^) of the preceding jiajier '), the

('(piations (J) and \'I] appear to be iu)thing but the fundamental

e(pialions, gixen in eipiation ((j) and (7) of the pre\ ions papiT.

2. On account of the close connection between the theories of

metallic relhn'tion it must. lio\ve\er, be also possible, to derive these

fiMidauiental (Mpiatior.s from ('.uiin's tiieoi-y without paying atteuli(ni

lo the comii'clion with the others. The buidamenlal idea of('\rriiv"s

theory is the inlrodnclion of a complex index of reb-acli(.)n. Denote

this again by //„ -f-
//„ = W', so that

/(„ = <J ivi.v T , /„ =r:(J.s///r (.'5)

and

ni.li r r=: fin i : an'' (4)

while \^ e put

I'pg r m Qf''''' (5)

Let the .V/^-plaue of a rectangular system of cooidinates be the

plane of incidence ol' the light penetrating into the metal, .ind the

i'^-plane the bounding plane of the metal, the A-axis being directed

1) Sissingh, These I'roc. VIll p. 377.

-) Loc. cit. p. 385.
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frmii llio suiTOundiiiii- inodiiini lo ilio iiidal. Assume pl.inc \va\es to

fall oil ihc metal. The vec-toi- of li.ulil in the refracted viiy is then

determiiietl l)_v :

!t ,n CO*- r -\- z sin r )

f,i -\- ,/;„) .... (6)

III this X is the wave-lenti'lh in the air'). Tiie piiase is (h-lermined

with res|)eel lo a point in the liotuidiiij^' plane.

With the aid of (4) and (5) ecpiation (6) ])asses into

It
xiH-!'" + z.iiH i <'.-'':a )j-"—^: ("„ + '^'„»j ... (7)

(7) salisties also the dilferenlial ('i|iiatioiis tor llie vi'clor nf li^lit

in the metal which arc supposed honio^eiieous and liiiea-r, if the sine

is replaced by a cosine.

If tiic arc occurring in (7) is called </, also

.1 iva </> — I A ahi
(f

-)

satisfies.

The light-vei'tor in the metal can therefore lie re|)resented liy

^e-2^n X '' (8)

In this:

(siux\n^ f .
.'•<>.< t\ /.•„

o.r silt to — s sin i I 1-- I <M cos m 4- z sin i . (9)

(,cosT\n„ / .
.

^sin,r\k„
Qj: cos lo -\- z stn i I (>,r sin to — s sin i —

. (10)
a J X \ a J X

3. From (8) follows, that the planes of equal amplitude are

i'e[)resentetl by :

« = /'i''' + ?i~ = C' (11)

In this is, according to (9)

.
sin T /((, . .

cos T k^
a, ^ — sin i 4- sin i .^'

a X. a ).

As from (3) follows

/<„ : /i'„ ^ cot T , we lia\c '7, = 0.

1) LoRENTZ showed that, also wiien a complex index of refraction is introduced,

at the bounding plane tlic values of tlie light vector in the two media harmonize.

Gf. Theoiie der terugkaatsing en breking, 1870, p. 1(10.

-") It a|)pears from § 5 of the previou.s paper (loc. cit, p. 381), that if the index

of refraction is put n^ + ilii^, this expression is .4. cos ip 4^ < .4 siw 1?.
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and the planes of equal ani|)litii(lo run parallel to tlie boundinjj

plane. Tiiiy is iieeeswiry as it is assumed tlial the light enters the

metal from tlie outside.

The planes of equal piiase aie represented liv:

I, = ,..,c ^ ,j^z = a (12)

If \\v iiiti'oduce again 1/ „:/,„ = cot t, then accordinn' to (10)

o coi<(r -\- a>)

7,

(13)

(14)

Sill r

kg nin i

o). mix

4. Iict II lie I lie angle between llie noi'Uials of the planes of

(•(|iial anqililude and |iliase. The former running |)arallel tu the

hounding plane or the )/^-plaiie, « is the angle of I lie normal of the

planes of e(pial jihase with the A-a.\is. Thus cos a =1 p^ : \/j},- -\- q,^

or if we intioduee the values />.^ and y.^ from (13) and (14):

con a ^ Q cos (r -|- w) : X/ o^ co.s

From this follows:

cos-' (r + to) +— . . (15)

o' cos^ (r + (o) + (16)

(( being the angle of refraction corresponding to plane waves with

an angle of incidence /' (sec § 2 of the preceding paper), we get:

«' = sin' i : sill' a =:: a'' (^ cos'' {a) -{- t) -\- sin' I . . . (17)

Let the coefticient of absorption belonging to n be k. Normal to

the planes of eipial anqilitnde the amplitude decreases over a distance

,( in ratio 1 to c~-''''-^
'

' . As y^ = 0, we get according to (8) and (9) :

2jTkii: 2.TQ.1;
=; (//„ ^//« VJ 4- /•„ COS U))

k X '
"

from which again follows, when <\>f t is substituted for /'„:/„:

k =z /„ o sin (t -\- tu) : sin x

or on account of (3)

:

/ =: (J p ,vm (t + to) (18)

5. The fundamental eipiafions follow immediately from the values

found for the index of refraction and the coefticient of absorption.

The e(piatioiis (17) and (18) lead innnediately to:

//' — k" = o' q' cos '1 {x ~\- to) -j- sin- i .

According to (1) the second mendier of this equation is equal to

(f co.v 2r or according to (3) to /// — /(„'. In this way the (irst

fundamental ecnuition is obtained.
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Further follows from (15), (17) and (18):

1
, , .

?( /; cos a z= o" (>' s/ji 2 (r -4- a).
2 \ I /

Accoi-diiin- to (2) the st'coiid ineinl)oi' is equal lo a^ s/'ii '2r and so

accordiny tt) (3) lo //„ /'„, and thns the seeontj eijuation has also

l)een derix'eil.

To eonelude we may I'emark, thai hei'c the i'e\crsed course has

been taken iVoni that hy w hicli in Ihe ]n-eeedinn' paper the occiir-

renee ol" tlie so-called complex index of retVadion was derived from

the two funtlumental e(|uations ').

Mathematics. — ".1 tortiums sitr/urr of nnlcr s/.r and of ijiuuis

zi'fo ill. sfiiici' S/i^ (»/'/((//; (//»/('//.s7'('//.s-."' l!y I'rof. I*. II. ScHoi'Ti';.

1. We be,i!,'in liy pntting' the followin,<; ([uestion ;

"In s|)ace N//., are ,n'i\'en three |)lanes (l^, c..^, <(, and in these are

'assumed three projectively related pencils of rays. Wc demand the

"locus of the common transversal of the triplets of rays corresponding

"to each other."

Notation. We indicate the vertices of the rays of jKMicils hy

( \, ()..., <Jf, three corresponding' rays and their lrans\ersal iiy /,, Z^, /,

and /, the points of intersection of / and /, ,/,^,/., by 'S''^-i>'S 'i'"^

the pencils of rays by (/,),(/,), (/,). l^et further I\,/l\^, P^.^ indicate

the |>oints of intersection of the planes a^, a.^, «, two by two, and a

the plane P.,^ /*;, P^^ which has a line in common with each of

the [ilancs a^, it.^, a.^ namely with «i the line /""j, /\^ ^«j, with it.^ the

line /',.,/'.,, = ",. \vith (t, the line I\^, l\, = a,. We take for

granted that not one <d' the three vertices (f^, <>^, ^>, coincides with

one of the })oints P.^,, l\^, J\.^.

'2. The answering of the given question oilers no more difticulties,

as soon as the locus of point Nj in «, is known; so we shall first

find this. Eacli my 1^ of pencil (/;) furnishing a single point S^, it

is a rational curve, whose degree surpasses the nundjer of times a

transversal / |»asses through ()^ with nnity. Now two transversals

/ pass through O^. Vuv Ihe |n'ncil of planes {(J^ /.,) with ((>, f(J as

bearing space and '>j (>.. as axis marks on the line of intersection

in of (^>i u.,) with «, a series of points [P) projectively related to

the pencil of ra_ys (/,), from which ensues that there are two rays /.,

passing through their corresponding |ioiul /•'and that therefore there

1) See loo. cit. § 5.
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arc two lines (>, I' cnlliim- liic coi'i-esiiondiiif;' lino /,, i.e. llial two

traiisversiils / puss lliniu^li (>^. Sd the locus of >^', is a cultic cm-xc

.<,' luuinii' (>^ as ikmJc, and so wc tind I'oi' Ihc loci of S.^ and -S',

in «., and k,, in llic same way ralional curves .v./ and .s,' with

(>„ iiiid O^ as )iodes.

3. To delei'miiie Hie deurci' iif llie sci'dll of llie lines / we lirst

investigate vvlial lliis scroll lias in coinnHin with an arliilfary space

llironjiii «,. Each puiiil (^ lyin,^- on'side <t^ which this space has in

((ininion with the scroll uives a line / ha\in^ t\\o jidinls in cmnnion

widi thai space, llierefore lyinu' entirely in that space. So that s[)ace

can coiilain liesides s^' oidy a certain lULUilier (if u'cneralrices / of

the scroll. As the line of inlerseclion ol' ((,, w idi the assumed spac(>

through <'.^ has Ihix-e points in common wilii .v,/' the nund)er of

generatrices id lie found is thi-ee and the scroll, having a system of

lines of (U'der six in comnmn with the assumed space, must be a

tortuous surface I
>'• of order six. Sd it is rut hy an arluli'ary s|iace

acciirding to a l\\ isted curse of order six ; this section in general

not degenerating is rational, its points corres|)onding one hy one

to the lines / and therefore to the rays of each of tiie [lencils

(/j), (4), (/j). So the surface is of genus zero.

We call the locus just found — however not yet w hatwas meant

in the title — a surface, to show hy this that the nnnd)er of points

is twofcjid iulinite: hy (he pi'edicale "loi'luons" we express that it

is not situated in a Ihreedimensiomil space.

4. Hy considering the three in'ojectis'e series of |)oints f.l,), (-I,), (.4,)

marked by the three projective pencils of rays (/,), (/.J, (/,) on ^/j, ^^j, c7,

we easily prove that the plane n contains three generatrices of ^>".

For it happens, we know, three times that three corresponding points

-.4i, ^4.,, .1., i^^ \\n' projective series of points (.Ij, (J.J, (.4,) lie in a

same right line, which then becomes a generatrix / of ()^\ for, the

conies emeloped by the lines .Ij.l.^ and ,1, .1. connecting each point

^4, with the correspttnding |K)inls ^1., and ,1., hax'e liesi(ievS a^ still

three common langenls.

To Ihe I'ule that the tangents in a point of < >'' di-a\\n to ( ^ are

situated in a. plane, Ihe ]ioiiits of intersection df two Jioii-snccessive

generatrices / form an excej)tion. In such a |)oint, through wdiich

the surface juisses twice, a tangential plane will belong to each of

the t\vo lines /; so ii can be calleil a "biplauar iiddi^". from the

abd\e is e\i(lenl that (
>'' pdssesses six biplauar Udtles, the three

[idinls l>^, ().^, (>^ and the \\\\r(' [toints of intersection of the genera-
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trices lying in «; moreover we shall see directly that the number

of tiiose nodes is in general six, becoming infinite when it surpasses

six. as takes ))lace in the surface to be considered presentl_y and

w hid) is indicated in the title.

5. We [loint out the fact, that the found surface (9° is determined

by the projective correspondence of the curves g^' and s^' in'«jand

«,, and we now show that this correspondence, characterised by the

particularity of the corresponding triplets lying on n^ andj.rt^, is not

the most general one can think of. To that end we take two rational

curves 5/ and s^" in two planes «i and «„, which planes for convenience'

sake we assume for the present to be lying in our space, and which

curves with the nodes 0, and 0„ we suppose to be brought into

jirojective correspondence in tiie most general manner. Are there

then — we ask — to be found on s^i' three collinear points to which

on g,' three likewise collinear points correspond ? The answer runs

aflirmatively ; what is more: eacli point of g\'' forms one time a

part of such a triplet and the bearing lines form a pencil of rays.

If namely the point ^l^ of .s'„" corresponds to the point A^ taken

arbitrarily on .Sj', and if the central involution of the points B^, C\

of »,' collinear with ..1, is represented by (jSj C\), the non-central

involution of tlic corresponding points B^, C\ of s^' by {B^ C,) and

the central involution of the points B^', C'J of s„' collinear with A^

by {BJ C\'), then the two involutions {B^ C^), {JJJ C„') have a pair

of points in common. If B^", C° is this pair and B^°, C° on s^^ the

liair corresponding to it, then A^,B°,C\'' and A^,B°,C° are two
corresponding collinear triplets. If now Q^ is the point of intersection

of two such like lines /,', /," in fq and Q^ the point of intersection

of the corresponding lines 4', 4" in «„,. then the triple involution

(^1 B^ Cj marked by the lines through Q, in s' '""'^t correspond

to the triple involution [A, B^ G,) marked by the lines through

Q.^ in .v./, with which we have proved what was asserted above.

With the aid of the preceding it is easy to show in how far the

particularity of the corresponding triplets lying on a.^ and a^ is a

real one or an apparent one. With respect to the planes a^ and a^

placed in our space it is evidently an apparent one ; for not one time

but an infinite numi)er of times it happens tliat tiiree collinear points

of Vi' correspond to three likewise collinear points of 5,'. If the

planes «, and u^ arc placed in ^S)^^ in such a way that an arbitrary

point 1\ of r<j coincides with an arbitrary point P, of «,, then

however tiie three points in which *-,' is cut by the line P^ Q^ will

correspond to three collinear points of .9/, but the line through Q
U

Proceedings Royal Acad. Amsterdam. Vol. VIII.
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bearing tlic lust tlu'ee poiiils \\\\\ in general not pass tlirongh

P^ = P^. So tlicn tlicre are no lines a^ and a., to i>e drawn throngh

the point of intersection /^^ of the planes «, and („ cntting ^i' and

.«,' in forrosponding trij)lets.

6. We shall now consider the more general case of two prqjectivel}'

related cnrves .v/ and s.' lying in snch a way in <^r, and a^ that

through liie [)oint of interseclion /',., no tri]»lets of corresponding

points bearing lines r/, and <(„ are to be drawn. The argument leading

to the order of the scroll, which is the locus of the line connecting

the corresponding points of those curves, retains here its force. So

we have but to determine the number of nodes. Of course 0^ and

0^ are nodes. If farthermore A-^A^ and B^B^ are two generatrices

cutting each other outside a^ and u^, then A^B^ and A^B^ pass

through P,„, as they must cut each other. So we consider the central

triple imolution {A^ Z>, (\) marked by the })encil of rays with P,,

as vertex in .y,' and the non-central triple involution {A^ B^ CJ of

the corresponding triplets of s/' ; then the latter furnishes as envelope

of the sides of the triangles A, B^ (\ a definite curve of involution

which makes us acquainted by the number of its tangents through

P,5 with the number of nodes not lying in a^ and «, of the new
surface (

y''
. Now the class of the indicated curve of involution is

four ; lor evidentl}' four tangents pass through the node 0^ of s.'.

If to the two points of s^'' coinciding in (\ the points J^i, JSf^ on

A'l' correspojid, and if P^^ ^[^ and P.^^ iV^i cut the curve 5/ still in

the point M^, M" and /V,', N^', then the lines connecting P,, with

the corresponding points M^, M^', N„', N^' are the only tangents of

the curve of involution passing through P^^. So 0^ has here also

six nodes.

7. It is now easy to see that the tirst surface W' of the three

projective pencils of rays is found back, if the correspondence of

the curves s^'' and .v^" is given in such a way that thi'ough the point

of intersection P^.^ of «i and n^ lines a^ and «, pass bearing two

triplets of corresponding points. The plane a^a^ is then again a plane

u through three generatrices of 0^ and the line ti„_ i-epresents three

of the four tangents to be drawn through P^„ to the above found

curve of involution, whilst the fourth tangent causes us to find a

node not lying in c.^, ((„ or «. If we now cut the surface by the

space determined by (t and this node, the section will coiisist of the

three generatrices in u and a curve of order three with a node,

i. e. a rational plane cubic curve. The plane of that curve is then
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the plnno ff^. the node of thai eurvc the jtoinl r>., ofthe lirst ^^-eneration.

8. We now ask what arises when tlie planes a^ and a., are

phiced in sncli a way in /S/;,, that tlic points f^^ and (^2 t'oincide and

therefore each line drawn throngh the point of coincidence P^„ in

«j is to be regarded as line a^. We then find that to every line a,

throngh P,„ in a^ a definite line a.^ throngh I\,^ in a.-, corresponds,

so that there is an infinite number of [)lanes (t. The locus of these

planes « is a quadratic conic s|)ace with P^,, as vertex ; for tlie

pencils of rays of the lines (1^,(1.^ throngh P,^ corresponding to each

other in «,, «, are evidently projectively related. This quadratic conic

space must contain, as it contains all generatrices of 0\ this tortuous

scroll itself.

Now- that the generatrices of this particidar surface 0", being the

surface indicated in tlie title, group tiiemselves into triplets lying in

a plane, there must be a locus of nodes. This is of order four. If

namely we project the surface 0" by means of the just found qua-

dratic conic space out of P^^ on to an arbitrary space not containing

Pi3, the projection is a quadratic scroll having the projections of the

planes « as a system of generatrices. Of this surface 0^ the projec-

tions of «i and «5 form thus two lines of the other system ; for each

of those two planes has a line in common with each of those planes

« and from this ensues that the sections of «, and a.^ with the space

of projection must have a point in common with the sections of the

planes « with that space of projection. So in that space of projec-

tion each plane through one of the two lines contains a line of the

system corresponding to the planes a and therefore the projections

of four nodes, namely one on the first line and three on the second.

So the projection of the nodal curve out of P^„ on to the assumed

space of projection is a curve of order four lying on <)', which has

one point in common with each of the generatrices of one system,

and three points with each of the generatrices of the other system.

So the nodal curve itself is a tortuous curve of order four ; it is

rational as its projection is.

Considering the surface (/' we see at the same time that the sur-

face 0" admits of an infinite number of planes cutting it according to

a rational cubic ciir\e, namely each plane through P,^ and one of

the lines of the system to which the ])rojections of «, and «„ belong.

So we find the following theorem :

"If we assume in two planes a^ and «^ two projectively related

"rational cubic curves, if in these planes we determine the vertices

"Qi, Q^. of the corresponding central triple involutions on those

34*
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"curves and if now we jdace iIkk-c ])laiic>s in S^ in sucli a wav that

"Q, and (l^ coincide in tlie j)oint.s of intersection I\^ of the pUxnes,

"tiie locus of the line connecting the pairs of corresponding points of

"the cubic curves forms a tortuous surface with the following properties :

a. "It is projected out of P^ by a quadratic conic space, on

"which two systems of planes are lying;

/). "It is cut by each |)lane of one system according to a cubic

"ciu'\e \vitli a node, by each plane of tlie other system according

"to three generatrices;

c. "The cubic curves in two planes of the first system have no

"point in common, neither have the triplets of lines ia two planes of

"the second systems; each cubic curve, however, is cut by each

"generatrix

;

d. "The generatrices cause a mutual projective correspondence

"among all cubic curves and the cubic curves among all the gene-

ratrices."

9. From the preceding ensues immediately that the tortuous scroll

with a nodal curve k'' can be represented on a plane. If in a plane

o we assume arbitrarily two pencils of rays with different \'ertices

Tj, 7\, and if we allow three arbitrary rays a^, h^, c, of the former

to corresixnid to three rational cubic curves a'?,, .sf,,, s^ , of 0°, three
1 a) {0) (Cj

arbitrary rays a,, b^, c\ of the second to three generatrices /(„), /,6),

/(t) of 0', then to each rational cubic curve 5^ corresponds a definite

ray p^ of the lirst pencil, to each generatrix I(^,j) corresponds a definite

ray q^ of the second ; so we can assign the point of intersection of

sf and /(^) to the point of intersection of pi and q,. The elements

of exception of that representation are immediately found. If to the

line connecting the vertices of the pencils of rays counted with the

first pencil the cur\e a*' corresponds and counted with the second pencil

the generatrix /, and if .S is the i)oint of intersection of .s' and /,

then to point T, corresponds the line /, to point 7\ the curve s' and

reversely to i)oint -S' the line 7\ 1\. To each point P of the nodal

curve k* correspond two points P', P" of a collinear to 7\, because

in the cori-espondence of s^
,
to I(p) the node of sf represents two

different points and two points of /f^) correspond to this point. As

2\ forms part of two representing pairs, the pairs belonging to the

nodes of the generatrix / belonging to 7\, this point is node and

the curve of order four. This is also evident when we consider the rays

of the other pencil. On each ray 5' lie two points of the curve forming
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part of pairs corresponding to the points of the nodal curve lying

on 1,1, whilst 7*2 corresponding to the node of the curve s' is

likewise node of the curve. So in o lo the nodal curve k'' coi'responds

a curve k'* {T^"^, 1\^), having T^ and 1\ as nodes and being of genus

unity. And to the rational space sections k" of O'^ correspond in a

curves k"' ( Tj, 7'/) through 7', with 1\ as triple point, which is

found immediately when we remember that an arbitrary space has

three points in coramoii with each of the rational cubic curves of 0"

and one point with each generatrix of 0'. As is proper each of

those rational curves k'* {T^, 1\') has with the representation k'\T^*,l\'')

of the nodal curve k^ besides T^ and T^ four pairs of points in

common, corresponding to the four points of the nodal curve lying

in the selected space, whilst two curves Ic* {2\, 7',') cut each other

besides in 7\ and 1\ in six points corresponding to the six points

of intersection of 0" with the plane of section of the two spaces.

10. The locus of the bisecants of a tortuous curve of order four

is a curved space of order three ha^ing the indicated curve as nodal

curve. For the twofold infinite number of bisecants furnishes a triple

infinite number of points and three of these lie on an arbitrary right

line /, because the curve i)rojects itself out of / on to a plane not

intersecting / as a rational curve of order four and this plane curve

possesses three double points. If we apply this to the nodal curve

k^ of 0\ taking into consideration that tlie generatrices of this scroll

are all bisecants of k\ we find :

"The tortuous scroll (.''' with the nodal curve k^ is the complete

section of a quadratic conic space with a cui'ved space of order three,

of which the first passes once, the second twice through k\"

Whilst the cubic space is the locus of the bisecants of k*, the

quadratic conic space with P^, as vertex is the locus of the planes

containing three points of k^ and passing through P^^.

The tortuous surface 0° with a nodal curve k^ is determined by

this curve and the point P^„. As P^^ lies arbitrarily with respect to

k^ each tortuous curve k'' in /S)j^ is nodal curve of a fourfold infinite

number of surfaces 0'.

11. We observe that the case just considered of the correspon-

dence of the curves s^' and s^', where a tortuous scroll with a

double curve k* is formed, is not the most particular one that one

can think of. If for instance — instead of starting from two rational

curves 5/ and .v^" taken arbitrarily in a^ and a^ — we start by making

the pointfields a^ and a.^ to be in projective correspondence and then
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continue to iissuiiui hvo nxtioiial curves s^" and .s./ corresponding

to cacii otlier in lliis manner, then of course to every three col-

linear points of .Vj" correspond tiiree likewise collinear points of

cS./', antl Ihererore we can take for the above determined pair of

points Qi, Q^ (III.!/ cori'esponding jjair of points of a^, a^. In this

s])ecial case a |)lanc k through three generatrices will present itself

ali'eady for arliilrary position in Sji, and the position, that an infinite

number of Ihose planes present themselves, will be able to be brought

about in a twofold infinite number of different ways; in the last

cases howovL'f tlie three generatrices lying in a ])iane « pass through

a point, as tlie sei'ies of points lying on the lines of intersection

(ii,n^ of this plane with ('^,<(^ are perspectively related, so that the

locus of llie nodes becomes a conic instead of a k\ In both cases

surfaces 0'' are formed differing from the al)o\e also in this respect

that they admit not only of a single but of a twofold infinite

number of spaces through throe generatrices.

12. Also when we start from two projecti\e rational curves

s^', iS'/ in not projectively related fields a great nund)er of special

cases are left for consideration. Ho the point of intersection P^^ of

the planes c.^, <(„ can lie

a. on one of the curves s\

b. on both curves *",

c. on the two curves ,s-' and correspond to itself,

(/. it can be the node of one of the curves .s"',

(?. it can be the node of one of the curves and lying on the other,

/'. it can be the node of one of the curves and forming on the

other |)art of tlie two jjoints corresponding to this node,

(J.
it can be the node of both curves,

li. it can be the node of both curves and in such a way that one

pair of points coinciding in this node has a point in common with

the other,

/. it can be the node of both curves and in such a way that the

pairs of points coincidinu- in this |H)i]it corres|>ond to each other.

or course the number is still increased if we furthei' permit

the jiointfields a^ , a„ to be projectively related. We do not wish to

•investigate more closely all these special cases. Neither do we intend

to investigate here the scrolls presenting themselves in both cases

of |)rqjcctive or non-projective pointfields a^ , n^ as the locus of the

line l\l'., connecting corresponding points 1\ , 1\, of other curves

of the same genus and of the same order, which are projectively

j'clated. We only wish to observe that these scrolls will lie in the



( 497 )

case of tlie prqjectivel_y relalod pointlields a^,a^ on the locus of

the line P^P^ connecting corresponding points P; , P^ of the planes

tc^, €t^, which is a (juadratic or a cubic space according to the point

of intersection P^„ of «, and «.^ corresponding to itself or not.

13. We conclude with the deduction of the equations of the above

found cul»ic and quach-atic s[)aces whicli lia\'e in common the

surface W^ witli tlie nodal curve k* and to this end we start from

this curve. If the curve k'' is given by the system of equations:

o.r, = ;.',(;=: 0, 1,2, 3, 4) (1)

— and in ihis way the simplex of coordinates can always be taken —

,

and if tlie [loint which is the vertex of the quadratic conic space

with respect to that same simplex has the coordinates (//„, //j, ^/j, v/j, ?/J,

then the equations

''i
*•. ••''•3

.'„ x, .»;.

= ,

.t'„ ,v^ ,?;, ,%\

fj a', .Cj ,v^

y« Vi .'/. lU

= (2)

2/1 ,'/, y, 2/4

represent those two sjiaces. We see namely immediately that the

first determinant by insertion of the rehations (1' shows three equal

rows. i.e. tiiat the cubic space represented by the first equation must

have the points of the curve k^ as nodes, and must tiius contain each

bisecant of k\ Further it is equally clear that the second deter-

minant by insertion of the relations (1) shows two equal rows and

that, when substituting yi for x; , two pairs of equal rows appear, from

which ensues that the quadratic space represented by the second

equation passes through k^ and has a node in ?/.

A more direct deduction of the equation of the locus of the.

bisecants of the curve k* was communicated formerly (Proceedings

of the February meeting of 1899 vol. I, page 313). It is founded

on the wellknown lemma, according to which the product of two

matrices M^''-''^ and .V./-^" with r rows and ^- columns, taken according

to the rows, vanishes identically for r ^ k. This same lemma leads

to the deduction of the equation of the locus of the planes con-

taining three points of k\ and passing through (?/„, y^, y^, y,, y^). An
arbitrary point P of the plane P, P„ P^ through the points P^, P„ P,

of k'' corresponding to tlie parametervalues X^, ).^, }.^ is represented by

Q ,vi = p,
).,i + p, X,i + p, ).,i

,
(i =. 0, 1, 2, 3, 4) . . . (3)

If the plane Pj P^ P, passes moreover through the given point

U«' lh> U-i' ys^'Ji)' '^'^o ^'^^' relations
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<;,/, = '?, A/ + 5, /.,' + r/,;.,^ (; = 0, 1,2,3,4) ... (4)

1k)1(I, ;uu1 now tlie equation soiiglil f'oi' is found bv eliminating tlie

nine quantities ij, P.,, i,, 2)^,p^,ii3, q^q^jq^ out of" the ten equations

(3) and (4). This takes place by inserting the values given bj (3) and (4)

in liic lefl liaiid menibcr of the second equation (2). For by this \vc tind

1 1 1

? «'

.Vo .'/i I/-Z :h

Vi !/-2 llz Hi

K K K

?'i i\ i\

Pi^i r-?-i PzK

1i 'h 9z

Ql^-l ']J-2 IzK

= 0.

We considered in the above cited communication equations forming

the extension of the first of the equations (2) to the curve k^" of

tlie space Spi,,- In connection witii this we shall notice that the second

of the equations (2) admits of corresponding extensions, in which

those of the tirst are inchuletl. However, these will be developed

elsewhere.

Mathematics. — "The PLif!KEU equivalents of a cyclic point of a

twisted curve." By W. A. Versluys. (Communicated by Prof.

P. H. SCHOUTE.

If a twisted curve C admits of a higher singularity (cyclic point)

of order n, of rank r and of class m, it is to be represented accord-

ing to Halphen ') in the vicinity of this singular point M by the

following developments in series:

X =: v,

y =z 1"+' [t],

z = ««+'•+'"
[«],

where
\f\

represents an arbitrary power series of t, starting with a

constant term.

If n, r and 7?t satisfy the conditions that

1° n and r,

2° r and m,

3° n and r\m,
4° n-\-r and m

are mutually prime, then this higher singularity M (n, ?•, m) foi-

(A)

1) Bull. d. 1. Soc. Mat. d. France t. VI p. 10.
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the fonnulae of Cayley-Pixckkr and for the genus is equivalent to

the following numbers of oi'diuarv singularities :

n—1 cusps /J,

(n-l){7i+r-3)
nodes //,

2

m—l stationary planes «,

(m— 1) (m+r—3)

»•— 1 stationary tangents (9,

(»—l)(r+m— 3)

2

('-l)(r+ «-3)

double planes G^, (5)

tangents 8,

double generatrices ut^,

double tangents to,.

For a curve with oidy ordinary singularities we always have

If the curve admits of higher singularities, then the tangents in

these singular points will not have to count for as many double

tangents to the curve as they must count for double generatrices of

the developable belonging to the curve. The number to will then be

different for the formulae of Cayley-Plucker, relating to a section

and for those formulae relating to a projection, i. o. w. the singularity

to of a twisted curve appearing in a term {x -\- lo) is not always the

same as the one appearing in the term (y -\- to).

So the formula
y—.c = v—n')

"is no longer correct as soon as the curve has higher singularities

for which order and class are unec|ual.

The above as well as the following results do not hold for a

common cusp /J (2, 1, J) and for a common stationary plane « (J, 1, 2),

the conditions {A) not being satisfied for these cyclic points.

Through the singular point M {n, r, in) pass

M(K-|-2»-+ «t— 4)

2
~

branches of the nodal curve of the developable belonging to the

curve C.

All these branches touch the curve C in M and have in M with

the common tangent

(H+ r)(«+ 2»-+w— 4)~
2

coinciding points in common.

1) Salmon. 3 Dim. §327.
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These branches have in 3/ the same osculating' piano as C and

with this osculating plane they have in M
(n-(-»"-|-m) (w-4-2r-|-»i— 4)

2

coinciding points in common.

From the conditions (/!) ensues that {n-\-^r-\-m) is even, so that

the three above numbers are integers.

The second polar surface of according to an ariiitrary point

meets in the point M {n, r, ??i) the cuspidal curve

{n-\-i— 2) {ti-\-r-\-m)

times and the nodal curve

7i-\-2r-\-m—

4

(n+r—2)(n-fr4-m)

times.

Each point R, where the tangent in M still meets a sheet of

the surface 0, counts for

r''-\-rm—m—r

points of intersection of the nodal curve with the second polar surface.

In the equatioii of Cremona ') serving to determine X (number of

cusps of the nodal curve) we must add for every singular point

M {71, V, m) in tlie second member of the equation a term

(«+?— 2) («+ r+7;i)-

In the equation of Cremoxa '), serving to determine t (number of

triple points of the nodal curve) we must add for every singular

point to the second member of the eiiuation a term

n-\-2r-\-m—A:
^ («+»•— 2) (w+r-fm)

and for the corresponding points R a term

(w-f2j-+??i-4) (?-4-m) (r— I).

The decrease of A and t arising from the presence of a point

M {n, r, m) is not equal to the decrease of P. and r caused by the

ordinary singularities necessary to form a singularity J/ («, r, /«). So

the equivalence of the values expressed in [B) does not extend to

numbers wliich are found by moans of a second |)olar surface.

Delft, November 1905.

1) Cremona-Curtze, Oberflachen § 104.

2) loc. cit. § 109.
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Astronomy. — ^'Preliminary lleport on the Dutch expedition to

Jii/rt/os for the observation of the total solar eclipse of

Aiujust 30, 1905," coninmnicated by Prof. H. G. van dk

Sande Bakiiuyzkn, ill beiiall" of the Eclipse Committee.

In March 1904 tiie Eclipse Committee determined to fit out on

a small scale an expedition to Spain to observe the total solar

eclipse of August 30, 1905. The means for it were found from some

liberal gifts of private persons and of societies (Provinciaal Utrechtsch

Genootschap, Teyler's Stichting, Utrechtsch Oud-Studentenfonds, Natuur

en Geneeskundig Congres). As observers the same persons were

appointed who had been sent to Sumatra in 1901 : Messrs. W. H.

Julius, J. 11. Wilterdink and the undersigned. The observations were

to include the spectrograph}' of the corona and of the sun's limb

and, provided a fourth observer should offer himself to join as a

volunteer, the radiation of heat of the corona.

A volunteer was soon found in the person of Mr. Moll, assistant

for physics at Utrecht, and so the entire programme could be

worked out.

The outtlt of the expedition consisted of:

a siderostat with a coelostat apparatus

;

two slit-spectrographs, to be directed on the coelostat mirror

;

a prismatic camera, to be directed on the northern polar mirror

;

a heat actinometer;

a pyrheliometer

;

a sextant vvith accessories

;

three chronometers and other auxiliary apparatus.

As the principal instruments were also used for the ecli|)se of

1901, I refer for the descri[)tioii of them to previous publications

(These Proc. Ill p. 529).

The sextant and two of the three chronometers were kindly placed

at our disposal by His Excellency "de Minister van Marine" out of

the collection of instruments at Leyden.

Oj. the 13''' of Angust the party arrived at Burgos. This town had

been chosen for the observations not only on account of its favou-

rable situation and other outward advantages, but also because, as

far as was known at the lime, it would not be visited by other

expeditions. These advantages were lost through the visitof H.M. the

King of Spain, on which occasion the town council of Burgos organised

a series of festivities which seriously interfered with the astronomical

work. For it is chiefly owing to those feasts that in spite of all
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endeavours we could get no assistants from among (he educated

inhabitants of Burgos. At last one volunteer was found for the

spectrographic observations, and fortunately on the day of the

eclipse some assistants offered their help ; without this help the

measurements of the heat radiation especially would have been

entirely impossible.

The eclipse has been observed under very untoward circumstances.

The station of observation, the hill Lilaila, at 3 kilometers south east

of Burgos (some 18 kilometers north of the central line) was a true

desert of sand where clouds of dust and sand were blown up by

the usually very strong wind, from which the tents, kindly lent us

by the Spanish war administration could only partly protect the

instruments.

Especially the siderostat, which as a matter of course could not

be entirely covered, suffered very much from the sand-storm ;
although

it had been cleaned on August 29, the wheelwbi'k did not work

properly on August 30. The piers once being erected, it was impossible

to change the station of observation ; moreover, Lilaila offered the

advantage that we could make use of the determinations of time

and geographical coordinates made by the Madrilenian astronomers

in whose camp our instruments were standing.

The weather on the eclipse day was very unfavourable. The 1*'

contact could not l)e observed owing to clouds, and though there

were some bright moments between the 1^* and 2°'' contact, the

observation of totality seemed hopeless. One minute before the

2"*^ contact the rain ceased, the caps of the siderostat mirror could

be taken off, the clouds broke, and the corona was fairly visible

during 3\/„ minutes, sometimes even clearly visible.

Unfortunately totality began 20 seconds earlier than the computa-

tion had predicted, — it seems that also in Algiers and at other places

in .Spain a fairly large difference has been stated between observation

and computation — so that the observers were taken by surprise by

the phenomenon, much to (he detriment of a smooth carrying out

of the programme.

For a detailed description of the observations I refer to tiie annexed

papers, which show that the results for some instruments, the verv

unfavourable circumstances considered, may be called satisfactory.

At the end of my report I wish to acknowledge thanks to the

Madrilenian astronomers, who hospitably made room for us in their

camp and who were very obliging to us in all I'espects ; to the

Spanish civil and military authorities who kindly allowed us exemp-
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tioii IVoiii iiiiport-dulies and placed some tents at our disposal; and

lastly to (ho Compaui'a del Norte who forwarded the luggage of the

eclipse party by express at reduced rates.

The Secretary of the Committee

A. A. NIJLAND.
Utrecht, November 1905.

Supplement I. Measurement of the heat produced by the integral

radiation of the corona and of the solar disk, by

Prof. W. H. Julius.

The object of our heat observations was, as in 1901, 1^'. to settle

the question of the order of magnitude of the coronal radiation, and
2"''. to determine the curve of the total radiation from the first until

the fourth contact, with the aim of deriving from it the distribution

of the radiative power over the solar disk.

The investigation has been carried out with the same actinometer

that had been constructed for the Sumatra eclipse '); in it the rays

are caught directly on a thermopile, v/ithout the intervention of lenses

or mirrors. As long as the radiation was sufficiently intense, absolute

determinations with Angstrom's pyrheliometer were also made at

intervals, in order to make sure whether the indications of our

sensitive actinometer might be considered proportional to the received

radiation. Such proving to be the case even for intense radiations,

we were quite justified in assuming proportionality also to exist for

the feeble radiation falling beyond the range of the pyrheliometer,

The astronomers of Madrid had a small house built in the obser-

vation camp; they kindly allowed us to dispose of one of the rooms

for setting up the galvanometer and performing the necessary

laboratory work.

Four persons were required for manipulating the apparatus, two

inside and two outside the room. Mr. W. J. H. Moll, who has also

had a prominent share in the preparation of the observations and

the setting up of the instruments, was in charge of the absolute

measurements and of noting down all the readings together with the

corresponding times. The operations of directing and exposing the

actinometer and the pyrheliometer at signals, given by the observers

inside the room, were performed very punctually by P. Eleuterio

Martinez S. J., phys. prof, at Valladolid, and P. Antonio de

1) Total Eclipse of the Sun. Reports on the Dutch Expedition to Karang Sago
Sumatra, N". 4. Heat Radiation of the Sun during the Eclipse, by W. H. Julius.
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Madariaga, S. J., tlieol. prof, at Burgos, to whom we express once

more our sincere thanks for tlieir very valuable assistance. I myself

regulated the resistance in tiie circuit of llio thermopile, and read the

galvanometci' deflections.

The conditions for measuring radiation were much more favourable

now at Burgos than during the J 901 eclipse at Karang Sago; for

then the phenomenon was permanently veiled by rather thin clouds

of very variable transparency, co\'ering the whole sky; this time

lieavy clouds caused the Sun to be indeed absolutely invisible now
and then, but between the epochs of the first and the fourth contact

there were intervals in \vhich the phenomenon showed itself in per-

fectly clear patches of the firmament. The faxourable periods have

all been utilized; thus we were able to determine some parts of the

radiation curve ver^' sharply. After the results of the 81 obser\ations

bad been plotted down on millimeter paper, we saw that the missing

parts of the curve could be inserted with a fair chance of exactness.

Fortunately the time between second contact and 11 minutes after

third contact was among the favourable periods. This period, however,

had been preceded by full half an hour during which no obser-

vations could be made; and as the rift hi the clouds, through which

totality just became visible in our camp, came quite suddenly, we

were not prepared and lost at least a minute after second contact

in arranging our apparatus for highest sensitivity. Nevertheless we

compared three times the radiation of the corona with that of a

portion of the sky at a distance of about four degrees from the Sun.

The observed deflections were 9, 13 and 33 scale divisions; then a

sudden increase showed that totality ^vas over. The effect produced

by full sunshine corresponded to 1800000 divisions, when reduced

to the same resistance of the circuit. So the smallest effect observed

1

during the total eclipse Avas — of the radiation of the uneclipsed

Sun, or about ^'5 of the radiation of the full Moon. This value

m u s t b e c 11 s i d e r e d a s a 11 u p p e r limit 1 the radiation

emitted by those parts of the corona, which were not

screened by the Moon at the epoch of central eclipse.

Indeed, the radiation must pass through a minimum about the middle

of totality, and we are not sure that the first of the three obser-

vations above mentioned corresponded exactly to the central position.

Moreover, since a few thin clouds may have traversed the compared

fields, there is some uncertainty left.

An account of the observations made before and after totality and

a copy of the resulting radiation curve will be found in the com-
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plete report shortly to be published. The shape of the unscreened

part of the solar disk being known for every moment, and the

corresponding radiation being given by the ordinates of the curve,

we have the data for calculating how the apparent emissive power

increases from the limb unto the centre of the disk. This method

avoids certain sources of error by which the results must be disturbed

when the distribution of the energy is measured in an image of the

Sun, viz. : the diffusion of rays by the Earth's atmosphere and by

the optical train, as well as the consequences of variable radiation

emitted b_y the ap[)aratus. We lind a greater difference between the

heat from tiie limb and that from the central parts, than has been

obtained by the other method. According to our measurements the

decrease of the integral radiation from the centre to the limb follows

nearly the same law that was found by H. C. Vogel, with the

spectrophotometer, to hold for rajs of wave-lengths between 500

and 600 ftft.

SupPLKME.^T II. The prismatic camera. By Prof. A. A. Nijland.

The prismatic camera was mounted above the northern polar

mirror in such a manner tiiat the dispersion direction is almost

perpendicular to the expected crescents of the first and the second

flash.

The programme was as follows:

1^' flash : 5 exposures, each of ^Z, second on one plate at intervals

of 3 seconds ;

t(jtality : 2 corona exposures, each of one minute and a half, at two
different positions of the instrument so that the plate in the

second position might show a part of the spectrum which

did not occur on the first corona plate.

2"''tlash: 5 exposures in the same manner as those of the 1=*' flash.

Cadett's spectrum plates were used.

As soon as we found that we could not count upon assistance

of volunteers I had after some training acquired the necessary

skill to carry out this programme, yet I disliked the prospect of

having to do everything entirely by myself. Therefore I gladly-

accepted the help of Dr. J. Kaplan (from St. Petersburg) who, having

arrived at Burgos on August 29, immediately offered his assistance.

I wish to express here my cordial thanks to him for his skillful aid.
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The two corona negatives sliow traces of the corona rings X 3987

and A 5303. In consequence of the general cloudiness the plates are

veiled, to which it is undoublcdlv owing that the very briglit green

corona ring, which visually was so clearly \isible, lias produced such

a faint image.

The plate taken of tlie second flash failed entirely because the end

of totality took place 20 seconds earlier than had been computed,

and took me by surprise while I changed the plates.

Also the first flash came 20 seconds before the time computed

;

fortunately through a window in the tent I observed the rapid

approach of totality, and could start the series of 5 exposures long

before the warning sign agreed upon was given. It later appeared

that the second negative has caught about the second contact.

The second negative shows a great variety of details, which in

the ultra violet have suffered so much from absorption that for those

parts of the spectrum the first negative, taken 3 seconds before

totality, forms a very welcome supplement. These two specti-a together

show between X 470 and P. 367 350 crescents of very different

length and brightness; in the discussion of the meaning of the

observed particulars the three other negatives may also be used to

advantage. This discussion is reserved, however, for a more detailed

report; 1 only mention that the enigmatic doubling of the flash

crescents of 18 May 190J can, in the case considered here, occur

only for Avave-lengths above y 434. Though from this it follows

that the doubling may be partly due to the slanting position of the

plate the possibility of the existence of double lines in the flash

spectrum is noways excluded by this.

A closer consideration of this ciuestion is also reserved for a more

detailed I'eport.

Suppi^EMENT III. Report on the operations ivith the two sUt-spectro-

yraph,^ for the solar eclipse of August 30, 1905 by

J. H. WlLTEKDINK.

Operations at Leiden. The instruments, constructed for the solar

eclipse of 1901 ai'rived here such a short time before they had to

be sent ofi" to Sumatra that a thorough investigation of them was

then quite out of the question. This has been made now.

As had been decided upon the siderostat provided with a coelostat

apparatus woidd serve to feed the three spectral apparatus, and in
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order to roiider tlie mounting more simple, the eoelostat mirror would
be used for both slit-sj.ectroomphs instead of the southern siderostat
muTor.

The Echpse Committee had consented to an alteration of the
clock-work of the coelosiderostat, so that tlie number of the wheels
in outside gearing, of which some were very difficult to get at for
cleaning, was reduced from 5 to 2 ; I had this constructed by

T
; inn"'^;

^''' f-lock-work ^^•as received here in the middle of
July lyOo. It has worked excellently.

The two spectrographs were carefully' examined and cleaned
I determined the zeros of the micrometer screws, indicating the

s it-width, by means of diffraction observations, a method which
allows of an accuracy of some microns. The adjustment of the slitm the principal focus of the collimator object glass, which could not
be easily done with the desired accuracy in a direct way, was
indirectly performed in the following manner. By photographs made
according to the method of Haktmann I determined the position of
the photographic plate in the (.rincipal focus of the camera object
glass. Then the collimator was placed as a source of light in front
of the camera object glass, and the same photographs were made
again. From the difference between the focus found now and the
principal focus found before we could derive how much the slit
had to be removed in order to bring it in the princi|)al focus of
the collimator object glass.

In this experiment it appeared however that both the collimator
an.l the camera object glass of the large spectrograph had a very
great spherical aberration, and with full aperture they were unfit to
form sharp images, while a diaphragm would cause a loss of light
which, with a view to our purpose, was inadmissible.

Therefore I ordered of Steinheil new object glasses; a single
object glass with a field of sharp definition of T for the collimator
and a compound one with a field of sharp definition of 15° for
the camera.

Neither of them were in store and in the available time this firm
could only supply object glasses of the first kind of which two pieces
were sent to me.

Although their fields of sharp definition were too small for the
camera I determined to try them also for this purpose, as the
middle of the spectrum was of chief interest for the photograph
intended. The spherical aberration was exceedingly small.

Meanwhile the Steamboat Company had sent word that every-
thing had to l)e shipped 10 days earlier than had been agreed upon,

3.5
Proceedings Royal Acad. Amsterdam. Vol. VIII.
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i50 that there remained no time lor further experiments in Holland.

The object ,t!;lasses of Zkiss of the small Kpeetrograph were found to

he in excellciil order, tiiis iiislriiiuciil had produced A'erj fine spectral

|)liot(),nrapli8. hi order to slide; the photograj)hic plale for this instru-

ment during the. Hash ])lienomenon I put the clock-work in order

which ill Sumatra had served for the motion of the axis carrying

the four photographic cameras. I devised an arrangement which

let sli[) the cord, fastened to the plate-holder, \vilh greater velocity

than had been required in Sumatra.

As photograidiic plates I chose, after experiments for comparison

with four dilferent kinds of Schleussner's plates, his "Sternwarte"

and "orthochromatic" plate. At the last moment I fortunately obtained

two kinds of i)lates of Cadett, known to be very good.

(fpcratuvis at (he cainp. Besides the mounting of the different

instruments, the operations at the camp included therefore also

several experiments, as: tests for comi)arison of the old and new

object glasses and tests of the German and English plates.

Owing to a delay in the construction of the pier, and because

I had to take charge (»f two instruments, whereas according to the

original plan of the expedition each spectral apparatus would be

worked by a separate obser\er, and also owing to the continual

disturbances from the side of the public, these operations did not

get on at the desired speed, so tliat at the last moment a great

many things remained to be done and the necessary calmness, which

in America in 1900 and in Sumatra in 1901 so much contributed to

regular proceedings, was entirely wanting.

After tests for comi)arison we chose for object glasses those of

Stkinueil, and for plates the English ones, especially as the ortho-

chromatic i)lates ga\'e a much more regular spectrum than the

German plates of the same kind.

Assistance, so easily obtained at the previous expeditions was

dil'licult to get here. Though several weeks before we had asked

for it on all sides, a promise of assistance reached us only a few

days before the critical moment. Not much could be expected from

it, but I myself intended to work the small spectrograph with the

sliding plate-holder and I hoped that the very simple operations with

the lai'ge spectrograph would otfer no difficulties. Joint rehearsals as

were held for days together in America and .Sumatra were quite

out of the (|uestion owing to the above mentioned circumstances.

Yet, though all things were so dilferent from what we might wish

them to be, 1 still hoped to obtain useful results.
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This, however, has not been the case.

The daij of the eclipse. Tlirough the unfortunate concurrence of

three entirely different disturbances, where two of them would not

have been able to prevent success, the results of the two slit-spectro-

graphs have come to nothing.

The tirst of these disturbances happened as follows. Some hours

before the beginning of the eclipse, the steel band which transfers

the motion of the siderostat axis to the coelostat axis was broken

entirely without my fault through a movement which was altogether

inadmissible for my part of the siderostat, which we used in common.

At one end of this band, which was fixed lietween two copper plates

by means of two steel screws, the two holes through which these

screws passed were torn up. This effect could not possibly have

been reached by a stress of 100 kilograms. The fact that this happened

instead of the steel band simply sliding over the steel axis was the

best refutation of the often quoted opinion that this way to transfer

motion should not be reliable. The dust, inevitable in an eclipse

camp, naturally heightened the friction of the band on the axis.

Hence it is evident that the disturbance to be mentioned next would
have had no effect on the instrument if it had been in the condition

as it was before the fracture. Fortunately I had spare bands taken

with me and a new one could be put on, which operation, however,

cost three quarters of an hour of our time which began to grow
more and more precious, nor did this incident contribute to the

quietness so indispensable at an eclipse.

During the first part of the first partial phase, as often as the

sun was visible through the clouds, we could control whether the

image of the sun fell on the slit and it could be easily kept there.

Now, however, something happened which in America and in the

East Indies would have been utterly impossible, but proved to be

inevitable in Sjiain as experience had taught me during a fortnight.

During the second half of the first partial phase, a little more than

a quarter of an hour before the critical moment my assistant admitted

several persons near ray apparatus. Against this I was altogether

powerless. It seems that one of these unwished for visitors has pushed
against the coelostat mirror and thus disturbed it, from which may
be inferred that the newly fastened band has more or less given way
at its fastening points and the friction on the axis was not suflicient

to prevent disturbance.

Had not over and above — the third disturbance — the sky been
clouded and the sun for the rest of the time been invisible, I should
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Iiave detected tlie absence of the image b^- means of the controlling

telescope and could have removed the mirror into its proper position,

now, however, the absence of any image was quite accounted for

l)_y tlie clouds. As a few seconds before the beginning of totality

the sun broke through the clouds the absence of the image was

stated and the displacement of the mirror became manifest; yet

witliout proper assistance it was impossil)le to put it in order.

(December 21, 1905).
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Chemistry. — "77/'' fii-m/tii/'t/ii'/i nf fn/ih'tir". l\v Prof. A. F.

IIoi.LK.MAN 1111(1 Dr. F. H. \ AN DKK I.AAN.

KUiminiiuiciikMl ill thr luiictiiig of OcIoIkm' :28, llKJo).

In the reaction l)el\veon tuluene and bi'oniiiie we luive a strikinfi;

example of tlie influence e.verted on tlie nature of the product of

reaction bv experimental conditions. About this the following is

known:

1. Injluencc of tt'iiipi-raturr. in the dark and at a low tempera-

ture there is formed a mi.xlure of bromololuenes ; on the other hand

benzyl bromide is formed at the boiling point of toluene.

2. Injiuence of I'ujht. At a low temperature benzyl bromide is

exclusively formed; the same takes place at the boiling temperature.

3. Influence af cutn/i/zej's. Through their action the bromination

takes place exclusi\t'ly in tiie core, even in full daylight and at

an elevated Icmperalurc.

If we make a closer study of the papers wliicli have appeai'ed

as to this reaction it strikes iis, as in so many (itlier cases, that ttie

virtually kntjwn sutlers from uuich uncertainty (.)\\ ing to an insulli-

cient observance of the (juantitative proportions. When, tor instam-e,

SciiRA.MM states (hat on broiniiiaficjii in sunlijiht benzyl bromide i.s

exclusively formed, a doiibi arises as lo the correctness ofthis\'iew.

as tiie only proof he adduces i'- lliai the bnibng [loial (if his |)roduct

lies at 195"—205°; Ids boiling point liuiils nre tlier(_'ror(' so wide

apart that they suggest nillicr llic presence than (he total absence

of isomers. As regards the brouKjtcjluenes formed in the reaction,

it was kn(.)wii thai these are ortho- and y«//v/-bromotolueiie. Hut the

([uestioii, in what jiroportion those are formed under the inll'uence

of the three above factors, has only been made the subject of greatly

varying conjectures and rough estimates. Nothing was known also

as to the nature of the products of reaction which are formed in

the dark at temperatures between the ordinary and the boiling point

of toluene (110^).

There was, therefore, every reason to again stud} this interesting

reaction and to try to solve the following questions:

In how far is tlu^ composition of the reaction-mixture dependent

1. on the temperature: '1. on the action of light: 15. on tiu' presence

of cataly/A'rs.

In my laboratory, first at (ironingeu, afterwards at Amslerdam,

Dr. VAN DKK L.\.\N has made a (•oulribiilioii lo ihe resobilion of lliese

questions l)y means of a careful experimenlai reseai'di : he coiniueuctid
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l)v iiiaUiiig sari? of the :il»solute piiritv of his toluene and bromine

bv means of special methoils of j)unfyini2,- ; for details iiis dissertation

and his \)a\wv in the "Recueil" (next appearing) should be consulted.

As the composition of tlie reaction mixture consisting of ortho-

imrabvomoioXwQWQ ami benzvl bromide had to be determined, but as

no method for this was a\ailable, it was necessary to work out a

suitable [)rocess ; in ordey to do this it was necessary to iii'St possess

tiie three said substances in a chemically pure state so as to be able

to make artificial mixtures for testing the analytical methods.

The preparation of /->ayv/bromotoluene and of benzyl chloride presented

no difficulties. The first substance was obtained from />a)v<toluidine

by dia/otation, and as this is a solid it could be readily freed from

any adhering traces of its isomers by recrystallisatioii from ligroin

and thus yield a parabroiuotoluenc also free from its isomers. Benzyl

bromide was made from benzyl alcohol and liydiobromic acid. On

the other hand the ])reparatioii of pure ('y/Zu/broinotolueiie was not

so easy. This was also prepared from the corresponding toluidine,

but the difficulty was to obtain the latter in a pure condition. This

was overcome in the manner previously communicated (These Proc.

VII p. 395).

In the actual investigation a large excess of toluene was always

taken (8 mols. toluene to 1 mol. of bromine) so as to avoid for certain

the formation of higher substitution products. Besides the three above

mentioned substances the reaction mixture contains, therefore, a large

quantity of toluene : hydrogen bromide is also present and often

also a small quantity of free iircdnine, especially in the reactions

which were executed in the dark. This reaction product was now
analysed quantitatively as follows : A slow current of air removed

almost quantitatively the hydrogen bromitle, which was absorbed in

water and titrated : the fpumtity thus found is equivalent to and

serves as a measure for the brominated products. In order to free

the liquid from any free bromine, and to determine the amount of

the same, it is poured into a solution of ])Otassiuni iodide and the

liberated iodine titrated with thiosulphate. The liquid is now washed

with wafer, dried, and the toluene is distilled ofl" in an airbatli

heated by boiling amyl alcohol. On taking the sp.gr. of the distilled

toluene it appeared (hat this had not carried over' any brominated

products to speak of.

After these operations the liquid now only consisted ofthebromo-

toluenes and benzyl bromide besides also a small quantity of toluene.

In this mixture the benzyl bromide can be estimated by means of

alcoholic silver nitrate which yields silver bromide quantitati\ely.

36*
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111 order to (Ictcriniin' in wliat |irn|Hirti(Mi urtlid- and pid-tAwomo-

loliiciie arp |)ivseiil, il was iici-cssary Id I'ciuov'c liic licuzvl liroinide

IVcuM llic iiiixture. 'J'liis was dduc liv hriiiiiiiii; il iiilo i-oiilaci witli

diiiiellivlaiiilinc. Tlici-i' i> llicii lnrnic(| (|iiaiililali\('lv an aiiiiiioiiiuiu

bnimidi', lln' ludk (if w liicli is dc|((i>ilcd as a crNslalliiie iiias>. Hv

\vashiiii;' the rt'sidiiai lii|iiid willi \i'i'\ <liliiic nin-ic acid llic excess

of dimedivl aniline and ilie s|i|| dis>(i[\ed aninidninni lironiide

are removed so dial we olilain linallv a li(|iiid consisiini; iiKM'ely of

llie l)i-oinotoliieiies. Wlien dried and dislille(J in \;u'no il is ready

for the delei'Hiinalion of die isomers. This was (k)Me l)y delerminiiiji'

the solidifying- jioint of liiis |inrilied liquid, liy means of the solidi-

fying |ioinl curve |ire\ionsl\ c(nisinicled li\ 1 )r. \ w \wm L\.\n, the

con)i)osi1ion of ilie mixinic conid he ai once ascertained from the

said point, lly the analysis of a series of made n|i nii.xtnrcs he was

satisfied thai this melhod of analysis ^ives resulls accin-ale wiliiin

abont 1 percent and is therefore snfticieiilly accnrale for die ]nirpose

intended.

With the aid of tiie method described Dr. \ an dki; ly.wN obtained

the following results.

1. Iiijiuence of tcnijx'rdtan'. The flask containing the mi.xinre of

bromine and toluene was kept carefully in the dark. (>hser\ations

were made at 25°, 50°, 75° and 100°. At 25° the reaction took

place very slowly ajid even after a week the bromine had not alto-

gether disappeared. At 50° this was already the case in 8 days.

The subjoined table contains the analyses of die read ion mixtures.

The figures given are each the mean of 3 ov 4 coiicordani ileterminations.

From this it ajipears ihal in liie dai'k a reuniar increase of the

benzyl bromide coulent lakes plac<' with a rising- lemperatnre. From

a graphical exlrajjolation il appears dial beii/.yl bi'omide is no longer

formed below 17°, bnl, on ihe oilier hand, above S.T il is the sole

reaction prodncl. l'he>e concbisions, however, iiiiisl slid be coidirined

e.xperimenlally. The proporlioii in vv hich n//'//*'- and //'^vdiromolobiene

are formed also alters soini'vv hal in favour of llie lirsl-named isomer.

A detemunalion of llie sp. ur. of die niiMiire ^llovv(•(l dial this does

nol contain any of the hiiiiier broininaled siibslances. I'he inixliii'e

obtained at 25° had a sp. L;r. of I .."{.MIS at (i4°.l) vvliilst a mixture of

the two isomers in the same proporlioii shows a sp. gr. of 1.3598

at 64°.

2. ftifhii'iicr i>f Vniht. ,\s alreadv obsiM-vcd, Sciiuvmm claims to

have obtained exclusively iien/.ylbromide when brominalinu- al low

temperature in full snidighl, alliiough his exjierimental data create
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'I'eniiJ.

Composition of the brnminatingprddMrt

ortho
I

para ^ beiii-yl liromiilf

bromotoluoiie

Composition of tho mixture

ortlio -|- para

bromotoluene

23 5

6.2

32.8

7 r.

II) i;

43 .

7

86.3

100

41 .

8

45.3

00 3

r.8.2

54.7

some (loul)( aliont this. In difi'iise dayliolit ortho- and parahromo-

tolnene are also formed acc<>r<liiiii- to liim ; Ekdmann, on (lie other

hand, stated that lienzylhromide is the st)le prodnct. The observations

of Dr. V.\N DKK Ij.\.\n oontirm tliose of Eudm.\nx. In ditfnse daylight

the hromination proceeds very rapidly at 25°
; in about 10 minntes

all the bromine lias disappeared. The analysis of the prodnct gave

997,, of benzylbromide. Fi'om this it follows that pure benzylbromide

can be readily prepared in this nianner. Bkii.stein, who attempted

this prexionsly, ai'ri\ed at the opposite result. This, iiowc\er, was

caused by the fact that he exposed to the light a mixture of liromine

and toluene in equi\aleiit proportions at the temperature of boiling

toluene. Operating in this maimer we obtain indeed a product with-

out a constant iioiling |ioiul which on fractionation ap])ears to con-

tain jiroducis boiling al higlnT lcni|ieratnres. If, ilo^ve\•er, working

in tiic light and al lOd", only one inol. of bromine is used for 10

mols. of toluene, the formation of llicsc higher boiling substances is

]n"e\ente(l. The excess of lolneiie is readily removed by distillation.

After a distillation in vacuo Dr. \' \n m:if 1>\.\N obtained a |)ro(lnct

.solidifying at -- 4\;^ of a sp. gr. 1 .3(S,S7 at (i5 '.5' whilst tlie.se con-

stants, acciu'ding to his obser\alions, are -3.!) and 1 .3S5(S at (55".5

for |iiin.' bi'ii/.y Ibromide IVoiii beii/.yl.-ilcoliol. The ben/.ylbromide thus

pre[)ared contains, Iheit'foi'e, less than O.^" „ of im])iirities.

3. Jii/h/i'/iri' of f)i/nl//:('i:^. .\s the inlluence of light is, as Ave

have seen, very great, all llie experiments with catalyzers were made

in complete darkness. Of these were tested : antimonytribromide,

alnmininmljromide, ferricbromide and |)hospIiornstribromide. Of the

first three it is stated that they favour the bromination in the core,

of the latter that it accelerates the f(n-mation of benzylbromide. The

observations of Dr, Van der La.\n are in harmony with this. The
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leinpcratnrc <at wliich (lio reaction was tried was 50°, and the action

of tlie catalyzers was delerMiiiied in sncli a manner that increasing

quantities of them were added and the composition of the reaction

product "determined each time.

A feeble catalyzei' was tniind in antimony li-ihromide as show n in

tiie suiyoined^tahle.

TABLE II.

Temp. 50°; 50 cM.' toluene -f 3 cM.' bromine. Dark.

Mot SbBr,



( .VI 7 )

Wlioreas ShRr, mndifios lli(> ])r()poi-tioii of ortho-para sli»]itly in

favour of the jtura llien.' is jircsont here a much stronger intiurncc

of AlBr, ill favour of tlic urtho.

Particularly interesting here is the influence on the amount of

benzyl bromide. Although witii only 0.002 mol. no modification of

those proportions is perceptible, this becomes so pronounced with

double the quantity that practically no more benzyl bromide is

formed. This result is very striking and deserves a closer study.

With ferric bromide tiiis phenomenon was repeated; this appeared

to lie a still more powerful catalyzer than aluminium bromide, as

till' limit of its activity is situated still considerably lower as may

be .seen from the suliioiiicd lal)lc:

T A P. L E IV.

Temp. 50"
; 50 cM." toluene -|- 2.5 cM.' bromine. Dark.
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'J'lic ([iiaiitilv nf lioiiz\ 1 liroiuidL' lias ihorefurc, luiicli increased

hut llic |)r()|i(irli(in urtlio-imfii has kepi fairly well unaltered.

Foi' I'lirlher particulais as to lliese researches van der Laan's

original dissertation should lie consulted. An article by him on

this subject will also appear, slioitly, iu the "Recueil".

AnistiTildi}}, Sept. "05. Chemical Lai)oratorj of the University.

Geology. — "On fragmeitts of rocks fi'niii thi> Anh'iim's foiind in

the Diluvium of the Netherhtiuls Xoiih of the Rhine." By

Prof. A. WiCHMANN.

(Commiinicateil in the meeting of November 25. 1905)

Ever since the 18"^ Century, the attention of geologists has been

drawn to the boulders scattered about our heaihgi-ounds and in opposition

to the various and oftentimes curious theories started to account for

their presence there, A. Vosmakk then already expressed the opinion

that they hail been transj»orled from elsewhere by "A jNIighty Flood". M

A little later, A. Brugmans ') and after him S. J. Brigmans ") pointed

to Scandinavia as the original home of these erratics ; but this view,

though shared by a few other scientists, was not generally adopted

until after the publication of J. F. L. H.\usmann's treatise "). It seemed

then as if the only question still remaining to be solved, was in what

way and by what road this transjjort had been atfected. Little or

no tiiought was given to the possibility that other countries might

be also accountable for their origin.

It was not until 1844 that W. C H. Staring, whilst investigating

the nature of these boulders, discovered that at least those composed

of sandstone and quartzite, were found as well in the Ardennes, in

the districts of Berg and Mark, at the foot of the Harz Mountains

1) Johannes van Lier. (_»ailiieiilkiinclige brieven, bevattende eene verliandelin.;

over de manier van Begraven, en over de Lijkbussen, Wapenen, Veld- en Eere-

teekens der oude Germanen. Uitgegeven . . . . door A. Vosmaer. 's-Gravenhage 1760,

p. XV, 10, 11, 103.

-) Sermo publicus, de monumenlis vai iarum mulalationum, qnas Belgii I'oederati

solum aliquando passum fuit. Verhandelingen ter nasporinge van de \\ etten en

Gesteldlieid onzes Vaderlands. I. Groningen 1773, p. 504, 508.

') Lithologia Groningana. Groningae 17S1. Preface p. 2, 3.

^) Verhandelingen over den oorsprong der Graniet en andere primilieve Rots-

blokken, die over de vlakten der Nederlanden en van liel Noordelijk Diiitschland

verspreid Mggen. Natuurk. Verhandelingen der Hollandsclie Maatsch. van Wetenscli.

XIX. Haarlem 1831. p. 341-349.



as in Seandinavia '). It is lo be noted tiiat on his first geolojsioal map

these dilnvial beds are not marked out in separate divisions ').

Two years later, however, his attention was arrested by tiie pecii-

liaritv that, while in Twente and in the Eastern part ofSalland and

probably over the whole extent of the Veluwe, the principal eon-

stituents of these erratics were qnartzite, red or blackish jasper, near

the Havelter hill, before Steenwijk when one comes from tiie side

of Meppel, one suddenly finds the detritus to consist entirely of

Hints. He noticed the same phenomenon near Steenwijk, the Steen-

wijkerwold and even near Yolleidiove '). These facts led liiin to con-

clude that two distinct diluvial deposits had taken place, i. e. one

of "siliceous material" transported from the Baltic and another

"composed of quartz" derised from the Ardennes.

In 1854 Staring had modified his theories. To the siliceous for-

mation he gave the name of "Scandinavian Diluvium", and the

quartz, which he no longer regarded as derived from the Ardennes,

received the appellation of "Diluvium of the Rhine", which also

included the de])Osits between tiie Meuse and the Rhine ; and the

beds situated South of the river Lek received the name of Diluvium

of the Meuse. He was careful to add however that : "it would be

wrong to deduce from these appellations that Scandinavia alone was

responsible for the diluvial formation in the North of Holland, and

the Ardennes, or the mountains of what at present is known as the

basin of the Meuse, for that of one of its Southern parts and the

Rhine for that of the other." ")

Six years later Staking again pi-oposed another division which he

then considered decisi\e. Leaving the i)oundaries of the Scandinavian

Diluvium and those of the Meuse unaltered, the limits of the diluvium

of the Rhine were confined lo those |)arts of the Netherlands lying

between the Rhine and llie Meuse. Tiie fornialion North of the Rhine

and South of liie Veclit was indicated by the name of "mixed dilu-

vium" *), which llierefore included the provinces of Overijsel, Giielders,

Utrecht, and the district of the (looi in North Holland. The charac-

teristic feature of this dihiviuni is the presence of erratics IVoiu

1) De Aai'divunile en de Laudbuiiw in iNedeiiaiid. Zwolle 1844, p. 14.

-) Proef eener geologische kaait van dc Nedeiianden. Groningen 1844.

') De Aai'dkunde van Salland en liet Land van Vollenhove. Zwolle 1840,

p. 8, 9, 53.

') Het eiland Uik volgens den Hoogleeraar Hakting eii het Nederlandsclie dilu-

vium. Vertiandel. uitgegeven door de Gominissie belast met het vervaardigen eener

geologische kaart van Nederland. II. Haailem 1854, p. 167 m. kaait.

') De Bodem van Nederland. 11. Haarlem 18GU, p. 54— 5G. PI. I.
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Scandinavia, fi-oni Hanovpr, from tiic mountains along llio lianks of

tile Riiinc and from tli(^ Ardennes; imt Staiunc; was nnalde aconrately

to define wliieli erraties iiad lieeri ti-ansported l»y the Mliine and

wliicli l»_v tlie Mense.

"Kv far the iarj^est portion of liie (|uartzites, sandstones, pudding-

"stones and slates, found in those parts of the diluvium, which are

"situated to the South of the Scandinavian drift, are derived from the

"Devonian strata of the Rhine and the Ardennes." ') Neither did

Staring succeed in proving that the erratics in the diluvium of the

Meuse had originally come from the Ardennes. "The gra\el and the

"flints of the Meuse are similar to those of the Veluwe, Avifh the

"important difference, however, tliat no fragments of plutonic rocks

"are found among them."')

Although for the last ten years the erratics transported from the

North of Europe have been the subject of much careful investigation,

little interest has been bestowed on tho.se derived fnnn Southern parts.

This neglect is due in a great measure to the Aery nature of those

rocks. The first actual proof that detritus from the Ardennes has

been carried North of the Rhine, was supplied by J. LorivI A\heii

he discovered a Rhynchoneila Thurmanni near Wageningen '): but

until now scarcely any further progress has been made in the study

of this (piestion.

The difliculty of tracing to their original liome the l-oulders trans-

ported from the Ardeimes, lies in the first place in the necessity of

leaving out of consideration, fragments of those rocks which are

represented both in the diluvium of the Rhine and in that of the

Meuse, for it is impossible to determine the e.xaci districts to which

they originally belonged. In the second place, it is a well known

fact that the greater part of the Ardennes is \ery poor in fossils,

so that the chance of finding fossiliferous specimens among the diluvial

erratics is almost nil ;
— and tliirdly, some of the very characteristic

rocks, e. g. the phyllites, are much too soft to offer adequate resis-

tance to the accidents of transportation. However, as 1 hope to show

in the following pages sufficient material from \arious formations

1) 1. c. p. 97.

=) 1, c. p. 96.

2) Contributions a la geologie des Pays-Bas. Archives Teyler (2) III. Haarlem

1887, p. 80.

Postscript: Ferd. Roemer has already mentioned siliciticd specimens of Stepha-

noceras coronatum, found in the boulders near Winterswijk, Gueldcrs. (N. Jahrb.

f. Min. 1854, p. 322, 323). These looked exactly like those occurring in the Jurassic

layers of Northern France. See also CI. Schliiter in Zeitschr. d. D. geolog. Ges.

XLIX. 1897, f. 486.
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veniaiiis to prove tlual tlio cvratics Iraoeahle (o fiie Ardennes niav

claim a i-onsiderable share in tlie formation of the mixed dilnvinm ').

Oniihridii .ijisti'in. The principal part of the Ardennes is built

up of layers belonging to the Cambrian syskun, wiiich A.' Dumont
originally sub-divided into three groups, namely Devillian, Revinian

and Salmian '). The Devillian and Revinian systems were'afterwards

united by J. Gosselet, ') into one series, called the devillo-revinian,

which consists of phyllites, alternating with bands of greyish black

and dark bluish grey quartzites. These layers may be seen exposed
principally near Revin and Deville, on the banks of the Meuse, near
Rocroi and Stavelot, and also near Givonne, to the north of Sedan.")

These quartzites are often crossed in various directions by fine veins

of quartz and — a distinctive feature by Avhich they are easilv

recognized — the^' often contain small cubes of pvrite, whicli in

some cases has been in a greater or lesser degree changed into

hydroxyde of iron. Now and then specimens are found in which
the orginal mineral has entirely disappeared, only the impression of the

cubes being left. J. de Windt*) has given microscopical descriptions

of these crystalline quartzites, but has omitted to mention one
special characteristic in which they show great conformity with the

phyllites. In reference to the latter, E. Geinitz was the first to point

out that the enclosed crystals of magnetite and pyrite are sur-

rounded by a zone of quartz, thus forming elongated lenses. ")

From the manner in which these minerals iiave grown together,

as well as the chlorite, he was led to the conclusion (hat thev

were coeval. This theory has been refuted by A. Renard. Althouo'h,

with Gfimtz, he believes the magnetites and pyrites to have

been formed at the same time as the mass of the rocks, he

') In all probability this share will be (ound to be much larger than is thought

at present, because a great many rocky fragments, among others (|nartzites and

sandstones, are now ascribed to the diluvium of tlie libine altliongli they arealfo

present in that of the Meuse.

s) Menioire sur les terrains Ardennais et Rhenan-Memoires de TAcad.-rov. de

Belgique XX. Bruxelles 1847, p. 8.

3) Esquisse geologique du nord de la France. Lille, 1880, p. 19.

*) It cannot be made out which of these localities have provided the boulders.

They are represented in the accompanying map Jas if they were coming from

Revin, the chief locality.

°) Sur les relations lithologiques entre les roches considerees comme cambrien-

nes des massifs de Rocroi, du Brabant et de Stavelot. Mem. cour. de I'Acad. roy.

de Belgique LVI. Bruxelles 1898, p. 21, 68.

6j Der Phyllit von Rimognes in den Ardennen. Tschermak's Mineraiog. und

Petrogr. Mitthlg. III. Wien. 1880, p. 533.
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ooiisiflers the zonr" of (|n;irl/. siin'oiiiKliiiir llioso niinorals to lie of

secoiKiary origin, aii<l llial iircssiirc (ni Itnih siih's had caii'^cd cavilics

wiiicii afterwards have been lillcil up wiih i|narl/,. 'j .Sonio time

liefore, A. Daubrek Iiad already fiiriiishcd a (h-scription of trans-

formed crystals of p3'rites fonnd near Rimognes. ') Tiie studies of

other kinds of I'ocUs led to the same eonelusion. ') An analysis of

the pyritifcrons quartzites of tiie Cambrian system aUbi'ds slijl better

proof of the secondary origin of this (piartz, liecausc in this case

llio rock itself is composed of this mineral. When examining specimens,

it is easy to observe the sharp contrast between the two formations.

The quartz which has formed itself around the pyrite, is clear and

ti'ansparent, seldom contains enclosures, and is built up of

lii)res which stand perpendicular on tlie crystals of pyrite. The

same structure is seen in the parts which foi'ui the \eins. L. dk

DoKDOLOT, who has written on the same subject, is inclined to regard

(his (juartz as chalcedony. ")

i'>y the aid of this data it has not been diflTicult to prove that

erratics of this kind ha\e been widely dispersed, and it is very

|)r()l)ablc that in the course of time their presence will lie signalized

from many Other places besides those we here indicate.

1. Province Utrecht: Railway cutting near Rhencn, on the river

Lek, Darthuizer Berg, sandpit to the North of Rijsenburg, I'ailway

cutting at Maarn, the heath near the pyi'aniid of Austerlitz, near

Zeist, Heidebosch near the House ter Heide, between the stations

de Bilt and Zeist, to the rear of Houderinge near de Rilt, Soester Herg.

2. Province of North-Holland : Hilvei-sum and the sandy tract to

the North of Larenberg.

3. Province of Guekiers : Heath near Epe, Bennekom near Wage-

iiingen, Eerbeek near Dieren, at several places around P]ibergen

Borcnlo, Groenlo and Hettenheuvel near Doetichem.

4. Province of Overijsel: Heriker Berg near .Markelo.

1) Recherches sur la composition et la stiiiftiire de.^ pliyllades ardennais. Rull.

dii Musee roy. d'hist. nat. de Belgiqiie. H. Bnixelles 1883, p. 134-135.

-) Eludes synthetiques de geologie expeiimentale. L Paris 1879, p. 443.

') H. LoRETz. Ueber Tiansversalschieferung und vci'waiidle Eischeinungen im

Ihiiringischen Schiefergebirge. Jalirbiich dor k. preuss. gcolog. Landesanstalt fiir

1881. Berlin 1882, p. 283-289.

Hans Heusch. Bomraeloen og Karmoen met omgivelser. Kristiania 1888, p. 69, 70.

Alfr. Harker. On "Eyes" of Pyrites and other Minerals in Slate. Geolog.

Magazine (8) VI. London 1889, p. 396, 397.

*) Quelques observations siu' les cubes de pyrite des quartzites reviniens. Ann.

Soc. geolog. de Belgique. XXXI. Liege 1903—04. Mem. p. 505,
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It stands to reason thai erratics of this type must be more plentiful

still in the disti-ict South of tiie Rliiiie ; in fact, similar quartzites

have lieeii found in the dihiviuui of the Mouse for a long time past.

In the Province of Limltnrg tliev are looked upon as tire most com-

mon kind of eriaiics. Aij'h. Erkns came across one 3 M. high, 2.6 M.

long and ().(! M. broad '). According to tliis author, they are also

found in quantities in the Province of North Brabant, although thev

are not so Jarue as those of Limbiwg. .1. Lorik found rocks of this

composition on the heaths at Mook and at Scliaik, also in South Holland

on the beach of Springer in Goedereeck^ and near Rockanje in the

island of ^'oorne.

"Porphyroids." P)ul llie most conchisive proofs tiiat immense quan-

tities of rocky fragments must have been transported from the Ardennes,

are furnished l)v tlie so-called Porphyroids. This rocky formation is

conlined to the districts of Revin and Deville, where, more particu-

larly in the neighlionrhood of Laifour and Mairus, they form

dikes from O.i to 20 M. wide, corresponding to the layers of the

devillo-revinian group. At present only 17 places ai-e known where

this exceedingly characteristic formation ") may be encountered.

Dispersed in a bluish gray or greyish groundmass, may be seen

porphyritic crystals of bluish cpiartz and of feldspar. Owing to

their peculiar position and their schistose structure, many geologists

have classilied these rocks among the series of crystalline

schists, — whilst others have ascril)cd to them an eruptive origin.

Ch. de i,a VAi.i.iiK, PorssiN and A Ri<;nari), who ha\e given the

most detailed description of these rocks, faxoureil the toriner \iew '');

Barrois, DaihrkI';, Gosselet, von Lasailx and others, on the con-

trary, justly considered them to ite (piartz[)or[)hyry, an opinion which

A. Renakd also finally accejited.

Although these |K)i'phyroids can have but a minimum share in the

formation of the Ardennes, they are b'eqnently met witli in diluvial

deposits. In Belgium, (i. Dewalc^ie oidy noticed them near Liege'),

which proves that liut little attention has been paid to them in that

1) Recherches sur les formation^ diluvieunes du sud des Pays-Bas. Archives

Teyler (2) 111. 6fcm<-' partie. Haarlem 1891, p. 23.

^) J. Gosselet. L'Ardenuc. Paris 1888, p. 80.

•') Memoire sur les caracteres mineralogiques et stratigrapliiques des roches dites

plutoniennes de la Belgi(|iie. Memoires cour. etc. de I'Acad. roy. de Belgi(iue XL.

Bmxelles 1870, p. 237-247 (also Zeitschr. d. D. geol. Ges. 1876, p. 750—769).

*) Prodrome d'une description gcologique de la Belgique. Bruxelles et Liege

1808, p. 237.
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country ^), for Alph. Erens mentions not less than 15 <2;ravel-pits in

I lie neiglihonrliood of Maastricht in wiiich he fonnd fragments of

tlkese rocks, one being 0.6 M. long and 0.5 M. thick. The most

easterly place of deposit known at present is Sinipelveld'). Not long

ago, Mr. L. Rutten brought me several specimens dug up in the

neighbourhood of Sittard. From observations of Erens, it would appear

that these erratics are scarce in the Province of North Brabant. He

himself found a nice piece at Mook '), and J. Lorie a fragment

between Bladel and Postel.

North of the Rhine they have been discovered in the railway cuttings

near Rhenen and also near Maarn (iji the latter locality the fragment

was over '/s ^I- in diameter), and on the Soester Berg, in the Province

of Utrecht. Another piece was found near Eibergen, in Guelders and

finally Erens mentions having seen in the Geological Museum, at

Leiden, a fragment found in Overijsel : unfortunately he does not

state the e.xact spot at which it was found ').

2. C(ir/>(>iii/erot(s ,si/stem. Fekd. Roemek has given a description

of a few tVagments of black carboniferous limestones contaming

ProdiicUis ^iriatus Fisch. fonnd in the Gooi, near Hilversum and

sent to him for analysis by Siwring. He came to the conclusion that

tliey were derived from tiie carboniferous limestone of tlie district

between Aix-la-Chapelle and Stolberg^).

Staring on the contrary believed them to ha\'e been transported

from Vise on the Meuse, in Belgium, and based his opinion on the

similarity of their composition with the limestone found in that i)art

and also on the almost total absence of this rock from Westphalia.')

Although fragments of carboniferous limestone from Ratingfen, N.W.

of Dusseldorf, might liave found their way to the Netherlands, the

fact that no traces of the said fossil have ever been observed in

those rocks "), evidently keeps them outside the discussion. It is

true that in the district between Aix-la-Chapelle and Stolherg, the

1) .1. Lorie e.g. found several fragments near Lancklaer on the ZuidWillemscanal.

-) Note sur les roclies cristallines recueillies dans les depots de transport dans

la partie meridionale du Limbourg hollandais. Ann. de la Soc. geolog. de Belgigue.

XVI. 1888—89. Liege. Mem. p. 417-120.

•') Reclierches sur les formations diluviennes du sud des Pays-Bas. Archives

Teyler (2) III. G'^'me partie. Haarlem 1891, p. 23, 33.

*) Recberclies sur les formations diluviennes. 1. c. p. 67.

5) Ueber Holliindisclie Diluvial-Geschiebe. Neues Jahrb. f. Mincralogie. 1857, p. 389.

«) De Bodem van .Xcderlaiid. II. Haarlem 18t;0, p. 90.

') H. VON Dkche.n. F.iliiulcriiiii-'i'n y.w geologiscben Karle dcs Rheinlandes und

der I'ruviny. Wuslfali'ii. II. Buuii IS84, p. -JIG.
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Produotiis striatus is occasionally met with '), but, like many other

fossils, it is extremely rare. ') The probability of one of these

specimens having been transported to the Gooi becomes therefore

nil. On the other hand, as Staking had already pointed out, they are

very common at Vise in Heliiinni, consequently we are justified in

concluding- that tlie above mentioned fragments must be referred to

that locality.

Other fossil mentioned by Roemer is the Goniatites sphaerieus

Mart. (Glyphioceras sphaericum), a specimen of which had been

found near Holteii, in Overijsel. and whose original birth-place he

claims to have been tlie valley of the Roer. This fossil, however,

is found Itolh at Ratingen and \'ise : nothing definite can therefore

be said with regard to the |)lace of its origin. I may here mention

tiial in JH99, Dr. E. Collins brought me a fine specimen, well

preserved and but little polished, which had been picked up in

the gravel of a garden at L^trecht and was very probably brought

IVdiu the Lek.

In the railway cutting near Maarn, to the East of Driebergen, 1
'

fonnd in 1893 a block of crinoidal limestone weighing as much

as 97 KM. In that same cutting repeatedly were observed pieces

of compact l)lack limestone. In 1895, fragments of a very beautiful

crinoidal limestone were found in the grounds of the villa Houde-

ringe, near De Hilt, at a depth of about 1 M. Other pieces of

black and ne.xt to these of grayish compact limestone were found

in a railway cutting half way between the stations of De Bilt and

Soest. On the whole, tiierefore. it cannot be said that rocks of this

tvpe are largely represented in the diluvial deposits under considera-

tion. This is probably owing in a large measure to the sandy nature

of the diluvium of those parts which allows the moisture of the

atnmspherc to penetrate to the limestone and gradually dissolve it.

The same physical conditions are probably also responsible for the

])aucity of erratics of this description in the Provinces of North-

Brabant and Limburg, and in tlie C'ampine. A. Erens found fragments

of crinoidal limestone near (_)udenbosch, ') E. Dei-v.vux of carboni-

1) H. VON Dechen. 1. e. p. 211.

') C. D.\NTz did not even come acros.-; a single specimen in the district of Aix-

la-Chapelle. (Der Kohlenkalk in der Umgeljung von Aachen. Zeitschr. d. U. geolog.

Ges. XLV. Berlin 1803. p. Oil).

') L. G. DE Ko.NiNCK. Reclierdies sur les animaux fossiles. l'^''« partie. Mono-

gru|)hie des genres l^roduetus ct Chonelcs. I>iege 1847. p. 30.

*) Hecherches siu' les I'unn.iliuns dih.iviennes I. c. p. 07.



( 326 )

ferous limestone in a gravel pit at Gelieren near Oenck ') and J.

LoRiE at Smeermaes and Lancklaer, on tlie Znid-Willems canal.

The original home of these various limestones cannot be determined

with any certainty. However, as numerous layers of crinoidal lime-

stone are preisent in the districts of Aix-Ja-Chapelle and Stolberg')

as well as in the valley of the Meuse, more especially near Dinant,

it seems rational that we should in the first place look to tiiese parts

for their origin "). In any case they must have been transported

along the Meuse, for the district Aix-la-Chapelle—Stolberg is drained

by the Geul, the Inde and tlie Worm, which all three flow into

the Meuse.

F'inally Roe.mek gives in his treatise a de.scription of fragments of

phthanite, found near Ootmarsum, in Overij.sel, which he thinks

derived from the layers of culm on the lower Rhine. This conjecture

is not inadmissible, but at the same time the fact must not be

overlooked that this kind of rock is also plentiful in the valley of

the Meuse.

Jurassic System {Oxfonlian). In the foregoing pages mention has

already' been made of a piece of brownish yellow sandy cla^^ found

by J. LoRiE on the Wageninger hill (Guelders) in which was inbedded

a [)erfect specimen of Rhynchonella Thurmanni Voltz, in every respect

similar to the fossils of this species found at Vieil-Saint-Remy, to the

South-West of Mezieres in the department of the Ardennes *). This

is the only fossil of this type discovered in oin- country, although

in the diluvium of South Limbourg and Northern Belgium, Jurassic

') Les anciens depots de transport de la Meuso, apparli'iianl a I'assisi! moseenne

observes dans les ballastieres de Gelieren pres Genck en Camj)ine. Ann. See. geol.

de Belgique XIV. 1886—87. Liege 1887, Mem. p. 103.

Here again, as at Maarn, he ascribed their presence to an "accident".

-) .]. Beissel. Ueber Struklur uiid Zusaniniensetzung des Kohlenkalks in der

Umgebung von Aachen. Verhaiidl. natiuli. Vereins Rhelnl. u. Westf. XXXIX. Bonn

188-2. Corresp. Bl. p. 92.

s) Ed. Dupont. Notice sur les gites de fossiles du calcaire des bandes carboniferes

de Flourens et de Dinant. Bull. Acad. roy. de Belgique (iJ) XII Bruxelles 1861 p. 293.

Eu. DupoNT. Essai d'une carle geologique des environs de Dinant 1. c. (2) XX.

1865. p. 621, 622, 629.

Ed. Dupont. Carte geologique des environs de Dinant. Bull. Sor. geol. de Fr. (2)

XXIV. Paris 1866-67 p. 672, 673.

Ed. Dupont ct Michel Mourlon, Explication de la leuille de Dinant. .Musee d'hist.

nat. de Belgique. Service de la carte geolug. du Royaunic. Bruxelles 1883, p. 9,

26, 33, 34, 53 et passim.

•*) Contributions ii la geologic des Pays-Bas. Archives Teyler (2) III. Haarlem

1887, p. 10.
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fossils have been frequently met \vi(h. We find them already men-

tioned by J. T. BlNKHOUST VAN DEN BlNKHORST ').

Fr. Seghers discovered a Rhynchonella and part of an Ammonites

at Genck '). Close to this place, at Gelieren, E. Dei.vaux frequently

came across remains of "caleaire a Chailles" '). C. Malaise gave a

description of petrified Nerinea found at Rothem and an Isastraea at

Jambes, near Namur '). A. Erens mentions a fevv^ other fossils ') and

linally we have an account of a yellow oolite, discovered by E. van

DEN Broeck among the erratics of the Meuse, and here we call

attention to the peculiar siliceous oolites scattered about the plateau of

the Meuse and which probably belong to the Jurassic system "). As
yet no trace of similar oolites has been discovered North of the Rhine,

but J. LoRiE noticed some in the borings of a well at Mariendaal,

near Grave '). A few weeks ago Mr. L. Rutten found a small pebble

in the diluvium at KoUenberg, near Sittard.

Tertiary .^i/sd'in. [Eocene). Very interesting are the accounts of

the discovery of erratics comprising specimens oi NumnmUna laevigata

Lam. Ferd. Roemer has given a description of a fragment of this

kind derived from Holten, in Overijsel, but believed it to have only

accidentally found its way among the erratics "). Staring made
mention of a couple of rounded-otf pieces of hornstone, one of which

had been found on the rising ground of Hellendoorn and the other

on the Steenshnl, near Oldebroek, and which he referred to the Alps?

"If we did not know the place where these specimens were obtained,

"we should be rather inclined to think they came from a collection

"in which the objects had been confused and believe these rocks to

') Esquisse geologique el paleonlologuiue des couches cretacees du Limbourg.

Maastricht 1859. p. 7.

') Ann. de la Soc. malacolog. de Belgique X. Bruxelles 1875. Bull. p. XXXIV.
•") Les anciens depots de transport de la Meuse, appartenant a I'assise moseenne

observes dans les ballastieres de Gelieren pres Genck en Gampino. Bull. Soc.

geolog. de Belgique XIV. 1886/87. Liege. 1887. M6m. p. 102.

*) Sur quelques fossiles du diluvium. Ann. Soc. malacolog. de Belgique X.

Bruxelles 1875. Bull. p. IV.

^) Note sur les roches cristallines 1. c. p. 413.

") E. VAN DEN Broeck. Les cailloux oolitliiques des graviers tertiaires des hauts

plateaux de la Meuse? Bull. Soc. beige de Geologie III. Bruxelles 1890 p. 404—412.

X. Stainieb. Origine des cailloux oolithiques des couches a cailloux blancs du

bassin de la Meuse. Ann. Soc. geolog. de Belgique XVIII. 1890—92, p. CV, 92.

E. VAN DEN Broeck. Goup d'oeil syntlietique sur fOligocene beige. Bull. Soc. beige

de Geologie VII. Bruxelles 1893 p. 25, 2G(J.

") Besehrijving van eenigc nieuwe grondboriugeu, Verhaudel. K. Akademie v. VV.

2de sectio. VI, N. (!. Amsterdam 1899, p. 33.

«) Ueber Hiillaudisclic Dihivial-Gesthiebe. Neues Jahrb. f. Min. 1857, p. 392,

37

Proceedings Royal Acad. Amsterdam. Vol. VIII,



( 528 )

"liave been picked up near Brussels ')". K. Martin ') and J. Lori^*)

in fact assign (iieni also to that locality ; they forget, however, that

no strata of nnnimulitic limestone are known to exist there *). Their

origin lies niucli farther South. In J863 J. Gossklet had already

indicated the original source of these "silex ^ Nnmmulites", of which

a few years later he published a description '). They are dispersed

in large quantities in the arrondissenient of A vesnes, in the department

du Nord, more especially in the environs of Trclon ") where, on

account of their hardness, they are frequently used for the paving

of roads.

Since then numerous fragments of this rock have also been found

in Belgium, specially on the plateau situated between the Meuse and

the Sambre, e. g. around Silenrieux, Sivry, Clermont, etc., as well

as in parts lying further West ').

The second question which we have to examine, is the period at

which these rocky fragments from the Ardennes have been trans-

ported to districts at present situated North of the Illiine. The view

expressed by Staking that this transport has taken place before the

deposition of Scandinavian erratics, seems at present also satisfactorily

established, for those carried by the Meuse. In the railway cuttings

at Maarn and llheneu, rocks of diverse origin lie together in friendly

1) De Bodem van Nederland. II. Haarlem 1860, p. 89.

*) Niedei'landische und Nordwestdeutsche Sedimentargeschiebe. Leiden 1878, p. 37.

') Les metamorphoses de I'Escaut et de la Meuse. Bull. Soc. beige de Geologie,

IX. 1895 Bi-uxelles 1895— 90, Mem. p. 60.

*) E. VAN DEN Broeck. A pi'opos dc I'origine des Nummulites laevigata du graviei-

de base du Laekenien. Bull. Soc. beige de Geologie. XVI. 1902. p. 580.

') De I'extensiou des couches a Nummulites laevigata dans le nord de la France.

Bull. Soc, geolog. de la France (3) II. 1873—74. Paris 1874, p. 51—58. See also

Ami. Soc. geol. du Nord. I. 1870—74. Lille, p. 36.

*) Compte-rendu de I'excursion du 7 Septembre [1874] a Trelon 1. c. p. 681.

Leriche. L'Eocene des environs de Trelon. Ann. Soc. geol. du Nord. XXXII. Lille

1903. p. 179.

'') Michel Mourlon. Sur les amas de sable et les blocs de gres dissimines a la

surface des collines famenniennes dans I'Entre-Sambre-et-Meuse. Bull. Acad. roy.

de Belgique (3) VII. Bruxelles 1884, p. 301-303.

A. RuTOT. Sur I'age de gres de Fayal. Bull. Son. beige de Geologie I, 1887,

p. 47.

L. Bayet. Premiere note sur quelques depots terliaires de I'Eiitre-Sambre-et-Meuse.

Bull. Soc. beige de Geologie X, 1896. Bruxelles 1897-99 p. 139-140.

G. Velge. Dc Textension des sables eocenes laekeniens a travers la Hesbaye et la

Haute Belgique. Ann. Soc. geolog. de Belgiciue, XXV, 1897—98. Liege, p. CLXV.

A. Briart. Notice descriptive des terrains tertiaires et crttact's de Enlre Sanibre-

el-Meuse. Ann. Soc. geolog. de Belgique XV. 1887— 88, p. 17,
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juxtaposition and intermixinre, wliicli proves that tliev must iiavc

been carried together and at the same lime to the place where tiiey

are found at present. From the shape of the front moraine, we con-

clude that the direction of the transport was from the North-East.

The erratics nowadays found at the surface have been gradually

denuded by the action of water and wind. It is therefore evident

that originally these erratics were transported mucli farther to the

North and East, tlian their present place of deposit, because they

were seized by tlie advancing Baltic icestream and carried along

together with the material of its moraine. We are therefore justified

in fixing the period of the transport of the boulders from the Rhino

and Meuse at the commencement of the epoch of maximum glaciation

(Saxonian).

A far greater ditticulty presents itself when we attempt to deter-

mine in what way this transport has taken place, for it can only

have been effected by the agenc}' of a river or a glacier. The

hypothesis that all these bonlders should have been carried along

by the Meuse in its downward course, is scarcely admissible. Even

leaving out of account the finding of rocky fragments from the

Ardennes on the strands of Goedereede and Voorne — not to

speak of Suffolk, in England — there remains a large tract of land

105 K.M. long stretching from Utrecht to Eibergen, over which these

erratics are dispersed in the shape of a crescent. If carried by the

Meuse, its mouths must have extended over a very large area. But

a greater objection to this theory is that, in that case, they must have

been transported across the Rhine (at present the IJsel) because

rocks of this kind are found at places to the East of this river

(Doetichem, Eibergen, Markelo). Finally, some of these blocks are

so large that they could not possibly have been transported by a

river. Besides, some of tiiem present no marks of polish, which is

anotiier argument against their transjwrt by running water.

For the better understanding of these objections we quote a few

examples from the Province of Limburg and the Campine. A. Erens

found in the environs of Maastricht numerous large blocks of Cam-

brian quartzites, one of which was 3 M. high, 2,6 M. long and

0,6 M. in width, computed to weigh about J 2400 K.G. '). More

important still are the blocks of sandstone found in the diluvium

of the Campine at Holsteen-Moleidieide, near Zoidioven, in the neigh-

bourhood of Hasselt, E. Dklvaux noticed blocks measuring from 4

ij Note sur les roches crislallines 1. c. p. 412, 417. Mr. L. Rutten iutbrmed

me llial in llic iici2lil)otirlioo(l of Siltanl .similar Ijimldei-s reacli a diameter of

± :.' M.

37*
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io 3fi M. rub, weighing from JOfiOO to 95400 K.G. '). He believed

(iieni lo belong to the landenian stage of the eocene system. His

opinion, tiiat they covered the plateau of the Ardemies (whei-e

Ch. Baiirois was the first to discover similar masses *), to a height

of 672 M., has been mucii contested. E. van den Broeck classed these

sandstones first among the triassic system "), afterward referred them

to the oligocene system ''), and finally suggested they might either be

oligocene, miocene or pliocene, but certainly not eocene'). G. Dewalque

pronounced them to be miocene *), whilst 0. van Ertborn sought

their origin in the pliocene system "), more especially in the diestian

group '), but was of opinion that they must be regarded as the

remains of a "delta caillouteux" "). M. Mourlon, on the contrary,

held that they had been formed in the vicinity of their present place

of deposit, by the fusion of the "sable de lAIoll" '°j, an opinion

which cannot be maintained, because similar blocks are present in

the diluvium of Maastricht where no trace of this sand exists '').

J. GossELET compares these rocks with the freslnvater-qnartzites of the

diluvium of the Rhine and, with reason, thinks that they belong

to the oligocene system "'). At all events it is universally admitted

that the Ardennes have been covered by extensive lavers of tertiary

I) Description sominaire des blues colossaux de j^res bkinc cristallins provenant

de I'elage landenien superieur en dilferents points de la Campine limbour-

geoise. Ann. Soc. geolog. de Belgique XIV. ISSG— 87. Liege 1887. Mem p. 117— 130.

-) Sur I'etendue du systeme lei-tiaire inferieur dans les Ardennes. Ann. Soc.

geol. du Nord. VI. Lille 1879, p. 371.

3) Ann Soc. roy. malacolog. de Beki(iue XVI. Bruxellcs 1880. Bull. p. LXXIV.

*) Note preliminaire sur le niveau straligi-apliique ' de la Belgique et de la region

d'oiigine de certains des lilocs de gres quarlzeuK de la Moyenne et de la Basse-

Belgique. Bull. Soc. beige de Geologie IX. 1895. Bruxelles Proc. verb. p. 94— 99.

5) Les gres erratiques du sud du Demer et dans la region de Heurck. Bull.

Soc. beige de Geologie XV. 1901. Bruxelles 1902. Proc. verb. p. 628.

"i Ann. Soc. geolog. de Belgique. XIV. 1886—87. Liege 1887. Bull. p. 18.

7) Le Quaternaire dans le sud de la Belgique. Bull. Soc. beige de Geolog. XV.

1901. Proc. verb. p. 662.

^) Qiielques mots au sujet des divers niveaux gruseux du tertiaire superieur

dans le nord de la Belgique. 1. c. p. 632.

'•') Contribution a TEtude des Elages rnpelien, bolderien, diestien et poederlien,

1. c. XVI. 1902. Mem. p. 65.

'") Compte rendu de I'excursion geologique en Cam|iine les 23, 24 et 25 sep-

tembre. 1. c. XIII. 1899. Mem. p. 205, 213, 214.

II) Alph. Ekens. Note sur les roclies cristallines 1. c. I'l. XUl-

12) L'Ardenne. Puris 1888, p. 833.
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svslem, ;i.s lius hccii poiiilcd inii Uv M. IjOIIkst '), X. Stainikh ^),

,1. CoKNKT ') and otlicrs.

|->etVire staling our reasons Inr sn|i|)osinu- llie prcsonrc of a i^la-

cier in liin Ardennes diiriiiii' liie second glacial period, we are

willing lo admit, tliat .1. Oosskt.kt, who of all geologistst knew most

of tills mountain range, remarked in reference to this livpotliesis :

"on n'en tronve aucnn indire serieux" '). Indeed we have hut few

indications in snpiiort of it. The first to draw attention to this ques-

tion was Fk. van Horkx, who at the lime of the making of the rail-

way line between Tirlemont and .lodoigne, found near Bost blocks of

quartzites from the Ardennes which i)resented marks quite similar

to the striae caused bv glaciers. Van Hokkn, however, did not feel

justified in drawing from this discovery the conclusion of the former

existence of a glacier ^). A year later C. Mai^aise obser\e(l similar

marks on blocks of quartzites on the banks of the Grande Geete,

close to the spot formerly occupied by the Abbey of Ramez-les-

Jochelette, about JO K.M. from Bost"). G. Dewalqdf. believed to have

seen unmistakable striae on blocks of quartzites in the valley of the

Ambleve, near Stavelot, on the "Hohe Venn" '). E. Delvaux also

noticed these horizontally parallel scratches, but believes them to

have been pi-oduced by a "torrent enlrainant et roulant pele-mele

des sables et des cailloux." ').

Finally, South of Stavelot, on the road io Somagne, G. Dewalque
discovered giants' kettles formetl by the agency of glaciers '). It is

regrettable to find that the more detailed study of this subject has

been much impeded by the practice in Belgium of giving the name

1) Les depots tertiaires de la haute Belgique. Ann. Soc. geolog. de Belgique XV.
Liege 1S87— 88. Mem. p. 59.

-) Le gres blanc de Maizeroul. Ann. Soc. geolog. de Belgique XVIII. Liege

1890—91. Mem. p. 01.

^) Etude sur rEvolution des Rivieres beiges. Ann. Soc. geol. de Belgique XXXI.
1903-04. Mem. p. 317, 355.

*) L'Ardenne, p. 843.

5) Note sur quelques points relatifs a la geologic des environs de Tirlemont.

Bull. Acad. roy. de Belgique (2) XXV. Bruxelles 18G8, p. C45, 664 ; 1 PI.

") Roches us6es avec cannelures de la vallee de la grande Geethe. I. c. (2)

XXVII, 1879, p. 682-685.

7) Sur la presence de stries glaciaires dans la vallee de I'Amblfeve. Ann. Soc.

geolog. de Belgique. XII. 1884—85. Liege. 1885. Bull. p. 157—158.
8j Note succincte sur I'excursion de la Societo geologique a Spa, Stavelot et

Lammersdorf en aout-septembre 1885. Ann. Soc. roy. nialacol. de Belgique XX.
Bruxelles 1885, Mem. p. 19.

^j Marmites de geants pres de Slavelot. Ann. Soc. geol. de Belgique. XXV,
1897-98, p. CXXXVIU.
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of pseiuldglaoial to all kinds of bosses and scratches which elsewhere

would scarcely be so called, because they do not in the ler.st resemble

the striae of glaciers ').

This absence of positive characteristics is however easily exj)lainod.

Leaving alone the fact that as yet no thorough investigation of the

subject has been made, the condition of the Ardennes themselves

are very unfavorable (o research. Its dense forests, fens and iieaths

make it difficult to reach the surface of the rocks, Avliose harder

layers are only capable of preserving marks. The reason why so

few traces are found on the sides of the valleys and on the plateau

of the Meuse becomes plain, when we remember that during the

period following the receding of the Northern glacier, the waters

of the Meuse rose 200 j\[. above the level of the sea, and not only

filled the whole valley but iuundalod the plateau of the Meuse and

thus destroyed the traces left by the glacier.

Of this we find the clearest proofs in the terraces which have

retained their boulders. ') Besides, exactly the same thing happened

with the Rhijie and its tributaries. The sand and small pebbles

carried along by their waters must necessarily have almost entirely

obliterated the marks of the glaciers left on the rocks ').

Striae, however, are not the onlv evidences of the action of a

1) X. Stainier. Stries pseudo-glaciaires en Belgique. Bull. Soc. beige de Geologic

X. Bruxo'.ies 189G. Pr. verb. p. 212— i216.

E. VAN DEN Rroeck. Gontiibutlons a I'etude des plienomeiies d'alterations

dont rinlerprelalion erronee pourrait faite croire a Texistante de stries glaciaires.

1, c. XIII. 1899. Mem. p. 323-334. PI. XX.

G. SiMOENs. Sur una roche prescntant des stries pseudo-glaciaires en Condroz.

1. c. Pr. verb. p. 222—223.

-) E. DupoNT ct M. MouRLON. Exi)lication de la feuille de Dinant. Bruxelles

1883, p. 100.

A. RuTOT. Resultals de quelques explorations dans le Quaternaire de la Meuse.

Bull. Soc. beige de Geologie. XIV. Bruxelles 1900. Pr. vorb. p. 259, 260.

X. Stainier. Le cours de la Meuse depuis Fere tertiaire I.e. VIII. 1894 Mem.

p. 84. PI. VJI.

E. VAN DEN Broeck. Goup d'oeil synthelique sur I'Oligocene beige et les obser-

vations sur le Tongrien superieur du Brabant 1. c. VII. 1893, p. 255, 256, 266.

E. VAN DEN Broeck. Expose sommaire des observations et decouvertes stratigra-

pbiques et paleontologiques faites dans les depots marins et fluvio-marins du Lim-

bourg pendant les annees 1880— 81. Ann. Soc. roy. malacolog. de Belgique XVI,

Bruxelles 1881. Bull. p. CXXV—GXLII.

3) It might be suggested that the transport of these boulders had taken place by

means of icefloes, but Mr. Lohest has demonstrated in the most positive manner

that these ice-masses are incapable of efTecling a notable removal. He comes to

the conclusion that among tlie present climatic conditions no explanation can be
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sonic rciiuiiiis of tlic wall of moraines. Tliat lliis is not the case

may he acconnled for l)y the siipposiiion thai the great Baltic ice-

stream has ti'avolle<l farther south and in its course ali^o destroyed

these evidences. As there exists a great diversity of opinion with

respect to this forward movement of the ice-stream, it seems necessary

here to state what is known of the dispersion of Scandinavian

erratics in the Provinces of Ijimhurg and North-Mrabant and tlie

Campiue.

As Jong ago as 1778, .1. A. de Lrc menlioiis the discovery of

blocks of granite between Postel and Alfen, and also near Lommel
and Helchteren '). Subsequently, .1. .1, d'Omalius d'Halloy drew
attention to the numerous blocks of granite and other fragments -of

"primordial" rocks foimd on the heath of the Campine. "La quan-

"tite de ces blocs doit etre ete immense ; car quoiqu'on fasse

"un grand usage pour paver les rues, ainsi que pour faire des

"jetees le long de la mei' et des rivieres, on en voit beaucoups

"dans les bruycres". ') And Engelspach—Lariviere adds the infor-

mation that some of tliese blocks of granite measured several

M. cub. ') Somewhat later again, .1. U. S. van Breda mentioned

the finding of two pebbles of granite in the subsoil of Maastricht,

very justly remarking that these rocks must be regarded of later

date than those transported from the Ardennes ^). At that time he

already spoke of blocks of granite found at Oudenbosch, in North-

Brabant '). StaSing expressed the opinion that these erratics had been

brought there liy "some accidental means or other" "), although a

short time before Nohbert de Wael liad recorded the finding, at

Weelde, 10 K.M. to the NNE. of Turnliout and also at Poppel,

found for the transport of the blocks cjt (|uartzites from llie Ardennes. (Sur le

transport et le deplacement des caiUoux volumineux dc TAmbleve. Ann. Soc.

geol. de Belgique. XVIII. Liege 1890-91. BlUI. p. GVIl-CIX).

') Lettres physiques et morales sur I'liisloire dc la tcrre et do rhomme. IV.

Paris et La Haye 1779, p. 54, 57.

-j Memoires pour servlr a la description geologique des Pays-Bas, de la Flandre

et de (juelques contrees voisines. Naniur. 1828, p. 204, 205.

') Considerations sur les blocs erratiques et roclies jirimordiales Bruxelles. 1829

(fide P. GoGELS. Ann. Soc. roy. malacolog. de Belgique. XVI. 1881, Bull. p. LIV).

*) Natuurk. Verliandel. van dc Holl. Maatscli. v. Wetenscb. XIX. Haarlem

1831, p. 390.

») The biggest one originally weighed ± 5300 K.G. (V. Becker). Het zwerfblok

van Oudenbosch en zijne omgeving. Studien op Godsdienstig, Wetensch. en

Lelterk. Gebied. XXX. Utrecht. 1888, p. 25).

") De bodem van Nedeiland II. Haarlem 18G0, p. 78.
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lialf-\va_y bclween the last-named place and Tilburg, of erratics one

of wliicli weighed 200 K.G. '). G. Dki.waque then again mentioned

two |i('iililes of granite found in the neighltonriiood of Maastricht ").

It is only during the last ten years that a deeper interest has been

taken in tlie study of this subject, with the result that the presence

of erratics of Northern origin has been ascertained in several places,

as we gather from the writings of C. Bamps, V. Bkcker, E. van drn

Broeck, p. Cogels, E. Delvaux, G. Dewalqi'e, A. Erens, 0. van

Ertborn, J. LoRiE, A. Renard and Ch. ue la Vallj^e—PocssiN.

Anotlier fact worthy of notice is the presence, at these \ery ()laces,

of boulders derived from the district of the Rhine. The first indications,

of such finds, by G. Dewalque, are rather questionable. They were

fragments of rocks from the lava of Niedermendig, near Andernach,

frequently met with in the valley of the Ambleve, but were believed

to have been fragments of mill-stones, formerly used at Stavelot and

Malmedy. Subsequently E. Delval-x found a few pieces of lava and

pumice stone in the diluvium of the Campine ') ; but it was A. Erens

who discovered and described a great number of rocks derived from

the Rhine district, composed of lava from Niedermendig, pumice

stone and Taunus-quartzite ^). These were followed at a later

period by trachyte from the Drachenfels, basalt and hornblende-

andesite from the Siebengebirge, and melapl\yre and agate from the

basin of the Nahe '). The discovery of these fragments in the North

of Limburg admits of no other interpretation than that these rocks

must have been carried South, simultaneously with the detritus from

Scandinavia.

It cannot be denied that fewer erratics from Scandinavian rocks

are found South of the Rhine than North of it. We give the following

reasons in explanation of this fact :
1^'

. During the progress of the

Baltic icestream in a South-Western direction, the Scandinavian drift

must ah'eady have lost a certain portion of its material by the mix-

ture of the debris of its own moraine with that of other sources

;

2"'*. It must have sulfered further loss by mixing with the moraine

1) Bull. Soc. paleontolog. Bruxelles p. 36. (Seance du 5 Septembre 1858).

2) Prodrome d'unc description geologique de la Belgiqne. Bruxelles et Liege.

1868, p. 237.

3) Les anciens depots de transport de la Meuso. Ann. Soc. geol. de Belgique

XIV. 1886-87. Mem. p. 102.

*) Note sur les roches cristallines . . . Ann. Soc. geolog. de Belgique XVI. 1888—

89. Mum. p. 414, 439—441, 444.

'') Reclierches sur les formations diluviennes du sud des Pays-Bas. Archives

Teyler (2) III.
6^'™«' partie, Haarlem 1891. Tableaux syuoptiques I— V.
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debris of the glacier from llie ArdeDiies ; o"' . The iiielliiig' process

couiiueiiccd soon after reacluug its Southern liinil. It \\as only during

its receding course thai the Baltic ice-stream remained for some time

stationary, and in this period of inaclion was formed the front

moraine extending from the South coast of the Zuiderzee to Grebbe

and further as shown by J. Lokik '), over Nimeguen to Crefeld.

The glacierformations, at jiresent situated South of the Rhine, were

afterwards, i. e., daring the inter-glacial period, exposed to the turbulent

waters of the Meuse, wduch, as has been stated above, rose 200 M.

above the level of the sea, at least between Kamur and Dinant, —
proof of winch is alforded by the high terrace. Although this terrace

slopes down towards the North, near Nimeguen, it still reaches a

height of between 50 and 100 M. + A. P. "). Owing to this action

of the Meuse, the erratics found in North-Brabant and Limbni'g are

generally smaller and more polished than those of the diluvial depo-

sits North of the Rhine. And lastly, a great portion of the glacier

formation has got hidden from \'iew by the large alluvial tract of

the Rhine delta, which has been formed after the bi'each of this

river at Nimeguen and subsequent alterations of the level l)y dis-

locations.

Anyhow', it is entirely out of the question to admit that in the

beginning of the quarternary perioil the Meuse had its outlet into the

sea, a little North of jNIaastricht and formed there an estuary, —
a theory put forwards by M. Mourlon ') and A. Rutot "). As J. Lohie

justly observes, not a single indication exists of the sea having

extended so far inland.

1) J. LoRiE. Le Rhin et le glacier scandinave quaternaire. Bull. Soc. beige fie

Geologie XVI. 1902. Mem. p. 129-153. N. VIII.

*) 1. c. p. 131. The high terrace of the valley of the Meuse is generally

considered of pliocene formation, but the presence of Scandinavian erratics in

places situated farther North, e. g. Mook, Nimeguen, etc., proves that it must have

been formed after the receding of the Baltic ice-stream.

^) Les mers quaternaires en Belgique. Bull. Acad. roy. de Belgique (3) XXXII.

Bruxelles 1896 p. (371— 711. La faune marine du quaternaire moseen revelee par

les Bondages de Strybeek (Meerle) et de Wortel, pres de Hoogstraeten en Gam-

pine. 1. c. (3) XXXIII. 1897, p. 776-782.

*) Les origines du quaternaire de la Belgique. Bull. Soc. beige de Geologie. XI.

Bruxelles 1897, p. 117.

^) De hoogvenen en de gedaantewisseling der Maas in Noord-Brabant en Liniburg.

Yerbandel. K. Akad. van W. Tv.'cede Sectie III. No. 7. Amsterdam 1894, p. 10.
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Chemistry. - - "Thi' lii>Uhi<j iminls nj snlnrnti'il suluhons hi hinar;/

si/^tf'iiis ill irhicli II ciinipoiiiid occurs", llv I'ruf. H. W.

HaKIU'IS 1\()0ZKB()()M.

((_!()mRiiinir;ilri| in the meeling ol' November ;2iJ, I'JOo).

Ill ;i |irevioiis coniiiiuiiicatioii ') it lias been asccHained wliat

branches in the tiiree-phase lines for soHd, liquid and vai)Onr may
occur in binary systems in which a solid compound ajipcars, namely

for the three eases that

:

(I. the vapour pressure of the li{piid mixtures diminishes gradually

from the component .1 to the component 7i;

h. li(|uid mixtures occur willi a minimum pressure;

c. liquid mixtures occur \\i(h a maximum pressure.

For the right understanding of the behaviour of such systems it

is particularly (lesiral)le to ascertain what is the order of the pheno-

mena which ajipear with dilferent mixing proportions of the components

when these, at a constant pressure, are brought from low to high

temperatures.

If those pressures are very low the mixtures, at a sufticiently

low temperature, are completely solid, and on elevation of the

temperature, they pass gradually and, at last, comi)letel3' into vapour,

therefore simply a sublimation occurs.

If the pressures are sufficiently high (in the case of components

which are not too volatile, J atm. is quite sufficient), the solid sub-

stances pass- gradually and, at last, completely into liquid and these

liquids evaporate at still higher temperatures. In this case, fusion

takes place first and evaporation afterwards.

With moderate pressures, however, the melting and evaporation

}ihenomena })artly coincide, namely when pressures are chosen which

occur on the three-phase lines of the components or the compound.

What cases may be distinguished Mhen no solid compound appears

has been fully investigated previously, by me. ')

Particular attention has been called to the fact that the three-

phase line of the comi)onent B may be sometimes intersected twice

at llie same pressure, which is possible when this line exhibits the

branches la and lb, described in the previous communication. (See

line BD in lig. J and (5). In such a case two separate boiling

1) These I^roc. Yill, p. 4.")5. 1 leained that Dr. Smits had also come to tlie

conclusion that llie minimum on the three-phase line did not coincide with

point H.

) Heterogenc (ileiclisrewirhlf. llrfl •_'. p. 338, et seq.
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points of solutions satnratcd witii solid B occur, one on branch \h

and anotliei on iirancli \n. At the last point, i)oiiing does not take

place on lioating but on cooling-. The /, ,(,'-fignrcs at a constant

pressure liave been deduced by me, and the phenomena, in solutions

of salts in water and of sulpiiur in carlwn disulphide, have been

demonstrated bj Smits and de Kock.

The figures I, 3, 5, 6 show at. once that this same case may

also occur in solutions saturated with a compound of tJie two com-

ponents as soon as thpir three-phase line shows branch Ih as well

as In. Examples of two boiling points of the saturated solution have

not thus far been noticed in binary compounds although they should

be far from rare.

In compounds where, among the saturated solutions, there is

present one with a minimum pressure (Fig. 3), a second boiling

point of the saturated solution might occur with solutions either

richer in A or in 7i ; in fiict a third boiling point at the side of

the solution liclier in B would be possible if the point D in fig. 3

were situated so low that, at the same pressure, the branches Dl\,

1\'I\ and 7\H could be intersected in succession. The saturated

solution would then in succession iirst disapjiear, then reappear to

finally disappear once more. Examples belonging (o this case have

thus far not been sufticiently studied.

If branch 3 of the three-phase line exists for the solutions richer

in B [G D in Fig. 1 and 6, G H in Fig. 3 and 5), then if this

line is crossed, there occurs at a constant pressure a boiling ])oint

of the saturated solution of a different nature from that on l)ranch 1.

The <, a;-fignre of such a case is quite analogous to that derived by

me ') for saturated solutions of the component A whose three-phase

line in Fig. 1, 3, 5 always indicates branch 3. On boiling the solution

saturated with A the following transformation takes place :

solid + liquid —» \'apour.

As solid and liquid now pass together into vapour in a defmite

proportion, it now depends on the quantity of those two phases

which of the two disappears at the boiling point. This case occurs

for instance on the three-phase line for ice in systems of water and

little volatile substances as salts, also on the three-phase line for

solid CO, in mixtures of CO, with less volatile substances such as

alcohol.

The same must now also serve for compounds in so far branch 3

occurs therein. Among the binary systems whose liquid-vapour pres-

1) Heter. Gleichg. 11. 341 et seq.
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sure alwavs (liiniuislios IVoiii .1 lo 11. ilic ln'aiicli .'} Iius llms far only

lieeii found wilh \V\, ami ICI, as ohscrM'd in the prex ions commnni-

calion. I'^idin Stoktkmjkkkk's experinicnls, il niav be (lo(lnce<l (liat for

ICI., (lie liianch 3 extends from 84^ a( 100 niiu, lo 22'7 a( 42 mm.,

for ICI from 22° at 24 mM. lo 8' at 11 in.M. riio peculiar hoiling

phenomenon is, llierefore, ojilv possible between these ten)peratnres

and pressures, bnt has not been expressly stated in the solutions

saturated wilh ICI, or ICI.

In binary systems in which a li(juid wiih a minimum pi'essnre

oocni's on the three-phase line of the compound, branch 3 must

(dway.'i appear as shown in li;^. 3 or 5. Among the examples cited

in the previous communication, there are sure to be found some

where the simultaneous boiling of the solid phase and the solution

may take place at 1 atm. pressui'e.

Another kind of boiling-phenomenon may, finally, take place on

branch 2 of the three-phase line of a compound. This branch cannot

occui' wilh the components, for the peculiarity of the branch consists

in this that the saturated solution contains an excess of the compo-

nent B, whilst the saturated vapour contains an excess of A ; the

compound is, therefore, the phase whose composition is situated

between those of the two others. This is, of course, only possible

with a compound and not with one of the components.

According to Fig. I, 3, 5, 6 of the previous communication branch

2 must occur with all compounds where coexisting liquids with an

excess of B are possible, for it commences immediately at the

melting point.

Now, this is possible wilh a number of hydrated salts which,

below their melting point, yield saturated solutions with excess of

salt; bnt the appertaining pressures are then generally so small that

the boiling phenomenon cannot be readily observed. In the case of

salt-hydrates which occur at a higher temperature so that the equi-

librium-pressure (in their three-phase line might amount to I atm.,

the solutions richer in salt seem to be very rare and no example is

known to me.

An example is, however, known if ll.j() is replaced by NH,. With

the compound NH^ Br . 3 Nil,, branch 2 appears and the pressures

are even greater than J atm. In this case the boiling phenomenon

has been observed hy me.

Branch 2 has, howexer, been met repeatedly in my pre\'ious

researches on gas-hydrates where water is then the component B. If

we now take those hvdrates near solutions with more water the
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vapour generally contains hut little water, and we are dealiiift- witli

branch 2.

The conversion now taking place witli lieat supply at a constant

pressure is:

solid —* liquid -\- vapour.

Ill all those cases it is, Iheretbre, not the liquid which boils hut

the compound. The gas is very plainly seen to emanate from the

crystals lying in the liquid, whilst (he latter does not diminish hut

increases. The phenomenon has heen very plainly observed with the

two hydrates of HCl and of H Br and \vith those of SO.^ and CI,.

With the last two and with IICI.H,0 it could be observed at 1 atm.

pressure.

It must also exist with I CI but limited between "27^ at 39 mm.,

and 22" at 24 mm., much more plainly with I CI, where it may
appear between the melting point 101° at 16 atm. and 34° at 100 mm.
Between this a three-phase pressure of 760 mm. occurs at 64°, and

at the said temperature it may, therefore, he observed in an open

apparatus. Solid ICl, breaks up into a liquid with 63 and into a

vapour with 89 atom-percent of chlorine.

That similar phenomena may also appear in compounds which are

very stable at a lower temperature, has recently been demonstrated

by Aten in the case of Bi^S,. This sulphide breaks up at 760° into

a liquid containing 55 atom-percent of S and a vapour consisting

almost exclusively of S. Therefore, the actual melting point of the

sulphide cannot be determined at 1 atm. pressure. A similar behaviour

may be expected of many compounds having a melting point situated

much higher than the boiling point of one of its components, such

as in the case of oxides, sulphides. i)hosphides etc.

We must point out another [lecidiarity which distinguishes the

boiling phenomena on branch 2 from those on branches 1 and 3.

The liquids and vapours belonging to the latter are both either richer

in A or richer in B than the compound : consequently the boiling

phenomena concerned are observed in systems consisting of the com-

pound with a smaller or larger excess of one of the components.

On branch 2 however the vapour is richer in A and the liquid

richer in B, therefore the boiling phenomenon can occur in mixtures

of the compound widi A as well as with B. In the tirst case such

a system, below the boiling jioint at the existing pressure, consists

of {'ompouiid -{- \apour and the licpiid appears only at the boiling

point, ill the second case, the system below the boiling point con-

sists of comiMnind -f- li(pii(l and the vapour appears at the boiling
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|xiiiit. Ill flie pai'ticular case tliaf tlie compound was perfectly pure,

liquid and Aaiiour should appear both together at the boiling point.

This may i)e made jilain by the example of I Clj. The whole

<, (-•-figure at J atm. is schematically represented by fig. 7.

T

L.
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the three-phase line for solid iodine is intersected both on branch

lb and la and therefore tlie complication in the (ignre occurs at

the side of the iodine.

Still greater complications may appear when according to Fig. 3

(previous communication) there exist li((nids with a minimum pressure

and when consequently the branches lb, la and lb can also appear

at the side of the liquids richer in B, whose intersection at an equal

pressure may coincide eventually with those of branch 2 or branch

3. When such systems have been more closely investigated it will

not prove difficult to give detailed f, .f-rigurcs for the same.

Chemistry. — "The reduction of acraldehyde and some derivatives

of s. divinyl c/lycol (3.4 dihydroxy 1.5 hexadiene)" . By Prof.

P. VAN ROMBL'KOH and W. VAN DORSSEN.

(Communicated in the Meeting ol' November 25, 1905)

The reduction of acraldeliyde (acroleine) with sodium amalgam ')

as Avell as witli zinc and hydrochloric acid ') has been studied by

LiNNEMANN, who States that he has obtained in the first case propyl

and i5opropyl alcohol, in the second case wopropyl and ally! alcohol,

also a substance called acropinacone of the composition C,H, „().,, or

rather a product of non-constant boiling point, of which the fractions

boiling between 'J60''—170° and J7t)°— 180" gave, on analysis, values

which led to this formula.

Claus ') could not confirm the results of Linnemann as regards the

formation of wopropyl alcohol in the reduction with zinc and hydro-

chloric acid.

Griner *) has also repeated Linnemann's experiments with the object

of preparing acropinacone (divinylglycol) but only obtained very small

quantities of a li(|uid without constant boiling point which bore no
resemblance to the glycol which, however, was obtained by him
in fairly large quantity by reduction of acraldehyde in acetic acid

solution with a copper-zinc couple. The other products of the reaction

have not been further described by the author.

If we consider tlie formula of acraldehyde in connection with the

') Ann. d. Ghem. u. Pharm. 125 (1863) S. 315.

5) Ibid Siippl. Ill (1804—1865) S. 257.

') B. B. III. (1870) S. 40i.

*) Ann. d. Phys. et Chim. [6] 26 (189:2). p. 369.
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views of Thiele on the addilioii of livdrogen to conjugated systems

of unsaturated compounds, then on reducing

CH, CH.

CH we might expect CH ,

\//) II
/OH

c c
^H \h

an unsaturated alcohol which, however, bv intramolecular atomic

shifting would be converted into CH,—CH.^—C , propvlaldchyde.

\H
On further reduction this would form [n'opyl alcohol, a substance

which actually occurs among the products of the reduction.

Up to the present, propylaldehyde has not been found among the

substances formed in the reduction of acraldehyde.

We have, howe\er, succeeded in showing that, although no free

propylaldehyde may be present, a derivative of this substance is

formed under certain conditions so that the intermediate formation of

the said aldehyde is not at all improbable.

First of all the I'eduction with zinc and hydrochloric acid in ethereal

solution according to Li.nnemann has been studied, but we succeeded

no more than Grinek in isolating a well defined product — besides

allyl alcohol and perhaps smaller quantities of propyl alcohol

;

generally, the substance obtained, which boiled between 158°—164°,

contained much chlorine.

If, however, we allow zinc dust to act on a mixture of acraldehyde

and glacial acetic acid ') then, in addition to allyl and propyl alcohol,

a neutral liquid is formed (b.p. 170") from which, after fractionating

in vacuo, a product may be obtained boiling between 59°5—60^ at

15 mm. The analysis and the vapour density lead to the formula

CjHi^O.,.

The compound is not decomposed by potassium hydroxide ;
neither

sodium nor phosphorus pentachloride ha^•e any action ; it cannot be

benzoylated with benzoyl chloride and pyridine. Tins sufficiently

proves the absence of OH groups.

The said properties, however, render it very probable that the

substance is an ether. By dilute acitls it is hydrolysed although but

slowly. An aldehyde-like odour appears but, as the reaction proceeds,

the mass becomes so tiark with formation of brownish-black resinous

1) Tlie action of various inluciiig agouti on aciaKU'liyilf lia.s been sUulied. The

results will be |mlilislieil in due course.
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prodncls that wo luive not, as yet, .succeeded in isolating well-defined

compounds.

Bromine is readily absorbed by it and that in a quantity which

points to the presence of two double bonds. If we work willi a

solution of carbon tetrachloride at a low temperature, but little hydrogen

bromide is formed.

From a substance of the formula C^Hi^O, a great many isomers

are, of course, possible. We cannot enter here into a description of

the different experimejits made in order to ehicidate the structure of

the product obtained, but we may state that we ha^e finally succeeded

by means of a synthesis, which leaves no doubt whatever.

If, on s.-divinyl glycol whicli, thanks to the beautiful researches

of Grinek, may be readily prepared, propylaldehyde is allowed to

act for 6 days at 90°, a substance is obtained identical with the one

descril)ed above.

(Sp. gr. at 12° of the synthetic product 0.9392

„ „ „ „ „ „ original „ 0.9416

Refraction at 12° of the synthetic „ 1.4434

„ „ „ „ original „ 1.4430.)

As to the synthetic product, propylidene s. divinylethylene ether,

must be given the formula ;

CH,

CH

CH—

CH—0^

CH
II

CH,

the original must also be considered as a derivative of propylaldehyde.

It is, of course, possible that there might be formed at first an

analogous acraldehyde derivative, which afterwards got converted

into a propylaldehyde derivative, but considering the comparative

difficulty with which the vinyl group combines with hydrogen, this

looks less probable.

As one of us (v. R.) explained many years ago, s. divinylglycol

or 3.4 dihydroxy 1.5 hexadiene would form an excellent material for the

preparation of the hydrocarbon CH., = CH — CH = CH — CH = CH,,

otherwise hexatriene 1.3.5.

Dilferent methods which we have tried lia\ e not led to the desired

38
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end. At last we think we liave succeeded by making use of tlie

diformate of s.-divinyl glycol, a compound Avhich may be prepared

by heating this glycol for a short time with formic acid.

By fractionating in vacuo, the diformate is obtained as a colourless

liquid which at a pressure of 20 mm. boils at 109° and hasasp.gr.

of 1.0747 at 11°. A determination of the formic acid (by saponifica-

tion) gave the amount required for diformate.

In a communication about to follow, the hydrocarbon pre[)ared

from the diformate and the method of its preparation will be fully

described.

University Org. Chem. Lab. Utrecht.

Chemistry. — "TYte occurrence of ^-amyrlne acetate in some varieties

of tjutta jiercha'. By Prof. P. van Romburgh and N. H. Cohen.

(Communicated in the meeting of November 25, 1905).

Last year, a compound melting at 234° was found by one of

us (v. R.) in tlie gutta perclia of Payena Leerii') of wiiich it could

be stated that it is not identical witii lupeol ciniiamate, which occurs

in many varieties of gutta percha; the quantity was tiien too small

for further research. Since then a little more of that product was

|)rei)ared so that it could be proved thai on treatment with alcoiiolic

jiotash it yields acetic acid and an alcohol melting at 195°.

In tliese Proc. of June 25, 1905 p. 137 it was stated that the

same product has been found by one of us (C.) in the "djelutung"

derived from tlie juice of varieties of Dyera. The identity was shown

by a comparison of the melting points and by melting point deter-

minations of mixtures of the two substances.

A suflicient quantity was now at disposal to determine tlie nature

of the compound.

In the first place, the substance was recrystallised a few times and

finally obtained in beautiful, long, hard needles which melted at

235° (corr. m. p. 240°- 241°).

On analysis (combustion witii lead chromate) the following results

were obtained

:

Calculated for C„H5.,0,

C 81.9G , 82.0H. C 82.0B

H 11.24, 11.27. H 11.1 J

The compoiuid was found to be de.vtrorotalory. For the specific

rotatory power in a ciiioroforiu solution [«]d=^81°.1 was found.

As stated above, the substance melting at 235° when boiled with

1) B. B. 37 (1004) S. 3443.
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alcoholic potash yields acetic aciti, which was converted into the silver

salt. A silver determination gave 64.2 %> theory 64.67 %•
The alcohol formed on saponification was a colorless substance

crystallising in long, Ihiii needles and melting at 195° (corr. m. p.

197°—197.°5).

The elementary analysis (with lead chromate) gave.-

Calculated for C5„H5„0.

C 84.27, 84.12, 84.32 84.50

H 11.97, 11.91, 11.99 11.76

This alcohol has also a dextrorotatory power. In a chloroform solution

it has [«]n=:88°, and in a benzene solution [rt]D=98°.

On treatment with benzoyl chloride and pyridine, the alcohol readily

yields a benzoate which crystallises in beautiful rectangular little

plates and melts at 230° (corr. m.p. 234°—235^).

After perusing the literature, it now appeared that the alcohol

melting at 195° is identical with l^-amyrlne which occurs in elemi

resin and has been investigated and described with great care by

Vesterberg '). Not only do the melting points of the alcohol obtained

from Payena Leerii-gutta percha and "djelutung", of the acetate

and the benzoate agree perfectly with the melting points determined

l\y Vesterberg for |'?-amyrine and its acetate and benzoate, but in

addition the values found for the specific rotatory power of the alcohol

from "djelutung" and its acetate differ so little from those which he

states for |?-amyrine and its acetate ") that the difference may be safely

ascribed to experimental errors caused by working with dilute solutions.

/?-Amyrine has also been found afterwards by Tschirch ') in the

resin of Protium Carana. It is stated, however, to differ from the

common /?-amyrine b}' being optically inactive, which seems some-

what strange. It should be remarked, however, that the cinnamic

ester of lupeol described by Tschirch *) about the same period under

tlie name of crystal-albane was also declared to be inactive, although

we have found this substance having a decided dextrorotatory power.

A further investigation is therefore a desideratum.

Marek *) has obtained from the milky juice of Asclepias syriaca a

substance melting at 232°—233°, the melting point of which could

lie raised by repeated crystallisation to 239°—240°. Its analysis led

1) B. B. 20 (1887) S. 1242; 23 (1890) S. 3196.

-) Vesterberg states for (3-amynne (in benzene) [a]D — 99°.8J.

for the acetate (in benzene) [a]D — 78°.G.

3) Arcli. d. Pharm. 241 S. 149.

*) Ibid 241 S. 4S3.

6) Journ. prakt. Chera. Bd. OS (1903) S. 385 and 449.

38*
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in the formula C^H^^Oj and on .sapoiiifioatioii it yielded acetic acid

and an alcohol melting at J 92^— 19.3° having the formula C,„H5„0.

The benzoate from the alcohol melted at 229°—230\
It can hardly be doubted that Marek has been working with the

acetic ester of i?-amyrine. Fortunately, he has not given a name to

the product isolated by him, and hence, has not nnnecessariiy

increased the already existing confusion.

Undoubtedly, the enormous number of substances sai(l to be ol)tained

from different resins and milky juices will, on closer investigation,

be reduced to a more modest number and it will often be shown

that pure substances described by different names are one and the

same, but could not be identified owing to incomplete description.

In other cases, names may have been gi\en wrongly to mixtures or

impure substances.

Although it may seem superfluous, it is as well to again point

out how necessary it is, when investigating a natural product, to

purify the components as completely as possible, to fully describe

the properties and particularly' to introduce no new names unless

one feels certain of really dealing with a new product.

A short time ago, Tschirch ') communicated the results of an

investigation of the components of Halata. From this was isolated a

crystallised substance called «-balalbane melting at 231°, the analysis

of which led to the formula C^jH^jO^

(found C 81.19 H 10.38. calculated C 81.32 H 10.64).

No acids were found by Tschirch on saponillcation with alcoholic

potash as he only looked foi- crystallised acids ''). This made one of

us (C.) think that Balata might perhaps also contain acetic esters

and that the rt-balalbane might be identical with /3-amyrine acetate.

It was not difficult to isolate by Tschirch's method the product

melting at 231°.

By repeated recryslallisation from acetone, the melting point I'ose

to 23.5°. On saponification, acetic acid was obtained, also an alcohol

melting at 195°. Ester and alcohol mixed, respectively, with i^amyrine

acetate and |i-aniyrine gave no lowering of the melting point, so

that «-balalbaue is nothing else but ,i-amyrine acetate ; the name
«-balalbane may, therefore, be stiiick out.

Universitv Oru'. ("hem. Lab., (Irec/it.

1) Ann. d. Phaim. '2-lH (1905) S. S.jS.

-J Tsciiiucii comes to tlie conclusion that tliere e.xist gulta perclias wliich yield

no ciiiuamic acid im lieatmeul wilh alcoholic potasli. but I have demonstrated

thi.< lad previously iH LI. 37 S. :!4;i4), (v. R.).
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Mathematics. — "The qKc/ieiif of (iro .iucce/y.sirc JJesiyel Finictioii^s.''

By Prof. W. Kaptkyn.

If /'+'(-) ami I'iz) repi'csenl Iwo successive Bessel Functions of

the tirst kind, tlio quotient may he expanded as follows:

J'+i (z)

I'iz)

Of course tiiis equation holds for all values of z within a circle

whose radius is equal to the modulus of the first root of the

equation /'(c) ^ 0, zero excepted. Euleh and J acobi have determined

the first coefficients of this expansion; we wish to determine the

general coeflTicient.

Starting from the known development

Tiz) 2(i.+ l) 2'

^ ^ ^ 2(i>+ 3) — etc.

and putting

z' = — a: 2 (r + p) = a^,

the question reduces to the determination of the general coelTicient

in the following equation:

«j -f- .1

a, -{- etc.

Pn
Let — stand for the approximating fractions of the continued

fraction in the first member, and let

Qo„_|_i = V, + 1', ,r + r, .v' ^|- . . . + r„ .r»

Qon = ft„ + H, ,/• + ft,, .w' + . . . + (In A-"

Qo„-i = ;.„ + ^, *• + ;., ..^ + . . . + ;.„_, .."-i

<?-2»-2 = X„ + K, .!• 4- X, ,1;-' + . . . + X„_i .»"-!

where

n w

2 ^ 2

when n even, and

_
_ « + 1 _ « + 1

when n is odd, then we find
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-^ y-, ', 0,... ^, f,

A,|_2 >C„_2 J,| -2 ^n—2 ...

;„_i x„_i ...0

»i n — 1

In this equation h stands for — 1 if ii is e\en and for —^

—

when n is odd. If now we rei)lace dp by 2 (p -|- yy) ^ 21)^ we

obtain the following results. Firstly

'

1-1 1-2
I.I

= (-1)2

= (-1)

• •
{J)

Xn — <2. X„-_2 «H —

2

...

Xn-, X„_, ...

if n is an even number, and secondly

02„+l ft^,,-|-W,;,+ l . . . y-^^^ h^^^ . . . V/,„ + ,/„^i =
2 2

Aj' 5«j' t/ ... fj

A
'

X ' »,' ... f„

Xn—\ ^n — \ *H — l'

• • . f»i— 1

^1+1 ><«+l « »-|-l . • . f«+2

2 2 2 2

^„ _ 2 X„ _ 2 «n - 2 ...

^,_1 X„_i ...

•
{II)
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if n is ail odd number, whore

(2n-p-l){2n-p-2)...(2n-2j,)
^/> =— ——J bn-,, + 2...!>-2n-p-\

, _ {2,1 - /. - 2) (2n - p - 3) . (2n - 2p - 1)
,

^p — . 'hi — p -\-2 . .

.

'^'2n — p — 2

^

(2„_;,_3)(2«-p-4)...(2,.-2p-2)
' = — l>„--

;, + 2 . . .
I'2n - p - 3

P

{n-p-^ 1) («-/>)... («-2,> + 2)

'"
=

T7
en

i2n-p-l)(2n- p-2)...(2n-2p)
^l>
=

; f*/' + 1 • ''2(1 - u - 1

(2m — p — 2) (2« — p — 3) . . . (2h — 2p — 1)
»«/;
=

^^7

^

/>/, + ,... Z.o„_,,_o

(2n — ;. — 3) (2m — /> — 4) . . . (2k — 2p — 2)
I,, — -—,

?V + 1.... /'2»-/,-3

(M-/, + 1)(m-p)...(m-2;, + 2)
*/, = P ^,+ I. ../'»-/,+ !•

It is of iinportanee fo remark (liat

^« — 1=«6,|, X„_i:=:l, f„_2^(M— l)Z'„_i, (9„ _ 2 = 1 Stc.

and tliat the determinants in the second members of the equations

(I) and (II) after the substitution A^, ^r-J-y;, are respectively poly-

. p
,

"(« - 2) ,
(m - 1)^

.

nomia 01 dearees , and in v.
4 4

Meteorology. - "On freqKencn curves of barometric heights." By

Dr. .1. P. VAN DEK Stok.

1. The records of bai-ometric heights, corrected for temperature,

observed at Helder three times a day during the years August 1843

to July 1904, have been chosen as an appropriate material for this

inquiry into the nature of barometric frequency curves. The number

of observations for eacii montii amounts to :

January 5673 July 5673

February 5169 August 5766

March 5646 September 5560

April 5490 October 5766

May 5673 November 5580

June 5490 December 5766

Total 67252
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In registering tlie olisei'Viitions the decimals have been omitted, so

tliat tlie number of oconiTences oovrespondiug wilh a lieigiil of I'

mm. iiu'iudes ail values between P + 0.5 and P -- 0.5 mm.
Owing to this simplifieation the amonnt of lal»onr is less than

would appear from tlie great number of data. The ne.\t work to do

was to multiply the frequency iiumiiers with a factor such that the

total number for each month amounted to 10.000. The frequencies

thus obtained correspond with expressions for the probability of

occurrence expressed in 10.000'''^ parts of unity. Then tlie average

height was calculated and, l)y means of simple, linear interpolation

the whole curve shifted in such a manner that the new frequencies

correspond with deviations from the average value expressed in

multiples of whole numbers. This has been done not only with a view

of abridging the computations of the moments of the second and

third order but principally' in order to obtain an evaluation of the

skewness of the curves, which may be defined as the inequality of

frequency for equal positive and negative deviations from the arith-

metical mean. If of such a series of data the frequencies corresi)onding

with equal deviations arc taken together, no 2iccount being taken

of their sign, the skewness is eliminated, and the numbers obtained

in this way may be considered as belonging to a symmetrical curve

(Table I).

For this curve we calculate the factor of precision (stability) and

investigate in how far the actual curve agrees or disagrees with the

curve of the normal exponential law (Table II).

As has been mentioned above, the inequalities of frequencies for

equal deviations of opposite sign have been taken as a measure of

the skewness.

Tables I

—

III show, separately for each month, the sums and differ-

ences thus formed. The numbers of Table I added to those of Table III

will give twice the number of frequencies corresponding to positive

deviations, their differences being twice that corresponding to negative

deviations. The values gi\'en for Winter, Summer and Spring-

Autumn are obtained by taking together the corresponding numbers

in the same Tables ; consequently they are not quite identical with

the numbers which would have been obtained if the frequencies for

these seasons had been calculated from the absolute iieights, instead

of, as has been done here, from the deviations ; in the latter the

annual variation has been left out of consideration. The annual varia-

tion, however, being very small, this will not iidluence the results

to an appreciable degi-ee.



2. Table IV sliuws (lio results of tlic treatment, of the freqiieneies

given in Tal)le I, as iiidicated. If tlie deviation from the arith-

metical mean is denoted l)v f, then :

il/ = / ^
, &= J

—

-
, /,, = , h' = , ;r= .y H— l n J/j/2 &\/jt &'

TABLE IV.
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here the reverse obtains, the frequency of barometric licif^hts showiii2,-

a deficit for small and a surplus for moderate deviations.

In an earlier paper (tliis volume p. 3 J 4) I have shown that, in

taking together series with difterent factors of steadiness, each series

occurring with equal subfrequenc}', we must expect to find too great

a number of small deviations.

Fi'om this follows the apparently somewhat paradoxical conclusion,

that a sum of fi-equency numbers as those of barometric deviations,

all showing negati\e ditferences for small deviations, may, when
taken together, lead to a resulting curve in whicli these ditferencea

have vanished or even turned positi\e.

This conclusion is of some importance because an investigation

into the frequency of iiarometric heights, in which the different

months are not treated separately, may lead to normal curves (the

skewness being left out of account) whereas in fact no normal curve

exists and appears only as an artificial conseqnence of the combi-

nation of incomparable frequency nundiers.

The exceptional behaviour of the months of February and July might

then be explained by assuming that the different series of barometric

curves coi-responding with different winds (barometric windrose) are

more differentiated in these two months than in the other ones.

A second remark is tliat frequency' numbers as given in Table I

cannot be accepted as a measure for the variability of the atmo-

spheric pressure in the course of a month, at least Jiot if we adhere

to the conception of this variability as generally admitted.

(,)n the one hand we iiave here to do with the superposition of

two kinds of variabibty, J""' the secular variability as shown b}' the

variability from year to year of monthly means and 2'"i the vari-

ability from day to day, whicii might be called the interior variability

for the month in question ; it is the latter definition which corresponds

with the usual conception.

On the other hand, daily means or observations taken at fixed

hours are by no means to he regarded as being independent of

each other.

The questions, thei'efore, arise : how can we separate the two kinds

of variability, and to what degree are daily mean values of baro-

metric observations to be taken as dependent upon each other in

the different months.

For a knowledge of the climate of a place the latter question is

of importance ; it might also be formulated thus : what is the average

duration of a Iiarometi'ic disturbance, a question which can hardly

be answered by means of dii'ect investigation.
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TABLE V

-=
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*- = i7F^. "»

By the following reasoning the second problem may also be easily

solved.

The total mean \aliic for a given month, as calculated from n

monthly means, must be the same as that deduced from N cor-

responding daily means.

The mean error (incertitude) of the total mean is, as monthly

means may be considered to be independent of each other:

I/.
1 6'

I

M,

n{n— 1) j/n

For the mean incertitude deduced in the same manner from

observations made three times each day :

too small a value would be found as these observations are certainly

not independent of each other; therefore, if the number of obser-

vations which, on the average, constitute an independent group be

called p, we must have

:

J/, ^ M, l/p

\/7l \/N

If we Avish to express the average duration of a disturbance D
in numbers of days, we have, in our case

:

M' N h' N
i» = —i- . — = — . — 2

M,' 3>i IP 3h ^
'

Table VI shows the values of the interior variability /;, thus

calculated by means of form. (I) and the duration Z> of a barometric

disturbance.

It appears from these results that, on the average, the duration

of a barometric disturbance at Holder is in :

Winter 6.90 days

Summer 4.89 ,,

Spring-Autumn 6.04

or in round numbers resp. 7, 6 and 5 days in winter, spring-

autumn and summer.

3. It would perha[)s not be im[)ossible, and it certainly must be
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TABLE VI.
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00 00 oij

[ Z Jx = 1 , \Zx da- = ft, =: ih
,

jZx' d.c — (X,

iz.v' d,i- = fi, etc.
;

I
n- d.v =0 (6)

(7)

For the determination of the constants of form. (4) we then

tlie four relations:

C 1.3 £_ H \

"^
277^

"^ AH* ~
~i7jT 1

2C 2.4: E I

^ 3C_ l6E^2H^^ i
' •

^ 2IP ^ iW |/jr I

AC A.QE
]

IIP ^ UP '
'

Alullijilying re.sp. by 1, — 3, -f 3 and — 1 and adding, we find:

Id' — a IP' -\-h II — r =

a = -^'—
I,
— "^

,. — -i—

or, because

:

1 1 1

/^> = 777T' f's

^' 3//^ 3//

r^-^ + l^-^ = « (^)

From this equation possible values for H can be derived, l)ut not

in an advantageous manner as the quantities h, li and //," generally

are only slightly different.

In practice, i. e. if we come to expression (4) by expansion of a

theoretical formula, the problem will prol)ably be less difficult, as

the constants //and A or //and h, will not be independent of each

other, and it will be ])0ssible to reduce the four equations (7) to three

or two.

In this preliminary investigation we confine ourselves to the most

simple case that H^ h which, as it will appear, leads to satisfactory

results.

Putting

h—h'

we find

:

39
Froceeiiings Koyal Acad. Amsterdam. Vul. VIU.
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A\/:r = h(l-?> K)

C \/n = \2P K
i:\/ :i — ~ W K (9)

Tlie |)osili(iii (if liic |i(iiiils (if intcrscclidii of llic iil)sci'\ rd rn'i|ii<'iic\

ciirxH' willi llial calcuialcil hv a^sllUlinL: llic siiiipli' cNiMinciilial law

lo liold fi,()()(l [[\\v iKiiills where ill Taliiell llie liillilliei> cliail^e llieic

sign) is determined li\ llie e(|iiati(ui ;

(A + ('(t' -f Ea*) y.-i — /i = n,

or

;

3

0.525

4//'
(10)

i.(;5i
ft, = — , •'(„ =; -

//

'
/>

In fad 'Faille II sIkiws lliat then' are im more than Iwn well

delined pdinls (if inlerseelidii. which jiislilies the (iniissidii (if hiuli(.'i-

|K)\vers tiiaii the tnurlh in foi-ni. (4).

Tabel VII sluiws ihe \alnes of the (•on^lants df (4) and ilii- \aliies

of a ealcniated willi Ihe liel|i of form. {'-.)< and (10).

It is evident that, if form. (4) and Ihe xaliies of its constanls

deteniiiiied in llie \va_\ indicated gi\e a good representation of the

observed facts, the \ allies of the cnefliciciit .1 iniisl Ik^ nearlv e(|iial

TAi;j,E VII.

Calculate^ ObsiTved.

Jan.
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to the frequencies eorrespoiidiiifi,' with the deviations —0.5 mm.,

as given in Talile I. so tluxl tlie greater or less degree of agreement

between these values niav be taken as a eriterion foi' (lie proposed

assnmption /f= li.

In order to sliovv ihat lliis agreement is tairly Stitistaflory, the

observed freqneneies between tlie limits and 0.5 are given once

raore besides the ealcnlated valnes of A.

If we compare tlie situation of the intersection points as shown in

Table II and as calculated according to form. (10), we see that the

situation of the firsi point of intersection agrees well with the

observed facts, but that the second points u.^, as calculated, cor-

respond with greater deviations than occur in reality.

As this second point of intersection naturally coincides with small

frequencies the degree of precision of which is questionable, it seems

difticult to decide whether these diiferences may be ascribed to

insutiliciency of material, to the omission of a possible fourth term in

form. (4), oj' to an error iiUrodiiced by the supposition 7/ =i A ; as the

calculated \alues of f(^ are jointly too great, the latter cause has to

be regarded as the most probable one.

4. The fact that in Table III, in wiiicli a measure is given for

the skewness of the curves, e.xcept for f = 0, only one zero-value

occurs, proves that in forui. (5j the addition of a third term is cer-

tainly not required. The calculation of the constants i? and /J as well

as the determination of the point of inter.section {i can, therefore,

easily be made.

As:

we lind immediately :

whereas :

jr...u =

"^21' = " <"'

/ B D

denotes the surplus of positive over negative deviations.

If we take the absolute sum of positive and negative de\iations

as a measure for the skewness ,.'
:

s=p^n = 2 i YiLv - r Yd.c = - f Y dx - r,

39*
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or :

+ '•

=\i'
y ,i.> (13)

Tlie situation of" tlii' point of inlcrscction i^ is delerniint'd iiv the

eciiiation :

B ^ IJ^' — (14)

I!y (IJ) and (12) :

B=:Mi^v.l>— — 2h'r (15)

ii^/'" = ^2 (16)

With tlio lu'lp of (115) ut' lind from tlicse valnt-s :

.^1,(1+4.-.).

= —^-=1.89, - =3 ;!/.>o (17)
r p — /* n

By means of the values v or .y, to he taken from Table III, the

constants of form (5) as well as the position of the point of inter-

section can, therefore, be delerniined ; ne ciioose r, so that a com-

parison of the calculated and observed values of "v or /"„ may serve

as a criterion for the method followed in calculating- the constants

of the empirical formula.

TABLE VIII.
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Tlio avorago valups of r and > show a satiyfiictorv agreement

witli the form. (17):

n 1053= — 1 99
r 528

From tlie aggregate values given in Table 111 for three seasons

we iind :

Slims.

p N
i>

4- // = .s' .t pjn

Winter 3849 1340 518*> 12.97"', 2.87

Spring-Autnmn 2959 937 389(i 9.74 3.1()

Slimmer 2380 747 3127 7.82 3.19

For ihe \aliies ol' ,i in these ifiree seasons:

Observ. 'Jab. Ill Calc. Tab. Ml
Winter 17 17.05

Spring-Autumn 14 13.68

Summer 9.5 9.55

Anatomy. — "An<ifomical rt'nenrch about cerfhellur conni'ctions."

\\\ L. .1. ,1. MrsKEXs. (second communication). (Communicated

by Prof. C. WiNKi.KK).

A comparative examination into dilferent species of mammals I

have llu)ught desiral)le in order lo gel information about the course

of the axis-cylinders arising- from the cortex cerebelli. The develop-

ment of our knowledge in this mailer in the last 15 years has

resulted in that at Ihe present lime tiie following (juestion has been

placed in Ihe rciilei' of discussion ; do Ihe strands of tibi-es, which

form liic sii|i(>rior ( 'rus (•crclit'lii. arise from Ihe cortex cei'ebelli sli-ic-

tiore sciisu or ha\c we to rcLiard Ihe basal cercliellar iniciei as an

undispeu.sable inlermediary for all lln'sc coiiico-fuual iicrxi'libres'r ( >u

the one hand we find in some rodcnlia in Ihe lolms petrosus ccre-

lielli i'xclusi\ely M-oi'lcx and while mailer is(|uirrel), on the other hand

we find in others (rabiiili e(|iiaily a part of the nucleus denlatus

situated in Ihe i)ediuu-le of thai lobe. In both animals Ihe lobus

petrosus is situated in a separate bony hole. We tind in this lobe

therefore a very fortunate opportunity for operative procedure therein,

leavinjj; the other nei.>i;lil>ourin<i' central structures and also the semi-

circular canals intact. We can here in a comparative physiological

way tind an answer on the abo\e question and at the same time

avoid a large cranial aperture,
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Since .Makciii s|;iI(mI. iliai afk'!' largo lesions as hemi-exstirpation

(if lli(> (•LTchc'llniii a iHiiiilicr of iioi-ve-slramls degenerate np to tlie

incsciiceiiluiion ami ilowii to the spinal cord, it is notable, that subse-

ipiently AIahaim, 1'"kkiuf.k and Tiunkr, R. Russell, Thomas and

especially Fuoisst ajnl van (ii'.Hrfirn'.N have more and more directed

llu'ii- attention lo smaller and smaller lesions, so that it became

more and more clear, that most of the degenerations, found by AIakchi,

were caused i»_v alfection of Jieighbouring parts. Finally- have ClakkI';

and Horsli<'.v recently succeeded in slating delinitelv, that all tibres of

the superior crns cerebelli do not arise from the coi'lex, but from

the basal nuclei. Their material was larger than that of any of the

precedent investigators and only very limited exstirpations, mostly

without any lesion of the nuclei, were used. If the lesion was

limited and the cerebellar cortex exclusively hurt, never the dege-

neration was found further than the nuclei. They stated moreoxer,

which parts of the cortex are directly connected with special parts

of the basal luudei.

Independently of this result the examination of my own material

(experiments on the lobus petrosus in diirerent rodeulia) lends clearly

to reinforce their conclusion. Whereas in the case of the squirrel (where

only cortical and white matter in the lobus petrosus cerebelli - - inex-

actly called tloccnlns — can be hurt) the degeneration stops short in

the lateral j)ai't of the dentate nucleus, we find in the rabbit always

a part — especially and exclasively the middle third part of the

superior cms cerebelli on cross section — degenerated. These dege-

nerated tibres could be follow eti in the sei'ies of sections up to the

lesion. Here, in the case of the rabbit, we had removed a number of

ganglioncells, situate<l in the peduncle of the lobus i)etrosus and

being contiguous to the luiclens dentatus.

We see therefore llial as well the MARCui-work in the same spe-

cies as experinu'iils in kin animal groups lead to the same

answer to onr (piesliou \'i/,. that oidy the ganglioiu'ells of the basal

nuclei and nol the cells of Pikkin.ik, liaxc to be regaixled as the

origin of the degenerations after the cerebellar lesion. The last reserve

left in this matter by EniN(;Ki{ can therefore, so it appears to me,

be abandoned.

In accordance with the abo\e investigators and also with my
former communiealion in These I'roc. Vli p. 202 ai>out experi-

ments in rabbits I could not find in the s|>inal cord of the

squirrels, exanuned, any degeneration. Kegariling the middle cere-

bellar peduncle, the relations are mt)i-e coni|)licated and need further

research.
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Chemistry. -- '-On fin- simjilfsl }njilror,irh,m irilli lint ronjni/iiti'd

fi/sfi'iiis of ilcn/i/r liinids. I.li.n. jh.intncni\' Hv I'rof. P. VAN

IvOMiu i((;ii and W. \ \n I )(MissKN.

Ill I.S7S Tii.UKN ') ;ul\aiic('<l llic liviKidiosis llial llic tcqioiu's ininlil

lie dei'iv ati\cs of a liydrocailioii of tlio foriniila :

(.'H, = V\\ CH = CH — CH = CH,.

At the nieetiiifi' (if ilie Assoe. frani;. poiir I'avaiie. dew Sciences in

Paris 28 Aii<^-. IS7S, Fkanchimont [n'oiKiiinced tiie same opinion and

sngffcsted liial this coinpoiind iniuiit, |ieiliaps, lie olitained by elinii-

iialiiiu (if ilie l\\(i chldrinc almns fnini acrolein chloride. The efforts

made liy cue of us \\
. \\.\ many ycai-sa,i;<i to pre|iai'e tliat li_vdrocavbon

in this niaiiiiiT did iiol |iid\e siiccessfid. The researclies on terpenes

wliich afterwards deliiiitely led to the result that, in tiie case of

these suhstaiices, we ai'C dealiiin' with cyclic com|ioiinds made the

above cited hydrocarbon recede into the background.

The views of Timki.e on conjugated systems of double bonds, and

the researches originated therefrom, in addition to the studies on the

aliphatic terpenes myrcene and ocimene, hydnx-arbons in which the

c.visteiice of three douiile-bonds has been proved by ditlerenf inves-

tigators, ha\(' again drawn our altcnliou to the 1.3.5 lie.xatriene,

because it would rcprcsciil llie sinijilesl liydrocarlion in which occur

three double linkiiigs llial also form two conjugated systems.

One of us (\-. |{.' has poiulcd oul prcx ioiisly that one of the

methods which might lead to Hie desir('(l jiroducl consifits in the

action ot lui'tals on ."5.4 dichloro-l .."> hrxadicuc

The iuNcsligations of ( iiuM'.K ") lia\(' ac(|uaiuli'(l us wiih ihe ana-

logous broiniue coiuponiid which is formed by the aclioii of phos-

jihoriis Iribromidc on s. di\ iiiyl i:lycol. W'c lia\c treated this substance,

jirepareil accordinu to (ini\hi{'s diri'ctioiis. with metals but have not

\-e1 succeeded in prcpariuii llic liydrocarlion in that way. There was

however, another way still al disposal to gain our object, naniel\ ,

Ity starting from >. di\ inyl iilycol and comcrting this into a formic ester.

It is known that llic fonuales ot' polyliydi-ic alcohols, in which occiii'

a (>li-uroup and a formic acid-residue couueclcd with two ('-atoms

linkeil together, yield, on healing, unsaturale(l coin|i(iuii(ls wiih eli-

mination of carbon dio.xide and water. It was now oli\ ions to [irepare

the monoformate ol' diviiiyl glycol. We eiidea\(iured to do this by

lieating this glycol with o.xalic acid biii obtained, mainly, brownish

•) Journ. chem. Soc. 1878. p. 80.

2) Ann. d. Chim. et (i. Phys. [6] 26 (189^) p. 305.
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compounds not looking 'i' lor further investigation. By cautious

treatment with formic acid the diformate vvas, liovvever, readily

obtained (see [). 544).

In order to convert this iiilo tiie iiydrocarbon, a reaction vvas

applied which one of us had pi'cviou.sly used tor preparing allyl

alcohol from the diformate of glycerol, and which consists in heating

that compound with glycerol.

And, indeed, a mixture of the difoi'male of divinyl glycol with

the glycol when heated slowly, first at 165^ and then gradually to

200", evolves carbon dio.Kide and a little carbon monoxide and yields

a distillate consisting of two layers, the upper one of which consists

of- a hydrocarbon.

The triformate of glycerol, like the diformate of divinyl glycol,

may be distilled without notable decomposition by healing it some-

what rapidly at the ordinary pressure. Recently one of us (v. R.) found

however that it is decomposed by prolongetl heating at a temperature

a little below the boiling point and it then yields the same decom-

position products as the diformate of glycerol.

If now the diformate of s. divinyl glycol is heated at J 65' and

tlie temperature allowed to rise very slowly, an evolution of gas is

observed and in the receiver is collected a liquid consisting of two

layers. The upper layer again consists of a hydrocarbon identical

with the one cited above.

Probably, the simplest way to explain this reaction is to assume

that tlie diformate contains a little monoformate which is decomposed

in the desired sense, with formation of water which in turn regene-

rates monoformate from the diformate. Finally, a residue consisting

of glycol (respectively, polyglycols) is obtained and in the distillate

a little formic acid is found, besides water, whilst the gases evolved

consist of carbon dioxide and carbon monoxide. The last method

appears to give a better yield than the first one.

The hydrocarbon formed is separated and distUled, the portion

distilling up to 95° being collected. It is then dried over a piece

of caustic potash, which also removes traces of formic acid and then

rectified a few times over metallic sodium.

It then forms a colourless, strongly refractive liquid with a slight

pungent odour ; in contact with the air it appears to slowly oxidise.

The boiling point lies lietween 77'^— cS2
, tli(> main tVaction i)oils

between 78',5—80 icorr. ; |)ressure 7tj() m.m.)

The analysis and the vajjour density ga\e \alues leading lo the

composition C, H,.

For the physical const^ints of the main fraction was found :
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Spec. <J:\•.^„ 0,7565

»„,„ 1.49856.

If we calculate the molecular refraction from these data, with the

aid of the formula of Louentz—Lokenz, we find MR = 'S1,0'3,

Avhilst for C^Hg is found .1/7.'= 28.53 assuming that the hydrocarbon

possesses three doultle Itonds, and making use of the atomic refrac-

tions of Conrady') and the increment for the double bond.

The ditlerence of 2,5 lietNveen the calculated and found molecidar

refraction is a striking- one. According to Bruhl ') excesses always

occur with substances witii a conjugated system of double bonds.

In the aliphatic terpene ocimene, an excess (to the extent of 1.76)

is also found, and this assumes an exti-aordinarily large proportion

in the case of allo-ocimene. ")

As regards the structural fornuda of tlie hydrocarbon obtained,

its formation from

CH,=CH—CH—CH—CH=CH,
1 I

UH OH

by the elimination of the two OH-groiips by means of formic acid

points to the formula:

CH,=:CH—OH=CH^-CH=CH,

which indeed represents 1.3.5-hexatriene.

A glance at this formula shows that it may appear in two geo-

metrical isomei'ic forms, namely in the cis and ti'ans form^):

CH,=('H—CH ClI,—CH—CH
II

a.id
II

C,H=CH—CH HC—CH=CH.,.

If, with Thfele •'), we accept partial valencies the formula of

1.3.5-he.\atriene shouhl Ite written:

(jh,=chQ 'h=ch^c;h=ch.,

Unsaturated liydi'ocarbdiis with a conjugated system readily take

1) Zcilschr. pliysik. Cliein. 3, -212(1.

h B.B. 38, 70S.

•') C. J. E.NKLAAR, Di.ssoi'latiuu liJUo. (lomparc lileiatiire on the suljjeot p. 87.

') Probably, the hydrocarbon is a mixture of both. In the fractionation, besides

tlie main fiaclion, a distillate could be obtaineil boiling between 77.5^ and 78° .5

(sp. gr.i.j 0.7558, nnu) 1.494 MR 30.8), also a final fraction boiling between

80'— 82' (sp. gr.io 0.7584, nnm 1.508, MR 31.2). We hope to repeat the expe-

riment on a larger scale.

') Ann. 306. 94.
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ii|i liydniii'cii nil lr(>;iliii(Mil willi .ilj^^nlnlc alcdhdl and iiiolullic .sodium.

Ill llic rcdiiclinii of dill' n\\ II li_\ di'ocarlMiii, 2.4 licxadioiic mij;-|il lie

expected in llie lirsl place, alliionuli. a |n-iiiri llic Innnalinn (irnilicr

liexadienes is nol (o he exclmled. Jii llie 2.4 liexadicne

(JH, — CH"= ('H — C'll = CH — (Ml,,

we iiaxc anaiii. however a coiiipoiind wilh a coiiiiiLiati'd s\slein

which inijihl, he fiii'ther livdro.nenah'd lo liexcin' .'!.

In fact, (tnr hydrocai'hmi when licali'd wilh hoihni^- ahsolnle

alcohol and nielallic sodium lakes up hydroj^cn. The slnd\ of the

proiJiict (or pi'odiiclsj of llie i-eaclion is not lacililaled hy llie coiilra-

diclory stalemenis loiind in Ihe iilei'ature ahoiil the licxadieiii's. A
fulnre communication will Ireal more (?xlen.si\-ely of Ihis i-caciion and

also of \\\o oi-ii;inal hydrocarhon wliosc^ striiclurr we w ill liy lo deter-

mine also hy oilier inelhods. We may slale rni'llicr dial adihi-omine

uildition cimipoiind has hceii prepared meliinii' at 89-90' and a

tetra-coni|ioimd mellinu' al lio .

Uiii\ei-sit\\ Ova. Chem. Lah. I'tnchl.

Chemistry. — "On Ihc hidden ciiiiUhria in lln i),.i'-s,cti,>ns lii'hur

till- rnti'i-tif jinint". \\\ Dr. A. Smits. (( 'ommnnicaled h\ Prof.

11. W. l)AKIiriS UoO/KBOOMj.

The />,,r-sectioiis of binary systems in Ihe neii;liltonrhood of the

eulectic point have been fully di.sciissed by JUkiiiis IJoo/nnooM '

i; in

lliis ihe course of the solnbilily isotherms in the nnslable and nielaslable

ref^ion were, however, not exandiied. This problem could only be

taken in hand after \ an dI'-.h Wwi.s" jiaper") on: ' 7'//r i-ijnildivinni

lifln'Ci'H II snlid IhhUj iind n jlnid jtlnisi', ixpirinlhi in Hn in-iijli-

hnnrlniod of' ///( rrit/cu/ sfafr" had been published.

.Availing- myself of this paper I shall discuss the jusi-menlioned

problem, and show brielly in \n hal wax the stable region is connected

with the nielaslable and unstable region.

If for Ihe two substances A and /> the \olume in solid slale is

lariiei- than in liipud state, the.se substances will have negalive melling-

point curves, i.e. will be iiciiatixc, and the melliim-point curve
'

,/t

'

'

will therefore pass to lower temperatures wilh increase of pressnre. If

1) Die Helei-ogene Gleichgewichte '2, 139 (,1904).

') These Proceedings Oct. 31, 1903, 439.
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tliis caso occurs. \\\(^ I'lih'rtic inclliiKj-iniinl nni-c, I'lirnislKMl bv (lie sys((Mn

.1 -\- I) w ill uencrallv present (he same cdiuse. This case is rare.

As, iio\v(>ver, llAkiins IJoozkboom already oliserxed '), a' iic,nali\e

ciitectie melliiiu-|Kiiiit curxe is also ])Ossilile, when only ihe nielliny-

jioinl cur\e of one snhslance is negative, proxided Ihe negative course

of one melting-iK)int curxc lie stronger than IIh' positive coni'se of the

other. To tliis belong all cryo-hydrato lines.

In the /*, 7-projection tig. I it has been assumed (wliich, however,

is of minor importance here) that the negative course of the eutectic

melting-point cur\e results from negative nielliug-|)oinl curves of the

substances A and li.

The particularity attending the negative course of the eutectic

melting-point curve, is this, that a y/,.r-seclion corresponding with a

temperature below the euteclic point, will contain a region for ,S'^ -|- L
and a region for >'/; -|- />, separatetl by a li([uid region L. The

limits of this liquid vegion are given by sobdiilily isolhei'ins, which

according to v.w deu W.vai.s' theory, are [lorlioiis of two continuous

curves indicating the lluid ])hases which can coe.xist with the solid

substance A respectively 7>', and which have been called de .s7»/»///AV//

isotlierms.

The regions for .S.i -|- (! and S_\ -\- L resp. S^ -f~ ^r and ,S'y; -)- L
below the eutectic point being separated by a region for *S' i -f-.S'/jS

the question which I wished to solve came to this: "what is the

coui'se of the Iwd solubility isotherms in the region for >S'j -)-'S/;"'.

In order to answer this question we first e.vamine what is the

y>,,T-section which corresponds with a lenq)eraiure above the eutectic

point, but below the melting points of the two components. The

temperature wliich 1 have chosen for this puri>ose. is tienoted by

<j in the /'. 7'-projeclion. The y;-.r-seclioii correspoiuling with (his is

represeuteil in liu. 2. As \ vn dkk Waai.s has jiroved thai llic solu-

bility isotherm has Iwd v^'rlical laugeuls for ihe case r., <^ v f , but

oidy one vertical Iftniicul i'oi' ihe case /., ^ // two continuous solu-

bility isolhernis wilh one vertical laugenl have been drawn in Ihis

/^-./'-section ; toi- ihe one solubililv is()iliei-m ihis vertical laugenl lies

at Ihe li(piid piiiiil /,, and foi- llie olher al ihe vapoiu' poiiil C.

We see fui'ther that Ihe branches which separate the li(puil region

L from the regions for S^ -|- /> and N/; + /> diverge l()wai-ds higher

pressure. The porlion of ihe li(piid-va|ionr-regioii L -\- (i, which mav
be realized in st.ible coudilion, lies between Ihe Iwo lhi-ee phase

pressure lines S_\ilL and Sj^l.d. If we now examine a //-.r-seclion,

') Loc. cit. p. 418.
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con'ospoiidiii^ willi tlio oulectic teinperadii-c, denoted l\v /, in the

/', '/'-iti'ojeclioii, we <iel what is represented in (iji'. 2. The two three

pliase pressure lineN •^',1+ ^' + ^' ""' '^w + ^^ H~ '' have Ixith

descended, the former, however, stronger than the latter, and thev

have tlnally coincided.

The two sohdiilitv isotiiernis intcM'seet i)esides in the un^lai)ie reijion,

also in the [loints (i and />. While the point of interseelidn (•' indi-

cates the j)ossil)ilit3- of a coexistence of ,S'.i + S/; -f (1, the second

point of intersection L indicates the |)ossihilitv of a coexistence of

,S' ( -j- S/! -\- L, and when at a definite teniperatnre, as is (he case

here the two points lie on the same pressure line, this means that

at that temperature the four phases S,\ -\- Sb + /^ + ^' can coexist,

provided the pressure be ecpial to lliat indicated by the horizontal

line whicli joins the fonr coexisting states. At a higher pressure the

regions for Sa -\- L and -S'.i + ^^ J^''^' separated by the triangular

region for L.

In order to get a clear idea of the form which the yw-section

assumes at a temperature /,, lying somewiiat below the eutectic

temperature, it is necessary to draw the metastal)le branches of the

lines for »S',.i + l^Ah + ^'Aiu for >'/,> + A.i/;+^''.i/>' :i"*' l'»'" t^.K + ^M >

as has been done in tig. 1. We see tlien, liiat the situation of the

first two three phase lines is just the reverse of that of the stable

branches. For the stable branches that for S'.{-\- Lab + '^'.IB bes,

namely, above that for >'/; -|- A.i/; -f
('<au, <'oi" <he metastable i)ranches

the reverse is the case. If, taking this into consideration, we now

draw the ^j,c-section corresponding with the temperature /,, we get

fig. 4, from which we see that the lirst point of intersection of

the two solui»ility isotlierms has moved upwards, ami the second

downwards. The first point of intersection denotes, as has been

saiil, the coexistence of >S'.i + ^V; + ''», cand the second the coexistence

of N,i+N/;+ /^; :^f constant temperature these three phase equilil)ria

are onlv [lossible at one pressure, Itecause we have here a system

of two components, hence for |(ressures between tlie two jioints of

intersectic)n mentioned there must lie change of the three phase

equilibria into a two phase system, where the two three phase

pressure lines form the limits of a new liro plid.-n' ri'ijioii, viz. for

The second point of intersection of the solubility isotherms which

causes the occurrence of the three phases N.4 + 'S'/;+ ^^ l'*?^ here

in agreement with the dotted line traced in the /^ 7'-projeclion foi'

the temperature ?, at a pressure below that of liie supercooled liquid

of pure ^1.
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Tt is fnrtliev te be seen in this /),.i;-section, that the two metastable

ihieo pliaso pressiu-e lines for Sa-\- ^^ -{- L and for Sb-\- /> + (t

lie alidvo liie slalile llirec phase jiressure line for Sa-\- •'"'li -{- (r,

and Ihat llie lirst lies helweeii the two others. At the same time we

see thai the eharaeter of the soluliililv isotherms does not change,

the oidv moditicatioii which is brought about for each of the isotlierms

com|)are(l with the usual case is this that the metastable part is

enlarged.

If we now take a tem|)eratiire which lies still somewhat lower,

viz. /,, we get a />,.t'-section as represented in fig. 5. All the three

jihase pressure lines have diverged, and descended, except that for

N.t + ^'/; + L, which has strongly ascended. The second point of

intersection lies now, in agreement with what the dotted line for the

temperature t^ traced in the /V/'i»rojection shows, tar above the

point indicating the vaix)ur tension of the supercooled li(|uid of A.

The nietastalde part of the two solubility isotherms has greatly in-

creased, antl with it the region for Sa + ''^is With furlhei' decrease

of temperature the character of the modifications in the /^,(-.section

remains the same, so that it is nimecessary to examine anotiier.

If we had applied the same considerations to the case that the

eutectic meltiii,i:-pi)iiU curx i' has a [lositive course, we should, with the

exception of the unstable region, have tbuiid liut one (lower) point

of intersection for the solubility isothei-ms, for the branches which

gave a second (higher) point of intersection in the case under dis-

cussion, recede continually from each other.

I ha\e not re|ir('sented this latter case, as it yields nothing special.

The case treated shows once more, Ikjw the examination of the

e(|uilibria which are hidden from our eyes, may contribute to widen

our insight into those accessible to experiment.

Amsterdam, December litOS.

Aiu>r(/(i)i/c ( 'hi'iiilcnl /(i/innitori/ of tlw lj)ilcei's'dy.

Chemistry. — •'^>// tin' p/wiiomi'iKi mkich occur iphen the pltitpolnt-

cLirre meets the three jjhdse line of a (Ussociatim/ li'inanj

ro)niionn(V\ By I)i-. A. S.mits. (Communicated by Prof. H. W.
Hakhiis Koosehoom).

1. In a previous pajR-r 'j I have already pointed out, that the

interesting systems metal-oxygen, metal-hydrogen and metal-nitrogen,

to which we may still add many t)f the systems metal-halogen, and

metaloxydc-acidanhydride, belouii to the type etlier-anlhraquinone,

) Zeitschr. f. pliysik. cheiii. 51, 193 (1905.)
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bill they are more fomiilii-ated, l)(M'aiise liere llic (•(iin|ioiieiits may

n)ml»iiic.

Now tVdiii a ('liemical |iniiii dl' \ icw il is (if llir liiiiliesi im|)ni'-

taiicc Id cxamiiic also lliose more comiilicalcd |)lieiiomeiia. in order

lo (il)lain ill lliis way a general iiisi;^lil iiilo llic iiiiciiomeiia o('e(|ui-

liliriiiin for llie case lluil coiuiMiiiiids are raised to liigli tempenitiii'es,

and placed under siicli a pressure llial erilieal plienomena are found

wilii saturated solutions. As yel any insigiil into this was wanting.

Hy bringing the results of m\ iin estigation on cther-anthraquinone

ill coniiertion wilh llie eases lately discussed by me in a paper:

••( 'onlribiitioii lo llie knowledge of the PX and the PT-lines for the

case that two siiiislances eiiler into a eomlmialion wliieli is disso-

ciated in the liquid and the gas phase" '), I have succeeded in

arriving at a clear coiice|)lioii of tlu' abox'e mentioned phenomena.

In all the cases which 1 shall shortly discuss here, 1 start from

ihe su|(posilioii thai the compoiuid under consideration is miscible

with both components in lluid slate in all proportions. On the whole

our knowledge as lo this is exceedingly slight, nor is there the least

certainty on this lieail for the substances wiiicii I shall adduce here

as examples.

2. First of all I sliall consider Ihe case, that Iwo substances

\ and B yield a dissociating compouud .\,„ l'>„, Ihe melting point of

which lies abo\-e the critical leiniieralui'c of the substance A. This

case is met wilh ill ihe system Cat)— COj. If now liie solubility of

the coiupoiiiid \,„ \'>„ ill A is still slight at the critical teiniierature

of A, Ihe conliiiiioiis plailpoint ciir\(\ wiiich starts at the critical point

of A (('<).J and terminates in llic critical point of B (CaO) will meet

the solubility curve of A„, B„ (("aCOJ in lluid A ((X)*) in two points.

That the point /> exists lias already been demonstrated by Dr. Buchnkr');

in temperature this |)oint lies only slightly aiiove 81", the solubility

of CaCO, in tluid ('(), being still very slight at this temperature

This case has been represented in Fig. 1. The upper half of this

iliagram contains the |)rojeclion of Ihe spacial figure on the PT-plaiie;

Ihe lower half represents the projection of the firn itlmsc rci/ions'}

i-(h:i:/stii/(/ ir/t/i solid siihstniu'c, and the plailpoint curve. The com-

bination of these two projections seems lo me the simplest way of

1) The,se Proc, .luiie l'.)U5, p. UUO.

S) Tliesis Ini- Ihr (luctorute, lOU. (190j).

•) .\l ^n'^^l 1 ^ave the iiiune of three phase regions to these regions because,

tliDU^'li llirv indiciilf only iwo phases, a third coexists with them. It seems,

lii)\v('\cf, bctlcr til mo tci spiNik of tii'ii jihdw refjimif! coexiMiuij irilh solid substance,

wliiili Ifiin I sliall use lieiieeiuilh.
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representation for a first investigation of tiiese problems. For the sake

of clearness I must draw allention to tiie tixet, that in the T-X-pro-

jertion tiie lines (/!•], K^/, yKI''/ an<l V/r arc the solultilitv cnr\es,

whereas aV],. \'\/). i/VV]/ and \\/c repivsent the vai)onr lines. In

the P-T-|)i(ij(HMi(>n, ho\\e\er, we get one t/in'f pluisi' line for each

pair of l\v(i c()rr('s|K)nding' lines Ini' the li(|iu<l and gas phases coexist-

ing: with solid sulislance. 'I'hesc ihive phase lines are indicated

In A-l-L-f <;, A,„ H„ +L + (i and P.+ l,+G in the P-T-prqjection.

I'he first meeting of a soluliililv (•ui\(' with the plaitpoint ciir\e

takes place in /i and the second in <[. According to van dkh Waai.s'

theory a cdntiniious transition li'om the solnhilitv cur\e into the

coexisting \aponr curve takes [)lace in these two [)oints. If we take once

more th(> system CO,—CaO as an example, ji indicates the ci'itical

point of the saturated solntion of ('a('(>, in lluid carbonic acid, and

ij the ciilical point of anothei' solution saturated with C'aCO.^ \vilh a-

nnu-h larger concentration of CaCO,.

Between these points j) and y a fluid phase may occur ak)ne or

by the side of solid A,„ H„ (CaCO,), and in the neighboui'hood of

these })oiins the |)lienomenon of retrogra<le solidification must present

itself. 1 will further emphatically point out here, that it is assumed,

as is easily seen in the T-X-prqjection, that near the melting point

the ditlerence of the xolalility of the components is not so

large as to prevent the occiu'rence of a \aponr of the composition

of the compound. The point V , where tlie composition of the vapour

is the same as that of the compound, is the intuimiun-.su/tliniiii/'oii,

jidiiit and the point V, where the conceiiti-alion of the li(piid is the

.same as that of the compt)und, is the nunimam nudtiiuj jinint, or the

melting point under the three phase pressure '). What 1 did not \et

show in my |)revious pajier is this that two lines start from the

[loints K and I'", which pass continuously into each other at K.

These lines form the continuous bonnding curve of the two sheets

of the PTX-surface for the composition of the compound. The con-

tinuous bounding curve touches the i)l;utpoint curve in K, so that

K denotes the critical [loint of the dissociating compound. That this

point K does not constitute a sj)ecial point of the continuous plait-

point curve is due to the fad that when the compound is assumed
to dissociate, the critical jioint of the li(pnd compound does not

essentially differ from that of tiu' liquids with other compositions.

In fig. \ii the projection of the two phase regions coexisting with

solid substance is re]iresented, and also that of the plaitpoint curve

'; These Proc., June 1905, (). 200.
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oil the /v-,i'-plaiic ; fiirtlier the solubility isotherms corresponding with

liu' temperatures of the points p and q are indicated, from which

the phenomenon of retrograde solidification appears clearly.

3. In the case discussed the situation of the points p and q

depends on different properties of the compniunl and its components.

In special eases it will, therefore, depend on this, on what part of

tiie three phase line of the compound the point q lies. Undoubtedly

there will be many cases where this point falls below the melting

point. Probably this case will occur the sooner tlie more the volatility

of the two components ditfers. In this paper, howe\'er, I continue to

assume, that, a vapour of the composition of the compound may exist.

In this different cases may present themselves, which each call for

a separate discussion. So liighly remarkable phenomena make e. g.

their appearance, when the plaitpoint curve cuts the three phase line

of the compound between the melting point and the maximum subli-

mation point. I shall, however, discuss this case and' some others in

another paper, and restrict myself now to the phenomena, which

occur, wlien the point of intersection q, as has been drawn in Fig. 2,

lies not only below the melting point of the compound, Imt also

below the maximum sublimation point. .l/.yy /// t/iis cdsi' (he pussi-

bi/ifi/ is ('.rclndi'd fliut the i-innpoinKl iiif/fs, und flw dii/i/ iraij in ivhich

the solid compoimd can vanish, is hi/ evaporation.

The line for solid A,„B„4-(<. which would luuch the three phase

line Am H„ -f"
^^'' 4" ^^ i" the maximum sublimation point, if this

point existed, runs on uninterruptedly to iiilinity, at least when no

further complications appear.

The T-X-projection occurring in fig. "2 may conti'ibute te elucidate

some points. As is to be seen there, the two phase region E\ qE'

coexisting with the solid compound, does not possess any liquid

or vapour of the composition of the compound, which is in harmony

with the supposition, that the points V and F' are wanting.

In fig. '2a I liave traced the projection of the two phase regions

coexisting with solid substance, and of tlie plaitpoint curve on the

^^.I'-plane. Furthei' there are some solubility isotherms in this dia-

gram, which re(|uire a few \vords of explanation.

The curve /(rt'c/' denotes the solubility isotherm for a temperature

somewhat below that of the point q. If we now consider the tem-

perature of tlie point q, we gel a solubility isotherm which touches

ill (/. and which has two more points of inflection, as is indicated

liy (lie ciunc /', (_j.q.c//'. At a higher temperature we get a solu-

bility isnllienu, which iloes not touch any more, and from which

the two points of intlection may disappear.
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4. Ill the third place I will point out what I have already demon-

strated in a previous publication'), that when the tension of a com-

pound is smaller at its melting point than that of the components,

a three phase curve may occur witii a very peculiar shape, viz

with one minimum and two maxima.

Let ns now consider the case that the melting point of this com-

pound lies above the critical temperatures of the components, then

the very peculiar phenomenon may present itself, that what occnrred

once in the system etiier and anthraqninone, is here to be realized

twice, and that the solubility cur\e wliicli runs from one eutectic

point to the other, meets the iilaitpoint curve four tline.s, which

appears in the PT-projeetion fig. 3 as a four times repeated inter-

section of the three phase curve A,„B,i-)-L-|-<J and the continuous

plaitpoint curve hKLd in the points p, q, cf and p'

.

It appears from the PT and TX-projections tliat for all possible

concentrations a range of temperature may be pointed out, within

which the solid compound can only coexist with a tliiid phase.

When, iiowever, which is conceivable, the portions cut out of the

three pliase line have no range of temperature in common, the

temperature regions for solid -\- lluid^ lie above each other, and so

we have no symmetrical phenomena for any temperature on both

sides of the line for A„,B/i in the PT-projection.

The systems hydrogen-water and oxygen-water belong to the type

ether-anthrtiquinone when the components are miscible in all propor-

tions. Each of these systems will tlien yield a point p and a point q.

Supposing, which is, however, liiglily improbable, that by the appli-

cation of a catalyser we could bring about equilibrium between

oxygen, hydrogen and Avater \apour at any temperature, we should

get a continuous three phase line for ice -|- L -|- G as is indicated

in fig. 3, and also one continuous plaitpoint curve. The equilibrium

with water, however, lying theoretically almost quite on the side of

water at lower temperatures, we should commit a practically un-

appreciable error, when we tried to realize at these lower temperatures

the diagram drawn iiere by starting in one case from ice, resp.

water -j- hydrogen, and in another case from ice, resp. water -f-

oxygen.

This example, however, is not suitable for illustration of the

assumed case, because for this purpose we require a compound
Avhich appi-eciably dissociates at its melting point. I liave only men-

tionefl tiie system H^— 0^ to show how remarkable this system is.

It is very probable that systems are to be found, with which the

1) loc cit.

40
Proceedings Royal Acad. Amsterdam. Vol. VIII.
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supposed case may be realized without excessive experimental

difficulties. This may succeed with A'//,

—

HCl. A system for which

lig. 3 holds, presents also tliis particularity, that wo have here a

P, T, X-snrface of two sheets with a minimum curci' bounded on the

upper side by a continuous plaitpoint cur\e, which, in consecpience

of the great difference itetween tiie critical temperatures of the

compound and the components might possibly have the shape

described here.

Prof. Van dek Waals was so kind as to draw my attention to

tiie particularities of the P, T, X-surface of two sheets, which may

be derived directly from those of a surface with a maximum curve,

by simply reversing everything. The minimum curve, i. e. the locns

of all points for which the concentration of licpiid and vapour are

the same, forms iiero tiie lower boundary of the projection of tiie

P, T, X-surface of two sheets on the P, T-plane. This curve is repre-

sented in lig. 3 by the dotted line LL, which touches tlie plaitpoint

curve at L, and the continuous three phase line at N. This point

JSf, lying between the minimum M in tlie three phase line and the

maximum sublimation point F', as I have shown in a paper forwarded

to the Zeitschr. f. ]ihys. Cliem. towards the end of September, is

a point where tlie concentration of the vapour is equal to that of

the liquid, and is therefore at the same line a point of the minimum

curve, which becomes metastable on the left of N. The peculiar

feature in the P, T, X-surface of two sheets drawn here manifests

itself, when the bounding curves are traced for dilTerent concentrations.

It appears then, that if we come from the side of B, the con-

centration of the point L is tiie tirst, at which the bounding curve

presents some particularity. At this concentration we get, viz., two

bounding cur\es, which starting from Q and S, terminate at L in

a so-called cusp, as is here once more separately represented.

Witli a concentration .somewhat richer in A we gel now two

l)ounding curves whicli pass continuously into each other. The con-

tinuous transition lakes place where ihe iKiiiiidiiiL!,- curve loiiclies the

plailpoint curve, l<'ni-|lier lhi> ediiliiiiKuis lidiiiidiiig curve shows this

parliculariiv llial llie Ivvo liraiirlies Idiicli (Vicli otiu'r near (he critical
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point, and form in tiiis way a loop, as is separateh represented helow.

The point of tangeney m lies on flio niininiuni curve.

With concentrations still richer in A, the character of the bound-

ing curves remains the same, oidy the point m shifts along the

minimum curve towards N, so that, when we choose the concen-

tration corresponding with the ]ioint jV, the bounding curve gets

this shape, where the vapour branch as well as the liquid branch

touches the three phase line at iV.

If we now^ pass on to greater concentration of A, we get again

bounding curves of the usual form, for the point of tangeney m lies

now in the metastable region. If the critical point of the bounding

curve, coincides with tlie maximum temperature of the plaitpoint

cur\e then m lies at tlie absolute zero point. Leaving further parti-

cularities undiscussed, I will only just point out that the minimum

curve, beyond the point A'" towards lower temperatures, lies below

the three phase line, which is necessary, because tiie supersaturate

solution has a smaller \a|(uur tension than a saturate one and it is

wanted for tiie realisation of the metastable branch of the minimum

curve tiiat the solid substance does not make its ai)pearance.

Now as to the T-XTprojection on tig. 3 Ave may still remark,

that in accordance with the foregoing remark the liquid line ^-i^'iV*/'

cuts the vapour line (jF Nq' in iV at a temperatiye and pressure

lying somewhat below that of the ma.ximum sublimation point F'

,

but slightly above thai of I he miuimum point M of the three phase

line. In N vapour and iiipiid are therefore of the same concen-

ti'ation, but this is not the case at the minimum M.

In fig. 'id the projection is represented of the two phase regions

coexisting wilh solid substance on tiie y>,.i'-plaue, which diagram does

not i-;til lor riirllicr (Incidaliou.

Aiiisl.-nlani, DccLMubei- i;t().5.

Aitorijiiuk-Cluiinlcal-lahonitonj of the University.

40*
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Chemistry. — "On tlw course of tlic spinodu/ and fJif phiifpobil

lines for binary nilvAures of normul sitftsiduccs." \\y J. .1.

VAN Laar. (Third communication). (Communicated by Pcof.

II. A. LOKENTZ).

1. In my last i)ai)er ') on tlie above mentioned subject I discussed

the general equations of tiie spinodal and tiie plaitpoint lines, viz.

RT=rf{r,.v) and F{v,.v)^0 (derived in a previous communication''))

for the special case /j^=:b^, i.e. n^d, when si denotes the ratio

of the critical pressures —
, and 6 that of tiie critical temperatures —^

of the components. (The hlijhrr critical temperature is always 1\).

I started from v.vn der Waals' equation of state, where 1> was

assumed to be independent of v and T, while further in the quadratic

equations :

irt = (l-,v)=<,, + 2,. (!-,.)<«,, + .i''«,

it was assumed that

^1,
=

'A (^'i + ''=) ; «,., = v/«, «, , . . . . (1)

which reduces the above expressions to

Uj = {\— a^b, +.(,•('',

Henceforward we shall indicate by the name normal (binary)

mixtures such mixtures, the components of which are not only simple,

but where both the relations (I) ma}' be considered as satisfied.

The discussion in (piestiou led to the occurrence of tiro separate

branches of the plaitpoint line (see plate loc. cit.), which present

a double point at a definite value of 6 (fig. 4). If 6* < 2,89

(when ^1 = h.^, we have the normal shape, represented in fig. 2 ; if

^]>2,89, we find the abnormal shape, represented in fig. 1, which

as yet has been only considered possible for mixtures, of which at

least one of the components is associating (abnormal). (C^Hj -|~ CH^OH,

C^H, + H,0, SO, + H.,0, Ether + H,0).

The possibility of a third case was also brietly mentioned (see

fig. 3), examples of which iia\e been described inter alia by Kuenen

(C, H„ + ^'jH, OH, etc.) : bul tiiis case was not further discu.ssed, nor

the connodal relations M\i[ liiree phase e(|uililn'ia, which, for the

1) These Proc, .luiie 1905, p. Ii4.

'-) These Proc, April 1905, p. 646.
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reyt, woiv ah'c-idv kiiowii. ('I'lio chicr [loiiils Inul alrcadv been

previously described by Ivoktkw Wi aii<l van dkk Waals).

In a later paper ') the place of the double point, th? knowiedjie

of which is iniportani, because it indicates the separation of two
very diUerent types, Avas de(crniine<l for the perfectly general case

^'i^/'j, and the discussion of llie shape ol' Ihe plail|)oinl line was

extendeil b» ihe case .t= J, i.e. to llie case which is of frequent

occurrence, liiat Ihe critical pressures of the two components are

equal. In this lader case i( was inter alia found, that not before

> 9,9 the case of tig. i loc. cit. is found.

I further deri\ed from the perfectly general expression :

of the plaitpoint line also tlie initial course, viz. — ( —^
| ,

chietly

in connection with opinions expressed previously on this point.

As I remarked before (loc. cit. p. 34), van dkr Waals had already

drawji up the dijf'i'nnitinl equation of the plaitpoint line, and drawn
a series of general conclusions from it. Also in a few papers of very

recent date ') he has demonstrated in his own masterly way how
far we may get with general thermodynamical considerations and

general relations, deri\ed from the equation of state. But seeing that

van der Waai,s himself in his Ternary Systems IV (These Proc. V,

p. 1—2) with perfect justice em|)hatically points out the absurdity

of the often prevailing opinion as if an equation of st<ate should not

be required for the knowledge of the binary systems, I have consi-

dered it not unprofitable to transform Ihe r/Z^Vr^i/Zn'/ equation of the

df df/dc\
i)lait|)oiut line, viz. ^— -H v~ ^- , where / represents the second

member of liT :=/{v,.v) — the eqiuition of the spinodal lines —
by means of the e((uation of state into a finite relation F{v,x), which

in combination with KT—f(c,x) e.vpresses the plaitpoint line in the

usual data T,v,.v. This enabled me to get acquainted with new par-

ticulars concerning its course (inter alia its splitting up into two

separate branches), and to examine this course in its details more closely

I) Arch. Tevler (2) X, Premiere partie, p. 1—26 (1905).

2j These Proc. VIII, p. 144.

5) The.?e Proc. VIII, p. 271— 298. Tlie first mentioned paper was cited by me
(loc. cit. p. 34), so it has by no means "been overlooked", that already ten yeara

ago VAN DER Waals determined tlie piincipai properties of tlie critical line. (cf.

V. D. Waals loc. cit. p. 271).
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than has lieoii doiip up lo now. I aNd iioiiited out (Inc. cit. |i. J S)

lliat already before nie Koutk\vk(; lias tried lo tiiid a tiuite expression

I'ur tlic plaitpoint line, but lias not fully snceceded in this. His dis-

cussion extends after all only over tlie special case ') 61=6,— ^^i,, rti=a,

(but rt,5 r= xrtj\ whereas in my
,
paper cited it was assumed in the

discussion that l\=zb^, but that (l^ -^ a^{anda^^^[/a^a„).KoRTV,v;E(i's

paper is of the highest importance, specially with regard to the

connodal relations, which arc often so intricate, and to which we

shall presently come back.

The ecpiation of the plaitpoint line once being derived in the above

mentioned finite form, it was hardly .any difficulty to derive also

1 fdl\A
for the expression —- —— on the side of lower critical temiierature

r, V f'-''' Jo

an accurate expression, in which otili/ the quantities 8 =z —^ and jr =: —
1 Pi

occur. In Van der W.\.\ls' i)aper mentioned by me in the paper

cited, again only the general diferential equation for the expression

mentioned is given, (cf. (9) p. 89).

2. Some important points are left for discussion.

Is' The discussion of the transition case at the double point, with

regard to the shape of the spinodal lines etc; and the discussion of

the possibility of the 3''^ case (loc. cit. fig. 3).

2"'' The treatment of the special case ^=1.
3"' The dilferent connodal relations in the three chief cases and

in the transition case.

4"' The particularity of the cusp at R„ R^ and R^ in the p,T-

representations of the three eases (loc. cit. Ir?, 2rt and 3a).

5* The question concerning the occurx-ence of a minimum critical

temperature, and in connection with this of a mavimum vapour

pressure.

Let us in accordance with our last paper (loc. cit. p. 144) begin

with the fifth point.

a. Minimum-critical temperature.

In this paper 1 derived the formula:

^(^), = ^ = ''-.U^>^»("--''-^»J-']-
• (2)

i) Arch. Ne6rl. 24 (1891), p. 297, 324, 337 ami 341.
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riilliu.t;- L <; 0, \vc !ivl :

^<7 Tv'

or

^^._ (3)

This gives the following synopsis

:

.^ = V» 'A. V, V. 1 4 9 16 25

^<Vs 1 00 2 1 Vu, PV„ 2-A,. 2^V„.

6 always being assumed >1 (7', is the lower of the two critical

temperatures), a minimum critical temperature can only occur, when

.T, i. e. the ratio of the two critical pressures ]> '/le-

If jT ^ '/,, this takes place for aU values of d\ if -t := y^, only

for values of 6 between J and 2; etc. etc. (For :rr ==: 1, a minimum

occurs in the above series of c.vtreme values for 8, viz. ^ = 1).

Now in by far the most cases n will jirobably lie between 1 and 4,

so that ti will always have to be quite near J, if a minimum critical

temperature is to be found.

Let us take as an illustration the normal substances CsHj a]id

N,0, investigated by Kuknen. There

74 273 + 36
.T=: — = 1,65, t/.T=1.20, 8 = ~— = 1,00.

45 273 + 35

According to the above rule, 8 has to be smaller than 1,04, if Tx

is to be minimum. This is the case here. Kuenen found really a

minimum value foj' Tx-

We also call attention to the tact that when 6, = h^, so jt = 6,

no value of^ exists >1 satisfying the inequality (3). For ^= jr^l(r/j=:(/,j,

h^ = />,) the two members are equal, and the line of the critical

temperatures is a straight line. The foregoing is in perfect concordance

with what we have derived in a previous paper with regard to this

point (loc. cit. p. 43).

Also in the special case jr =: J evidently not a .single value of

8 exists greater than 1, which satisfies (3). But in the case 8 = 1

there is (ihr,n/s a value of Jt conceivable, yielding a minimum for
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T,. Evidently in this case ^/.t innst lie greater tlian \/j, as

and iience 'T>Vi». i" agreement with wliat has ah'eady been

found above.

h. Maximum of vapour jjressure. As is known, this will occnr at

liigher temperatures, when at lower temperatures in the case of a three

phase equilibrium the three phase pressure does not lie between the

vapour pressures of the two components, but is greater tiian either. The

concentration x, of the vapour lies then between the concenti'ations

X and A'j of the two liquid phases. On the side of the lower ci'itit'al

temperature x^'^.i\ will always have to be satisfied.

Let us now try to determine the condition for this.

For equilibrium between the |)hase 1 and 3 we have evidently

when Ha and^i rejiresent the molecular potentials of the two components:

or

Ci-f i2+ (l-.iO^ j
-^RTlofuv, = Ci,-(i2^{l-.v)—\ -{-RTlofiw

where il = I pf/t' — p?', and C'a find Q, are functions of the tem-

perature.

Subtraction of the two equations yields :

\- RT loci = ---{- RT lor, '
,

O.v,
'

.V, O.r, .1-

1
log — 1— ,»•, RT

as has been repeatedly derived before, inter alia by van df.r W.\.als.

Now we found before for— (I.e. p 649 tormula (3) and p. 650):

d£i 2i/a / a\

O.v V V *' /

Hence we have for x = 0, when a = a^:
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so that we set at low tciiiiKn-aliires (when — and ^^ iiiav lie nejiiccted

and r^^b^ may he put):

Ion
l\/x~0

1

R2'
(4)

F'roni tins we see ah-eady, thai wlien h„^})^ [ji = 6), so

j/rt.^ ^> l/rtj (because 61 must lie larger than 1), then I /o'/ — is always
V ''1-/0

ve<jativc, i.e. •''„<^'''i. Hence just as little a three phase pressure >
than the two vajionr branches, as a minimum critical temperature.

Let us now proceed te derive the condition for ''a^''', from (4).

Then | dividins bv ~r-^ 1 we must get :

^(^-^)>2(^/«..-^/«J,

1>

8

1),

or as — = — and --— = ——

8
+ 1>2

from which follows

j/jr'

(5)
2^/jr- 1

Hence this condition is another than the condition (3) for the

minimum critical temperature, and we shall at once examine in

how far the two conditions include or exclude each otiier.

No more than for jr = ^ does a value of 8 satisfy the above

inequality for .t=:1. If^=1, then, provided l/jr>7s> ^ — "^ V^ + 1

must be >0; and as this will always be satisfied, x^ will be >.r,

for ^=:1 on the side of the first component, when ^]>\^. (We

found onlv then a minimum critical temperature for 8^=.\ , when

We can now easily pro\e, that always :

(3 yjT-iy^ 2i/.T-^'

when n^ '/, For the above leads to

:

(3 y'ji—iy > 4 [/ji (2 t/jT— 1),

i. e. to Jt — 2 [/jT -)- 1 ^ 0. which is again always satisfied.
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llciK'f WO liaAo I'or .t ^ ','< -.

//' /here w '/ iiiiiu'nnt'in rj-iticai temperature, then eilxo ,Ci'^'i\ v^iit

not necessarily rice rersa); if no/, .r, > .t'l, then there is v/r) minimum

of 7',. (Aiiixiii (he re\erse need not be truej.

If Jt slioiiki be <. V^, tlieii nerer ,v, >«,, while 7 ^ is only minimum,

when (3) is satisfied, viz. if n ^ \\^. But this exceptional case, viz.

that for 61 > i tlic value of Jt remains below \/,, will be very rare.

It ai)i)cars llieretbre convincingly from tlie above, that the two

conditions include each other often, but l\v no means always.

.Just one example: Ether -\- H^O.

273 4- 364 195
Here 6 = -~~— = 1,36, .t = -— = 5,42, j/jr = 2,35. The

273 -f- 195 36

51,0
second mend»cr of (3) l^ecomes (herotore = -— ^= 1,39. As therefore

^<^1,39, (here will be a minimuni critical (eniperature, and hence

also .r, ^,*'j accordinu,- to the above rule. In fact flie second member

of (5) —1,46, and & being <1,39, so a fortiori /9<1,46.

What is found, is in liaiinony \vi(h- expoi-inienf, as the three phase

pressure was found iai'ger than (lie xapour pressure of ether.

Let ns now fake (',//„ + HJK
Here tiie three phase pressure was found xmalk'r than that of

C,H,. Lcf us iH>vv examine if the inequality of ( 5) predicts the same. As

273 + 364 195
e=. -~z— ~ 2,07. .T=:: = 4,31, ^/.T = 2,08, so we find

273 + 35 45,2 ^
' ^

for ; the value 1,36. And so 2,07 is /(o/ -^ 1.36 now. Here
2 \/7t—l ^ •

foo the rule holds again.

According to flie above rule there is now not a minimum critical

35,9
temperatui'c either. The second member of (3) becomes now —rr = 1'31,

^ / ,5

and 2,07 is still less < 1,31 than <1,36.
The two examples are illustrations of the first principal type,

where a plaitpoint curve runs from Cj to A, and one from C'^ to C„.

The reader will observe, that ivater serves here as 2"'' component,

so a very abnormal substance. But we must bear in mind, that in

the neighbourliood of .v = 0, where both the rules hold, the liquid

phase consists ahnost en/irelij of e/lier (resp. CjH,), so that the water

present may be considered as almost perfectly normal on account

of the extremely high degree of dilution.

Foi' the sake of completeness we mention that two other known
examples, which witli fliose mentioned are about the only ones
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kiiinvii, oi' rallior imestigaleil, wliicli liclmit; fo Tvpo I, liolli follow

the nilc derived.

With C,H, + CH,OH e is viz. i,(J9, .-r = l,63, so on account

of rr = ^, A\ cannot be >,7;,. And with SO, + H,0, ^ = 1,49,

rr = 2,47, i/jrr=rl,57, hence the second member of (5) = 1,J5. And

:l,49 is not <[ 1,15, so a\ is also not >.t,. This implies again that

no minimum critical temperature is found.

So the fact that of the four mixtures C,H, + CH3OH,, C.,H„ + H,0,

SO, -j- HjO and ether -)- ^,0 only the last has a three phase

pressure greater than the vapour pressures of the two components,

is in perfect harmony with llie theoretical derivations given above.

3. Let us now briefly' discuss the third point, viz. the connodal

relations. As we are guided by the different figures of the adjoined

plate, a few words will suffice. The essential part was already given

by me in a few suggestions in one of my last papers (loc. cit.

p. 37 at the foot and p. 38 at the top; p. 44 at the foot and p. 45

at the fop ; !>. 48 in the middle), where I referred to Korteweg's

well-known papers, with regard to the neighbourhood of the points

jKj and /?j, and to some papers by van der Waals, witli regard to

the points /?i and R! ^ with the third principal type.

Now we may add to tliis, that recently van der Waals [in the

Pi-oceedings of the same Meeting as in which my first paper on the

spinodal and the plaitpoint lines was published (Meeting of March 25

1905)] has given an addition to his former considerations concerning

the just mentioned third type, in agreement with wiial Korteweg
derived for this case already 14 years ago (loc. cit. p. 316—318,

tigs. 30—35). We have reproduced this course of transformation in

our figs. 9, 10 and 11, but now in connection with our former

considerations on the course of the plaitpoint line. So also in

other cases.

a. Prlncipnl type I (figs. 1—6).

In fig. 1 we see the gradual traiisfoi'mafion of the principal

(transverse) plait, wiieii the temperature falls from t= — =2,37

at 6', to 0,80. (These numerical vahios relate to special case li^=b^,

but when b^ ^ b^ the relations are modified only namerically, as I

have demonstrated in the above cited paper in tiie Arch. Tevler).

T
7'g is the femperatui-e of the point 6'„, and is put =r 1. 6:=-;-^
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IS here ^ ^ 4. fcl'. I'oi- lliese uinl hIIht dala tlie alreaily repeatedly'

lueiil-iuiicd paper in lliese proeeediiigs).

The plailpt)in( /' lias strongly sliifted to (he side of the small

volumes ; there is always eqiiilibnmii between a gas phase 3 and a

li(|iii(l phase 2, whieh is comparatively rich in the 2"<i component.

With smaller volumes the gas phase 3 is practically equal to a

li(pii(l phase, liiit the Iransilion is gradual. (The full-traced border

curves of I hi' plaits in their r, .f-prqjection, on which the straight

node lilies rest, represent everywhere the connodal lines; the dotted

lines always represent the spinodal curves ; the plaitpoint line is

indicated by crosses).

At T = 1,6 and T=i we see the connodal lines in the ligure.

If T is somewhat below 1, e.g. 0,98, a connodal line arises running

at a short distance I'ound C'o, while the large connodal line shifts

its plaitpoint further to C„. At t ^ 0,97 the two plaits meet in a

homogeneous doiihle point '). At still lower temperatures we have an

open plait, of which the two branches of the connodal line recede

towards the i-iglit and the left, and which is traced for t = 0,8. Up
to the highest pressures, .t, and n\ continue to differ, and it is no

longer possible to m'\x the two phases to one homogeneous liquid

phase by pressure, however great. With values of T between T„

and 0,97 Tn the homogeneity reached at a certain high pressure was

again broken at still higher pressure, after which the two phases

diverge more and more up to a certain limit.

In fig. 2 an important moment has been represented. At t = 0.63

the spinodal curve toiiehes namely the plaitpoint line (\A in /?,,

and from this moment a new closed connodal line begins to appear

of the shape as is represented in fig. 3 (r = 0,62) h'/</<//H he connodal

line proper. The spinodal line touches that isolated curve twice, i.e.

in the plaitpoints p and p [all (his has been fully explained by

KoRTKWKG (loc. cit.)], wliicli for T =: 0,63 coincide to a so-called

"point (loii/i/e /letiroi/hic" in 7'i
').' The connodal line in question

does not \q\ present, liowe\er, realizable equilibria, because that line

lies on (he ip-surface ahore the tangent plane to the connodal line

proper, which determines the pha.ses 3 and 2.

1) la fig. 1 the spinodal lines seem to touch each other iu this ilouble point

;

of course this has to be an intersection.

-) It need liardly be mentioned, that every time only one, after the contact at Ri

two points of the plaitpoint line correspond with the temperature of the spinodal

and connodal line under consideration. All the other points of the plaitpoint line

which is every time projected as a wliole, belong to other, lower and liigher tem-

peratures.
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Fig. 3a gives an cnlargod, scliematioai representation of that iso-

lated connodal line, where some straight lines represent the "hidden"',

non-realizable equilibria. The points a and d, and in the same way
h and h' are corresponding points. The "tail" at h' is always directed

towards the side of the plaitpoint (which has already disappeared in

our diagram) of the principal plait, the "point" at a lies on the

opposite side.

We point out that the shape of the spinodal line, as is drawn
in tigs. 3 and 3a, implies, that it touches the plaitpoint line in the

peculiar way, indicated in tig. 2. In the immediate neighbourhood of

i?i the uppermost portion lies left of tlie common tangent, the lower-

most portion on its rigid.

At somewhat lower temperatures, in our example at t = 0,61

fig. 4), the isolated connodal line begins to touch, (in ^1/) the connodal

line proper, and from this moment one of the two new plaitpoiuts,

viz.
I),

will become the plaitpoint of a new branch plait, which has

thus arisen from the principal plait in the way described above.

Cf. e.g. fig. 5, where t ^ 0,60. The point y/ is always unrealizable,

and this continues so down to the absolute zero, where the plaitpoint

line terminates in ^1. On the other hand all the plaitpoiuts P from

M to C\ will form realizable plaitpoiuts of the new plait.

In tig. 4 phase 3 begins to split up into two new phases, the gas

phase proper 3, and a new liquid phase J , rich in the 1«* component

of the mixture. There is a three phase Ihw, the beginning of a three

phase triangle (see fig. 5), which continues to exist from this point

down to the lowest temperatures.

In fig. 5 it is also seen how the connodal line which passed on

uninterruptedly before, but which is now broken oflT in the angles

1 and 3 of the three phase triangle, proceeds on the if^surface.

With this corresponds the well-known "ridge" on the connodal line

at 2.

At T ^ 0,5'.» the new plaitpoint P reaches the lower critical tem-

perature C'l, and from this moment the branch plait is always open

on the side x = 0, and this continues so down to the lowest

temperatures.

The />,,i;-representatious are omitted for watit of space.

Fig. 6 gives the ^y,7-diagram of the plaitpoint lines. Noteworthy is,

that we meet with a cusp in the line (_\A at R^, where the spinodal

line touches the plaitpoint line (cf. fig. 2). We shall prove this further

on. As we have already shown in our former paper, the pressures

approaches — 21 p^ at A, where jf'=0. (This derivation holds
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cvidenllv also for the general case tliat A ^ 0). Comparison witli

fig. 4 teaches us, that the point M, where the three phase pressure

begins, lies at a temperature lower than that of R^. If the three

phase pressure lies between the vapour pressures of the two com-

ponents (the full-traced curves starting from Cj and Cj represent the

vapour tension lines), in other words if *, > .«8,, then fig. 6 holds;

if on the other hand x^ ^ x^ and the three phase pressure always

higher than the vapour pressure of tiie two components, then fig. 6a

holds. Tlie line C^R shows then a minimum. (In the figure the three

phase pressure line is always denoted by AAA).

b. Principal type II.

After what has been discussed above, the relations for this type

may be made sufficiently clear even without diagrams. At a tem-

perature somewhat lower than that of /?,, where the spinodal line

again touches the plaitpoint line (now G^A) a three phase equilibrium

again prevails. Now the gas phase 3 does not split up into 3 and

1, as with type I, but the liquid phase 2 into two liquid phases 2

and 1. Just as with type I the plaitpoints from M (between R^ and

C'l) to A were unrealizable (cf. also fig. 6), tliose from M (now between

/i.j and ^'„) to .1 arc now also unrealizable. The three phase equi-

librium formed continues to exist down to the lowest temperatures.

Here the same phenomenon of the iiiinluium critical temperature in

the neighbourhood of ('„ is met with as with type I. At tempera-

tures lower than 7' =0,96 7', tiie two liquid phases 1 and 2 are

no longer lo l»e mixed lo one liomogeiieous [)hase bj* pressure,

however greal.

The successive /*, .c-lines are again omitted.

Finally we find in fig. 7 the />,
7 -representation. The three phase

pressure line lies here between tiie two vapour pressure lines, .so

that
.(.'s <] A\ on the border near ,/; =i 0.

c. Priiicipal type 111.

The possibility of this type for mixtui'es of /<y/v//Y?/ substances will

be examined separately afterwards. When it occurs (inter alia for

mixtures of C^H, with C^HjOH,, etc,, for triethylamine and water),

then the ])lai(poiii( line (\(-\. has the sliajto drawn in fig. 8.

If we pass downward from I he hiniier critical femperalure at (',,

a (louhlc plail|iiiinl will auain occui' al /i', at llio leniperature indi-

cali'il by /.,, Iicni-c I'dnualion (if an ist)laled coiuio<lal line as in fig. 3,

al soniew lial lower kMuperalure. This goes on fill at t^ tiie close"!
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curve in .1/" begins to get outside, i.e. outside tlie connodal line

proper of the principal plait, at which the phase 3 begins to split

up into 3 and 1 just as in tig. 4. This splitting up itself is repre-

sented at /j in llg. 9. A three phase equilibrium has formed then

just as in tig. 5. The shape of the different connodal lines is still

quite the same as in the analogous case in fig. 5, only the plaitpoint

P of the principal plait had already disappeared there. This course

has already been given by Korteweg, as was mentioned above, and

VAN DER Waals, too, has accepted it in one of his last papers (loc.

cit.) on the transformation of a principal plait into a branch |)lait

and the reverse.

The three phase equilibrium established is however not of long

duration as we shall see. At still somewhat lower temperature t^ a

very interesting transformation takes place (see fig. 10), also men-

tioned by Korteweg (loc. cit. p. 318, fig. 34), and later by van der

Waals (I.e.). The small letters a, b, c, d and n', h', c\ d' placed in fig. 9

give a clear idea of the transformation.

Still somewhat lower, at /. (fig. 11), the jilaits have reversed their

functions; the brancii plait of tig. 9 has become a principal plait, and

reversely the i)rincipal plait has been transformed into a branch

plait. We may notice that the "tail" at /> is always turned to the

side of the principal plait, botli in fig. 9 and in fig. 11. Also (he

"ridge" has changed its place after the transition of fig. 10.

And then the further transformation resumes its normal course.

There comes a moment, at /, (represented in fig. 8), that the isolated

connodal line of llg. 11 begins to retreat within the connodal line

proper of the principal plait. This takes place in M', and the three

phase equilibrium, which accordingly lias been of very short dui'a-

tion, finishes. The two phases 1 and 2 ha\e again coincided, and

after this we have only coexistence of 3 and 2, as before, and as

with type II before M in the neighbourhood of R.^. The plaitpoint

P of the principal |)lait continues to exist for some time more, but

will soon also disa|)pear (at 6',) ') Also the closed connodal line

remains jiast J/' still for a short time within the eoimodal line

jn'oper, gets smaller and smaller, and disappears at last at 7?^', where

the spinodal line touches the plaitpoint line once more (fig. 8 at /,).

The tenq;)eralure /,„ is the lower critical temperature of the two

components, ihal of C\, and at still lower temperatures we begin

gradually to approach the second plail[)oint line ^',,^1.

') The lemperaliife of R'^ (nml M') may also he Iciwcr Ihan Dial of Cj. This

really occur.s for the above ineiilionoJ mixliues. The poiiil /' of llic pi'iuciiial

plait has then already disappeared before 1 and 2 coincide al M'.
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At ^,1 contact of a spiiiodal line and tiie plaitpoint line takes

place for the tliird time, viz. at the branch CgA mentioned. Again at

somewhat lower teniperatnre a three phase equilibrinm will be found

at 3J by the repeated splitting up of 2 into 1 and 2, and now for

good and all, down to the lowest temperatures. All this is quite

identical with the case treated with type II.

Theoretically of importance for this remarkable third (very ab-

normal) principal type is therefore this, that after the two liquid

phases 1 and 2 have become identical at M' (^J, there must again

take place splitting up of the homogeneous liquid phases into two

separate phases with sufficient lowering of the temperature, viz. at

31, somewhat below h\ (cf. also tig. 12).

We point out that the point .1/ in tig. 4 and 0, and in iig. 7 is a

so-called upper mixing-point, i.e. that at temperatures higher them the

temperatures corresponding with that point the two phases 3,1 or

2,1 will form one homogeneous phase. The same thing is also the

case for the points M and J/" of tigs. 8 and 12. Above the tempe-

rature of Al 1 coincides with 2, above that of 31" again 1 with 3.

But the })oint M' is there a so-called lo/rcj' mixing-point, for at

temperatures loiri-r tliaii that of J/' the phases 1 and 2, distinct at

higher temperalui-es, coincide to one homogeneous phase.

For the plaitpoint line C\C\ of the third type (fig. 8) all the points,

lying between 31" somewhat before R^ and 31' somewhat beyond

R\, ai'e not to be realized. They form again the series of hidden

plaitpoints //, indicated in the figs. 9—11.

The /^ .i-representations are again omitted.

In the figs. 12 and 12a the />, ^'-representations of the plaitpoint

line are drawn of the type mentioned. We again notice the three

cusps /ij, R, and A".^. In tig. 12 tiie three phase pressure lies between

the vapour pressures of the conqionents; in fig. 12rt above them.

Ci Ri has then again, as in fig. 6a, a retrogressive course.

We shall put off the discussion of the remaining points to a

following paper. Those points are : (/. The transition case between

type I and II with the double point; />. the discussion of the possi-

tiility of the occurrence of type III; c. some remarks on the special

case &^i; d., the proof, that in tlie /^7'-representations the diiferent

points R^, A', and R\ are cusps.
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Physics. — "The absorption and emission lines of gaseous bodies."

Hy Prof. H. A. Lorkntz.

(Communicated in the Meetings of November and December 1905).

§ 1. The dispersion and absorption of light, as well as the

influence of certain circnmstances on the bands or lines of absorp-

tion, can be explained by moans of the hypotliesis that the molecules

of ponderable bodies contain small particles that are set in vibration

by the periodic forces existing in a Ijeam of light or radiant heat.

The connexion between the two first mentioned phenomena forms the

subject of the theory of anomalous dispersion that has been developed

by Sellmeyer, Boussinesq and Helmholtz, a theory that may readily

be reproduced in the language of electromagnetic theory, if the

small vibrating particles are supposed to have electric charges, so

that they may be called electrons. Among the changes in the lines

of absorption, those that are produced by an exterior magnetic field

are of paramount interest. Voigt ^) has proposed a theory which

not only accounts for these modifications, the inverse Zeeman effect

as it may properly be called, but from which he has been able to

deduce the existence of several other phenomena, which are closely

allied to the magnetic splitting of spectral lines, and which have

been investigated by H,\llo ') and Geest ') in the Amsterdam labo-

ratory. In this theory of Voigt there is hardly any question of the

mechanism by which the phenomena are produced. I have shown
however that equations corresponding to his and from which the

.same conclusions may be drawn, may be established on the basis

of the theory of electrons, if we confine ourselves to the simpler

cases. In what follows I shall give some further development to

my former considerations on the subject, somewhat simplifying them
at the same time by the introduction of the notation I have used

in my articles in the Mathematical Encyclopedia.

1) W. VoiciT, Tiieorie der magneto-optischen Eischeinungen. Ann. Pliys. Chera.

67 (1899), p. 34."j; Weiteres zur Tiieorie des ZEEMAN-ell'ectes, ibidem 68 (1899),

p. 352; Weiteres zur Theorie der magnelo-optischen Wirkungen. Ann. Phys., 1

(1900), p. 389.

-) J. .1. Hallo, La rotation magnetique du plan de polarisation dans le voisinage

d'une bande d'absorplion, Areli. Neerl., (2), 10 (1905), p. US.

») J. Geest, La double refraction magnetiqiie de la vapeur de sodium, Arch.

Neerl., (2), 10 (1905), p. 291.

••) LoRF.xrz, Siir la theorie des ph 'noinenes magnc'to-optiques r.Vemmenl decou-
vi'ils Pi:i|i|Hiils pri's. an <.'ongr<''S de physique, 1900, T. 3, p. 1.

41
Proceedings Royal Acad. Amsterdam. Vol. Vlll.
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If this were the only force, tlie electron could vibrate with a

frequency ?;„, determined by

(7)

In order to account for the absorption, one has often introduced

a resistance proportional to the velocity of the electron whose com-

ponents may be represented by

f/x rfy dz-
." -T ' -l'4 ' -f'^' (8)

dt dt dt

if by (/ we denote a new constant.

We have finally to consider the forces due to the external mag-

netic field. We shall suppose this field to be constant and to have

the direction of the axis of z. If the strength of the field is H, the

components of the last mentioned force will be

eHf/v eKdx
-, -, (9)

c dt c dt

It must be observed that, in the formulae (2) and (3), we may
understand by -C) the magnetic force that is due to the vibrations

in the beam of light and that may be conceived to be superimposed

on the constant magnetic force H.

^ 4. The equations of motion of the electron are

d^x dx eKdy
«.— = e ((£.. + « %^d - y X - </— + — -^ ,

dt' dt c at

d*y dy e'H.dx

d' Z ^ dz
m -— = e (^l-, + a %\:) _ / z - ;/

— .

d V d t

These formulae 'may however be put in a form somewhat more

convenient for our purpose.

To this effect we shall divide by e, expressing at the same time

X, y, z in ^Px, ''Py, ''?;• This may be done by means of the relations (4).

Putting

m
, f .,

iv^' = '"'
ivi-'=^' iv7' = ^'

• • • •
(^^)

we find in this way

m -^-^ = ^x + « %\r - / 'P..
—

ff -^r + -TT- ^— ,

dt' ate Ne I

dt'
'

dt cNe dt

41*
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The equations may he further sim])lified, if, following; a well

known inetlKMJ, we work with complex expressions, all containing

tiie time in the factor e'"'. If we introduce the three quantities

!;=./' — «- m'«% (11)

n = n<j' (12)

and

«=;^- •
"'>

tlie result becomes

(£-. = (§4- Oi)^^:-^i-?^V
1

^^, = {S-\-i',})f, + ;;%., (14)

g, = (§ + i n) %y.
'

§ 5. Before proceedijig- further, we shall trv to form an idea of

the mechanism Iw which the absorption is produced. It seems difficult

to admit the real existence of a resistance proportional to the velo-

city sucli as is represented by the expressions (8). It is true that in the

theory of electrons a charged particle moving through the aether

is acted on by a certain force to whicli the name of resistance may
be applied, but this force is proportional to the differential coefficients

of the third order of x, y, z with respect to the time. Besides, as

we shall see later on, it is much too small to account for the absorp-

tion existing in many cases ; we shall therefore begin by neglecting

it altogether, i. e. by supposing that a vibi'ating electron is not subject

to any force, exerted by the aether and tending to damp its vibrations.

However, if, in our case of gaseous bodies, we think of the mutual

encounters between the molecules, a way in which the regular

vibrations of light might be transformed into an inorderly motion

that may be called heat, can easily be conceived. As long as a mole-

cule is not struck by another, the movable electron contained within

it may be considered as fi-ee to follow the periodic electric forces

existing in the beam of light ; it will therefore take a motion whose

amplitude would continually increase if the frequency of the incident

light corresponded exactly to that of the free vibrations of the electron.

In a short time however, the molecule will strike against another

particle, and it seems natural to suppose that by this encounter the

regular vibration set uji in the molecule will be changed into a

motion of a wholly ditferent kind. Iietween this transformation and

the next encounter, there will again be an interval of time during

which a new regular vibration is given to the electron. It is clear

that iu this wav, as well as bv a resistance proportional to the velo-
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(•il\ , tlio ani]tlitii(Io (if llii' \ iltraliniis will lie |irc\eiite(l from surjias-

siiip a oertaiii limit.

We slioiilfl be led into seridiis matliemalical (iif'iirullies, if, in

follouiuf^ up lliis itlea, we were (o eousider liie motions actuality

taking plaee in a system of molecules. In order to simplify the

pi'oblem, without materially changing the circumstances of the case,

we sliall suppose each molecule to remain in its place, the state of

vibration being disfui'bcd over and over again by a hirge number of

blows, distril)uted in the system according to the laws of chance.

Let A be the number of blows tliat are given to N molecules per

unit of time. Then

N

may be said to be the mean length of time during which the vibra-

tion in a molecule is left undisturbed. It may further lie shown

that, at a definite instant, there are

jV --— e ^ dd-
X

molecules for which the time that has elapsed since the last blow

lies between i> and & -\- (/i>.

^ 6. We liave now to compare the influence of the just men-

tioned blows with that of a resistance whose intensity is determined

by the coefllicient g. In order to do this, we shall consider a mole-

cule acted on by an external electric force

in the direction of the axis of x.

If there is a resistance </, the displacement X is given by the

equation

d'x .
dx

m -—-= -/x — £^-- + aefl"",
a t a t

so that, if we conline ourselves to the particular solution in which

X contains the factor e'"', and if we use the relation (7),

-«"" (15)
w(w,' - w') -|- in<i

In tiie other case, if, between two successive blows, there is no

resistance, we must start from the equation of motion

dt

whose general solution is

ci'x
- = — /x + aee"",
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x^-^'-^ + C.^-o' + C,.-'".* . . . . (16)

By means of this formula we can calculate, for a definite instant

t, the mean value x for a large number of molecules, all acted on

hy tiie same electric force at"'". Now, for each molecule, the con-

stants C\ and C, are determined by the values of X and—- immediately

fd±\
after tiic last blow, i. e. by the values x, and I — 1 existing at

tlie time /

—

&, if ^ is the interval that has elapsed since that blow.

We shall sujjpose that immediately after a blow all directions of

the disi)lacement and the velocity of the electron are equally pro-

fd-x.\
bable. Then the mean values of x„ and —

j
are 0, and we shall

lind the exact value of x, if in the determination of C\ and C„ we
(ix

, .

suppose X and — to vanish at the Imie t
— &.

In this way, (16) becomes

a l» ^"'' I 1 / n \ 1 / « \ , . , , I

TT
_ __^!__ 1 _ i

I 1 + _ 1 ^'("u-")* 1 ]
«-.f"o+n)M .

^ " m(«.'-«')
I

2 V «„y 2 V nj
\

1 --
,

From this X is found, if, after multiplymg by ~e ' (/i9', we mte-
T

grate from » = to {> = x . If n is an imaginary constant, we have

\}
«s 1

•^ d» =
1— ur

Hence, after some transformations,

_ a e

m(V + ^-«') +
e'"' .... (17)

If this is compared with (15), it appears that, on account of the

blows, the phenomena will be the same as if there were a resistance

determined by

.:=^, (18)
T

and an elastic force having for its coeflicient

(/)=/+- (19)
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Indeed, if tlie elastic force luid flic intensity corresponding to this

formnla, tiie sqnare of tlie frequency of the free vibrations would

have, In' (7), the Aalnc j/„'' -| . 'I'he c(|nalion (15) would then
t'

take the form (17).

In the next paragraphs the last term in (lU^ will however be

omitted.

As to the time t, it will lie found to be considerably shorter than

the time between two successive encounters of a molecide. Hence,

if we wish to maintain the conception here set forth, we must sup-

pose the regular succession of vibrations to be disturbed by some un-

known action much more rapidly than it would be by the encounters.

We may add tliat, even if there were a resistance proportional to

the velocity, the vibrations might be said to go on undisturbed only

for a limited length of time. On account of the damping their amplitude

would be considerably diminished in a time of the order of magnitude

m—
. This is comparable to the value of t which, bv (18), corresponds

<7

to a given magnitude of »/.

^ 7. The laws of propagation of electric vibrations are easily

deduced from our fundamental equations. We shall begin by sup-

posing that there is no e.xternal magnetic field, so that the terms

with § disappear from the equations (14).

Let the propagation take place in the direction of the axis of z

and let the components of the electromagnetic vectors all contain

the factor

«'"'-?-', (20)

in which it is the value of the constant q that will chiefly interest

us. There can exist a state of things, in which the electric vibrations

are parallel to X and the magnetic ones parallel to O Y, so that

^1, ^x> ^x and Sp,f are the only components differing from 0. Since

dilfere)itiations with respect to t and to -: are equivalent to a

multiplication by In and by — i )i q respectively, we have by

(2) and (3)

1 ^ ^1
q .^y = — S^, q (LV, = — S?,,

Hence

and, in virtue of (1),

Tiie first of the eipiations (14) leads therefore to the following
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foniinla, wliicli may serve lor I lie (Icleiiiiiiialioii of q

1

c'7' — 1 = --—— ....
S + '^i

Of course, q has a complex value. If, taking x and to real, we put

the expression (20) becomes

c' 7' - 1 = .----^ (21)

1 — i X
7 = (22)

-(.-^)=

SO that the real parts of the quajitities representing the vibrations

contain the factor

n X

* ' (23)

multiplied by the cosine or sine of

"0-0
It appears from this that to may be called the velocity of propa-

gation and that the absorption is determined by x. If

n X

to

(index of absoi'ption), we may infer from (23) that, while the vibra-

tions travel over a distiince —
, their amplitude is diminislied in the

1
i-atio of 1 to —

.

e

In order to determine to and x, we have only to substitute (22)

in (2J). We then get

c^{\-i ny^^
^

1

or, separating the real and the imaginary parts,

cMlj-x^) ^ J
S 2c^x ^ ^i

w' §' + »J'

' W §' + »j'
'

from which we derive the formulae

to' V I' + 7J'
^

S« + tj' ^ '

2^ = L/ii±iL±^ I
to' V 5' + ^r r + ^r

in which the radical must be taken ivith the positive sign.
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tf tlic (lifVorent. constaiils arc known, we can ealeiilale by tliesc

fi)rnuilac the velocity aiul the index of abt^orption for e\'ery valne

of the frequency ii; in doing so, we shall also get an idea about

the breadth and tlie intensity of the absorption liand.

§ 8. In these questions much depends on the value of i]. In the

special case S = 0, i.e. if the frequency is equal to, or at least onlj^

a little different from that of tiie free vibrations, we have on account

of (25)

From rt'hat has been said above, it may further be inferred that

along a distance equal to the wave-length in air, i. e. , the
n

amplitude decreases in the ratio of 1 to

2 jr ex

Now, in the large majority of cases, the absorption along such a

distance is undoubtedly very feeble, so that must be a small
ty

number. The value of —- nuist be still smaller and this can oidv
to

be the ease, if i; is much larger than 1.

This being so, the radical in (25) may be replaced by an approxi-

mate value. Putting it in the form

1/
25-f 1

1 -f
^

,^
I' + n'

we may in the first place observe, that, since ^ is large, tiie numerator

2 1 -|- 1 will be very small in comparison with the denominator,

whatever be the value of §. Up to terms with the square of

2§ + 1
— , we may therefore write for the radical

I' + '2'

1 . i ll±l _ i (- § + 1)'

2 I' + ,f 8 (5' + .;')'

and after some ti'ansformations

c'x' _ 4 ?j» — 4 5 — 1

717
~~

8
(
§' + r^y '

As long as § is small in comparison with of, the numerator of

this fraction may be replaced by 4)^'. On the other hand, as
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sOoii as ^ is of the same (inler nf niafiiiihide as if or surpasses

this quantity, the fraction hecoiiies so small that it mav he neglected,

and it will remain so, if wc omit the term — 4§ in the mimerator.

Wc mav therefore write in all cases

vy 2(|M-'J')
'

so that th(> index of al»sorj)tion becomes

n 1]

>fc = — . — -- (26)

This formula shows that for ^ =: the index has its maximum

^0 = ;^ (27)
In]

and that for 5^ ± vi], it is v''-\-A times smaller.

The frequency corresponding to this \aluc of 5 can easily lie cal-

i'ulated. If a may be neglected, a question to which we shall return

in § 18, (11) may be put in the form

5 = m' (,,/-«') (28)

Hence, for § =r =p vv,

m {11/' — «„') = ± VJi = ± r n ci',

or, on accouTit of (1(J) and (18),

2 m 1' n
m {h'' — »„) r= ± I' 7i <7 ^ =t ,

T

n^ _ „^/ := ± .

T •

If n — 7ia is much smaller than «„, we may also write

n = n„ ±- (29)
T

The preceding considerations lead to the well known conclusion,

somewliat paradoxal at first sight, that the intensity of the maximum
alisorption increases by a diminution of the resistance, or by a lengthen-

ing of the time during which the vibrations go on undisturbed. In-

deed, if // is diminished or t increased, it appears by (10) and (12)

that »j becomes smaller and by (27) /„ will become larger. This result

may bo understood, if we keep in mind that, in the case n ^ Ho,

the one most favourable to "optical resonance", in molecules that

are left to themselves for a long time a large amount of vibratory

energy will have accumulated before a blow takes place. Though

the blows are rare, the amount of vibratory energy which is converted

into heat nuiy therefore very well be large.
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In anotlior sense, however, the alisorption niav l>e said to be

diminished In an increase of r (ur a diniiiiiilion of (/), the range

of wave-lengths to which it is contined, becoming narrower. Tliis

follows immediately from the equation (26). Let a fixed value be

given to S, so that we fix our attention on a point of tiie spectrum,

situated at a definite distance from the place of maximum absorption,

and let n be gradually diminished. As soon as it has come below

§, further diminution will lead to smaller \alues of /, i. e. to a

smaller breadth of the band.

If g is very small, or t very large, we shall observe a very nar-

row line of great intensity.

§ 9. The observation of the bands or lines of absorption, combined

Avilh the knowledge that has been obtained l)y other means of some

of the quantities occurring in our formulae, enables us to determine

the time t and the number N of molecules per unit volume.

I shall perform these calculations for two rather different cases,

viz, for the absorption of dark rays of heat by carbonic dioxyd and

for the absorption in a sodium fiarae.

As soon as we know the breadth of the absorption band, or,

more exactly, at what distance from the middle of the band the

absorption has diminished in a certain ratio, the value of r may be

deduced from (29) ; we have only to I'emember that in this formula,

71 is the frequency for which tiie index of absorption is v' -|" ^ times

smaller than the maxinuim 7i„.

Anostrom ') has found that in the absorption band of carbonic

diox^'d, whose middle corresponds to the wave-length )l = 2,GO (i,

the index of absorption has approximately diminished to 4 k^, for

^ = 2,30 ft. This diminution corresponding to i' = 1, we have by (29)

1 _
T

if ?^o and Ji are the frequencies for the wave-lengths 2,(30 ft anil 2,30 ft,

In this way I find

T = 10-i'< sec.

In the case of the absorption lines produced in the spectrum by

a sodium flame, we cannot say at what distance from the middle

the absorption has sunk to ^ /•„. We must therefore deduce the value of

T from the estimated breadth of the line. Though tlie \alue of v

corresponding to the border cannot be exactly indicated, we shall

^) K. Angstrom, Beitrage zur Kenntniss der Absorption der Wiiiinestiahlen

durch die verschiedenen Bestandtnile der Atmosphare, Ann. Phys. Ghera. 39 (18!)0),

p. 267 (see p. 280).
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prohahlv ho not far wroiijc;, il' \\c -.ii|i|i(iso il (o lio liohvooii 3aiKlfi;

lliis would imply tliat al the Ixiidcr IIm^ imlex of alisorption lies be-

hvci'U /, and /„. IC tliorororc n relates lo llio liordor, tlic f'or-

10 H7

inula (29) shows that the limits for -arc - (/;

—

/Ao) aud --- (»,— ;;„).

T .> o

In Hm.i.o's experiments the hieadth of the y>-lines was about

1 A. Il The relation between ii an<l the wave-length ). being

"
X

we find for that between small variations of the two quantities

271 c

;.'

Hence, if we put dk = O,.") A. E. = 0,5 X 10-" cm., we find

n — no — 0,26 X 10'2,

from which I infer that the value of t lies between 12 X lO-'^ and

24 X 10-'2 sec.

\ 10. In the case of carbonic dioxyd tlie number X may be

deduced from the measured intensity of absorption. In An(;btr(Jm's

experiments this amounted to 10, fi pCt. in a layer, 12 cm. thick,

and for I = 2,(50 ft. The amplitude being diminished in the proportion

of 1 to >'•'" in a layer whose thickness is z, and the intensity of

the rays l)eing proportional to the scpiare of the amplitude, we have

^,_o4/,y _ 0,894,

and
ko = 0,0046.

Now, by the formulae (27), (12), (10) and (18)

4 c in

4 m ko

Here r and /„ are known by what precedes. As to the charge 6,

il is, in all probability, equal to that of an electrolytic ion of hydrogen.

It is therefore expressed in the usual electromagnetic units by

the number 1,3 X 10--°, and in the usual electrostatic units by

3,9 X 10-'°. The unit of electricity used in our formidae being

VITti =z 3,5 times smaller than the common electrostatic one, we

must put

e= 14 X 10-10. .,.,.., (30)
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In the case of the infra-red rays whose absorption has been

measured by Angstrom we are probably concerned with the vibrations

of charged atoms of o.xygen or carbon. The mass of an atom of

hydrogen being about 1,3 X lO-^-* gramme, I shall take

m = 2 X 10-23.

The result then becomes

N=<oX 10'".

^ 11. The above method is not available for a sodium llame.

Hallo has however observed that the value of iV for tins body may
be deduced from his measurements of tiie magnetic j'otatiou of the

plane of polarization and Geest has shown that the magnetic double

refraction in the flame may serve for the same purpose. In what

follows I sliall onlj^ use one of Hallo's results.

In the first place it must be noticed that in the case to be con-

sidered, ^ is much larger and — much smaller than unitv. The

radical in (24) may therefore be replaceil by

1 +^-
§' + 1/'

and the formula becomes

c ^
- = 1 +

2 (1^ + in

Now, if there is an external magnetic field, the velocities of pro-

pagation cOj and CO, of right and left cii'cularly polarized light can

be calculated by a similar formida. We have only to replace § by

§— § and by § + ?•') From the results

— = 1 + ^TrTi

—

>^:r-,
—

r. ^"^1 -^ = i +
2 [(I - ?r + '•i'] «>, 2L(5- + 5r + ''n

we find for the angle of rotation per unit length

'^
2 " {co, COJ 4 ci(§ - ?)^ + ,f (§ + g)^ + ,;» j

•
• ^

>

In order lo delei'mine ;V by means of a measured value of <p,

we begin by observing that, in virtue of the equation ('28), for

which we may write

§ =: 2 tn 11^ (ii„ — )i),

each value of j determines a certain point in tiie spectrum whose

distance from llio middle of Ihe band is proportional to S. At the

') See LoRE.NTZ, Siii- la llu'Oiie des plieuomenes magneto-optique.s, etc., § l(j.
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border of the band (if there is no magnetic field) | has the vahie

V t], the coefKieient v being some moderate number, say between 3

and 6 (§ 9), and for one of tlic components of Zkemax's doublet we

have I ^ ?. In the magnelic field used by Hallo the distance of

tlie components from the middle of the original line amounted to

0,15 /l./i., half the breadth of the line being 0,5 A. E., as has

already been said.

We have therefore the following relation between ij and S

:

?: V7i= 0,15:0,5

3,3
ii = -^? (32)

V

On the other hand, a point in the spectrum, at which the angle

of rotation jter unit length was approximately equal to unity, was

/35
situated at a distance of J,6 A.K\—— of the mutual distance of the

J30
two D-lines) from the middle of the original line. This being 10 times

the distance from this line to one of the components, we have

approximately

§r=10?.

On sulistituting tins value and (32) in the formula (31), it appears

that the terms if may be omitted. Hence, if (13) is taken into account,

n Ne
(f
= 0,005 — = 0,005—- , (,33)

c fe H
or since <p =^1 is,

.¥e = 200 H.

The strength of the magnetic field in these experiments was 9000

in ordinary units, or

9000
H = — : = 2600

1/4.-T

in those used in our equations. Taking for e the \alue (30), 1 tinally find

§ 12. The value of >; may likewise be calculated, both for the

carbonic dioxyde and for the sodium flame. In the first case we can

avail ourselves of the formula (27), in which k, is now known
;

the result is

n n
i]=i = = 2,5 X 10'.

2<'X-„ Xk„

For llie sudiuui Uame we first draw from (33)
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g = 0,005 - — 0,01 ^ ^ 500
c A

and we tlien find by (32) the following limits for t\

550 and 270.

These results fidiy verify our assumption that i\ would be a

large number.

Finally we can compare the values we have found for t with

the period of the vibrations. In this way we see that in the llame

some six or twelve thousand vibrations follow each other in uninter-

rupted succession. In the carbonic dioxyd on the contrary no more

than a few vibrations can take place between two successive blows.

% J 3. After having found the number N of molecules in the

sodium tlame we can deduce from it the density d of the vapour of

sodium. In doing so, 1 shall suppose the molecules to be single atoms,

so that each has a mass equal to 23 times that of a mass of hydrogen.

Taking for this latter 1,3 Xl*^"'* gTamnie, I find

f/= 12x10-9.

This is not very ditferent from the number 7 Xl^~® found by Hallo.

Hallo has already pointed out that this value is very much smaller

than the density of the vapour really present in the flame; at least,

this must be concluded if we may apply a statement made by

%. Wiedemann, according to wdiich a certain fhime with which he

has worked contained per cm', about 5X10-" gramme of sodium.

Perhaps the ditference must be explained by supposing that only

those particles that are in some peculiar state, a small portion of the

whole number, play a part in the phenomenon of absorption. This

would agree with the views to which Lenard has been led by his

investigation of the emission by vapour of sodium.

It must be noticed that the value of N we have calculated for

carbonic dioxyd warrants a similar conclusion. In the experiments of

Angstrom the pressure was 739 mm. At this pressure and at 15° C.

the number of molecules per cm", may be estimated at 3,2 X 10'^
•

This is 50 times the number we have found in § 10.

\ 14. An inleresling result is olitained if the time r we have

calculated for carbonic dio.xyd is com[)ared \vith the mean lapse of

time between two successive encounters of a molecule. Under the

circumstances mentioned at the <iw\ of \ 13, the mean length of the

free path is about 7 X 10^'' cm. The molecular velocity being

4 X 1**^ cm. [ler sec, tliis dislance is (ravelled over in
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1,8 "X 10-'" sec,

i.e. in a time e(|iial to 18000 times the value we liave found for r.

We see in this way that it cannot be the encounters between mole-

cules, by which the regular succession of vibrations comes to an end.

It seems to be disturbed much more rapidly by some other cause

which is at work within each molecule.

In the case of the sodium flame there is a similar difference

between tiie length of time r and the mean interval between two

encounters.

§ 15. We shall now return for a moment to the resistance that

has been spoken of in § 5, the only one that is really exerted by

the aether. This resistance is intimately connected with the radiation

issuing from a vibrating electron, and if a beam of light were

weakened by its influence, this would be due to part of the incident

energy being withdrawn from the beam and emitted again into the

aether. Of course, this could hardly be called an absorption. But,

apart from this objection, we can easily show that the resistance in

question is much too small to account for the diminution of intensity

that is really observed. Its component in the direction of a; is

e' d'x

6 jr c' dt'
'

or, for harmonic v'ibratioiis of frequency 7i,

«' e' d X
~

6 .t c' 1a
'

Comparing this with (8), we find

•' — R i
•

O !T C

This amounts to 2,0 X lO^^i for carbonic dioxyd (for the wave-

length ;. ==2,60(1 (§9)) and to 4,0 X 10 -20 i,, the case of the

sodium flame. These numbers are far below those which result from

(18), if we substitute the value that has been calculated for t. We
then get, for carbonic dioxyd 4,0 X 10 -^, and for the sodium flame

a number between 1,2 X iO-i« and 0,6 X 10 -i".

§ 16. It lias already lieen shown in § 8 that an increase of 11

broadens the absorption band, diminishing at the same time the ab-

soi'ption ill its middle. Indeed, in many cases we may say that

ihe broader the hand, llie feebler is the absorption for a definite

kind (if rays.

The c|iH'siion now arises what is the total amount of energy
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absorbed by a layer of given thickness z, if the incident beam con-

tains all wave-lengths occurring in the part of the spectrum occupied

by tlie absorption band. In treating this problem, I shall suppose

the energy to be luiiformly distributed over this range of frequencies,

so that, if we \\'rife ld\i for the incident energy, in so far as it

belongs to wave-lengths between n and n -\- dn, / is a constant.

The total amount of energy absorbed is then given by

A = I\{\—e-''-^-~)dn (34)

Now, if the coefficient g and the time r were independent of the

density of the gas, both ^ and i\ would he inversely proportional to

X . tills results from (10), (12) and (28). The equation (26) shows

that under these circumstances and for a given value of n, k is

proportional to N. The value of A \\'\\\ therefore be determined by

the product Nz. This means that the total absorption would solely

depend on the quantity of gas contained in a layer of the given

thickness, whose boundary surfaces have unit of area ; if the same
quantity wei-e compressed within a layer of a thickness \ z, the

absorption would not be altered.

The result is diiferent, if g and t depend on the deii.sity. In order

to examine this poin(, I shall take z lo be so small that 1

—

e — ~^'

may be replaced by '2kz — 1k''z^, so that (34) becomes

A = 21 \z Ckdn — z' Ck-- dn\ (35)

Let us further confine ourselves to an absorption band, so narrow,

that we may put

g = 2m'»„(H„— n), (36)

ii = ».,/, kz= ~ i-— C37\

Introducing |, instead of //, and extending the integrations from

S = — ^ to I r= -|- X , as may indeed be done, 1 tiiul from (35)

2cm \ ice/ )
or, on account of (10),

nr/
I 1 )A = —-
I
Ne' z —— (Ne' zY .

2cm
^

AiCg
)

Two coiiclusions follow from tliis result. First, the absorption in

an inliiiilely tliiii layer of given thickness does not depend on the

42
Fi'oceeilings Royal Acad. Amsterdam. Vol. Vlll.
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value of '/. In the second place, if the laver is so thick that the

second term in the formula has a certain iiitlnence, for a given

valne of A'c, the amount of ahsoqition will inci-easo with 7. It will

therefore increase by a compression of the gas, if Iw this means the

coeflicient // takes a larger value. An effect of this kind has really

been oi)S(>r\(!d by An(;sti{(im ') in his expei'imcnis on llie absorption

produced by carbonic (boxyde.

This resull c(iid<l ha\i' liccn prcdiclcd by thcoi'y if llie idea that

the succession of regular \ibrations would be disturbed by the colli-

sions between the nu)lecules had been conlirmed : then, l»y an increase

of tl,ie di'usily, the lime r wduld become shorter and the formula (18)

would give a larger \alne for lli(> coeflicienl _</. .\s ii is. the vil)ra-

lioiis musi be supposed lo be dislui'bed by some oilier cause (§ J4)

and we can only infer from .Vm.stuom's measurements that the iiitln-

ence of this cause musi depend in some unknown way on the density

of the gas.

§ 17. Thus far, we ha\c couslaiilly assumed in our calculalioiis

that the coeflicienl )j is very much larger Ihau uiiily ; lliis hypolhesis

has been confirmed b\ ihe \alues given in § 12 and, lo Judge from

tliese numbers, il would even seem hardly probable ihal }, can in

any case haxc a sabu' eipial lo, or smallei- Ihau 1. ^Cl. llicre is a

phenomeuoii which can only be explained by ast-ribiug to 1, a small

\alue. Tliis is the dissymmeli'y of llie Zkk.man elfecl, which has been

jiredicled b\' \ ()i(i'i''s iheory ") and has shown itself in some e.xpei'i-

inenls of Zeem.vn'). In so far as we are here concerned with it, it

consists in a small iiie(piality, observable only in weak magnetic

fields, of the distances at which the two outer components of the

triplet are situated from the place of the original spectral line.

Whereas in strong fields the position of these connionenls is deter-

mined by the e(piations ^ = -[- ? i^nd ^ = — ^!. il corresponds to

$ ^ and |=r 1, if the magnetic intensity is \ery small.

YoKiT has immediately pointed oui llial llie dissymmetry can only

exist, if It I''* not very large. Vol. from llie fad that Ihe effect could

scarcch' be delecled In Zkk.man. he concludes ihal the coeflicienl must

') Angstrom, Ober die Aljhiiugigiveit clur Absorption der Gase, besonder.s iler

Kohleusiiure, von der Diclite, Ann. Pliys., (J (1901), p. 163.

') VoiGT, Uber einu Dissyinnictrie di:r ZEE.MAN'.scfien nornuden TiiploU, Ami.

l^hys., 1 (1900), p. 37t).

') Zkkman, Some observations concerning an asymmetrical change of lliospectiai

lines of iron, radiating in a magnetic field. These Proceedings, II (1900J, p. 298.
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Iia\ (' licoii ralli<M- lai'ucr tliaii iiiiil\ . In my opinion, we must g'O

tartlicr lliaii lliat and ascribe Id )j a value, iiol sensibly above 1,

my avu'iimeiil itt-ini;- liial llie (lis>\ iimieliy can only make itself felt,

if the (lill'ereiice between the (bstances tVoin Ihe orig'inal line lo (lie

two coni|)onenl> in (|iieslion is not \ery nnicli smaller tiiaii llie lirea(bli

of llie line.

We know already i§ il) lliat i — <) al the middle of Ihe line and

^=zvij al the border. Now, if i, were sensibly larger than J, the

places corresponding to g^O and § = 1, i.e. the places occupied

by the two components in a weak Held, would lie within the

breadth of the original line ; tl would therefore l)e impossible to

discern the want of symmetry.

§ IS. Whalever be the exact \alue of i^, Zkkman's experiments

on this point show al all evcnis that nnder favourable circumstances

a displacement of a line, c-(.)rresponding lo a change from $ = to

S = 1 , or to a change

2^; ^'^^

of the fre(|uency. is large eiu)ngli to be seen. Bui. if such is the

case. \\c shall no longer be riuht, if we discuss llu^ \-alue of ^, in

omiltini!' i|nanlilies llial are bul a few lime> snialli'i- than nnitw

A (|uantity of this Icind is ihe term « in Ihe e(|ualion (il), which

as has already been luentioiH^d. is bnl little dilferenf from '/,, aiul

which we lia\e omitled in all onr calculations. If we wish to take

il into accouul, we shall tind Ihal all that proi'edes will still hold,

pro\ ided only we re[ilace n^, by the (piantily //'„, determined by

/ - a — m' „\;' (39)

lndee<i. {"icS) may ihen be wrilten in llie form

and ihe place of maximum absorption, the middle of ihe line, will

eorresponil to tiie frci|uency //„. exactly as il formerly coi'responded

to the freipiency //„.

Now, by (7) and (10)

/' =^ w' '*(,'i

and by (39)

(t
I

ft

" .' = "«'
,

• " „ — >i, — 7 ,
.... (40)

or, on account of (10),

a A' e'
"', = "o-^ (41)

We learn from this equation that an increase of the density must
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i;ive i-ise to a small displrK-enienl of (he absorption line lo\vai-(ls

the side of the larger wavc-leiigths. A siiift of tliis kind has been

observed by Humphkk.ys and Mohlek in their investigation of the iii-

Ihience of pressure on the position of specli'al lines. However, as

the formula (41) does not lead to the laws tiie two physicists have

established for the new piienouienou, 1 dd not pretend to have

given an explanation of it.

Nevertheless we may be sure tiiat in those cases in which the

dissymmetry of the Zkem.vn effect can be detected, tlie last term in

(41), Avhich in fact is of the same order of magnitude as the expres-

sion (38), can have au influence on the position of a spectral line

that is not wiiolly to be neglected.

On the otliei' hand, it now becomes clear that, in the case of a

large value of ->;, the lerui a in (11) may certainly l)e neglected, its

intlucnce on tlie position of the middle of the line being much smaller

than the breadth. ')

§ 19. We shall conclude by examining the influence of the last

term in (19), which we have likewise omitted. If we replace / by

/'-I and, in \irlue of (ItJ), /'' by / +-—, which I shall denote by

(/''), and if this time we neglect the term it, the formula (11) may

again lie written in the form (28). Indeed, if we put

«V = ^ = "o' + - (42)
m T

we shall have

I == Vi (w'V — «')•

Instead of (42) we may write

""» = "» + ¥^;^' ^''^

an ecpiation which shows that the absorption band lies somewhat more

towards the side of the smaller wave-lengths than would correspond

to the frequency //„ and thai its position would be shifted a liltle,

if the time t were altered in one way or another (§ It!). These displa-

1) Prof. Julius has called my attention to the fact that in many cases the absorp-

tion lines are considerably broadened by the cliange in the course of the rays that

can be produced in a non-homogeneous medium by anomalous dispersion. In the

experiments of Hallo, I have discussed, tliis phenomenon seems to have had no

influence. This may be inferred from the circumstance tliat the emission lines of

his flume had about the same breadth as the absorption lines.
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cements would lidwexcr 1m> nmcli smnller llian half llio lireadtli of

tiie band. Tiiis is (>asilv sci'ii, if we di\ide the \alue of ti'\, — //„

caiculaled from (4:>) In the \aliie of // //„ llial is uix',.,, hy (W).

The result

1

2 I' M„ T

is (ff. § 12) a small IVacli(ni, because ?;„ t is ('(lual to the iiundierof

vibrations during the time t. multiplied by 2 .t.

(January 25, 1906).
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Some time ago a paper was published by Gossner ') on tlie crystal-

forms of Chlorobromonitrophenol, Dihromonitrophenol and lodohromo-

nitrophenol being an experimental contribution to the knowledge of

1) B. Gossner, Krystallograpliische Untersuchung organischer Halogenverbin-

dungen. Ein Beitrag zur Kenntniss der Isoraorphie von Gl, Br und J. Zeitsclir. f.

Krystall. Bd. 40. (10O.j). 78—8.").
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tlie isoniorplions substiliition of the lialogens CI, Br and /in organic

molecules. The author first gives a short resume of the chief series

of inorganic compounds where CI-, Br- and /-compounds have been

compared in regard to their crystal-form. Even in cases where a

direct analogy in form does not occur an isorfi'morphism may be

always proved to exist.

The /-compounds differ in most cases from the others as regards

their behaviour.

Only a few complete series of analogous halogen derivatives of

organic compounds have been investigated and in no case as to

their mutual behaviour in the liquid state.

A complete crystallographical investigation was made of : p-C/i^oro-,

2)-Bromo- and p-[odoacetanilide *), the melting points of which ai'e

respectively, 179°, 167^° and 181°. The Bromo- and the lodo-com-

pounds are both mimodinic, the 6%/oro-compound differs and is

rhombic. The Br- and the /-compound present in symmetry and

parameters a distinct analogy with the rhombic 6V-compound ; the

plane of cleavage is, however, a totally different one ').

C/-compound : Rhombo-pyramidal.

a:h:c = 1,3347 : 1 : 0,6857
; |3= 90°0'. Cleavable towards llOOj.

^r-compound : monoclino-prismatic. ')

a:h:c= l ,3895 : 1 : 0,7221 ; i?= 90°19'. Cleavable towards jSOl \.

/-compound : monoclino-prismatic. '')

a: 6 :c= l,4185: 1:0,7415; /?=90°29'. Cleavable towards |301!.

GossNER *) proved that the C7-compound is f/nnorphous and also

that it possesses a more labile monoclinic form. On the other hand,

the Br- and /-compounds are certainly also rf/morphous but here

the rhombic modification is the more labile. The more labile and

the more stable modifications possess very analogous parameters,

although their molecular structures are different. He thinks however

that the irregular positions of the melting points may be satisfac-

torily explained from all this.

On the other hand, in the series Chlorobromo-, Dibromo- and

lodobromonitroplienol, all three derivatives are directly-isoniorphous

with each other. (Structure: (O/T) : (iV6>,) : ^?- = 1 : 2 : 4; CI, Br
and / on 6).

1) B. GossNER, Z. f. Kryst. 38. 156—158. (1904).

') Fels, Z. f. Kryst. 32. 386 (1900); Idem 32. 406.

8) MuGOE, Z. f. Kryst. 4. 335; Fels, Z. f. Kryst. 37. (1903). 469; Wilson, Z. f.

Kryst. 36. 86. Abstract; Panebianco, Z. f. Kryst. 4. 393.

^) Sansoni, Z. f. Kryst. 18. 102.

") GossNER, Z. f. KrysU 38. 156—158.
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This is the first pi-operly investigated series of halogen-substitution

products in organic chemistry where CI, Br, and / replace each

other in a directly isomorpiious manner.

Notwithstanding this complete isomorphism there occurs here a

remarkable abnormality in the position of the melting points. Just

as in the case of the isoJmiorphous p-Halogen ncetanilides. This

abnormality cannot, therefore, be explained in the manner described

above; in fact it is quite incomprehensible:

^/-compound: m. p. 112° C. Spec. gr. 2,111 Mol. Vol. 118,7

Br- „ m.p. 117i° C. „ „ 2,434 „ „ 121,1

/- „ m. p. 104°C. „ „ 2,645 „ „ 129,03

In this case it is the /-compound which exhibits an abnormal

melting point.

From all this it is evident that there is still something strange,

as regards the mutual morphotropous relations of the halogens, at

least, in the case of organic compounds. Some facts relating thereto

will therefore be communicated in what follows.

I have, frequently, published papers on the Methyl esters of p-

Chloro-, and p-Bromohemoic acid ^). The Chloro- and Bromo-AQv'iva,-

tive each appeared to possess a different form, whereas the melting

point line of binary mixtures should lead to the conclusion that an

isoJ/morphism was present here, with a melting point line of the

rising type, although it seemed impossible then to define by physico-

chemical methods the limits of mixing for the two kinds of mixed

crystals.

In order to treat the existing problem as fully as possible, 1

prepared first of all the corresponding Fluoro- and /of/c-compound.

p-Fluorotoluene kindly presented to me by Prof. Holleman was
oxidised with KMn04 in alkaline solution, the p-Fluorobenzoic acid

was separated with HCI and then esterified by means of methyl

alcohol and hydrogen chloride. The ester, which has a strong odour

of aniseseed oil, is a liquid rendering measurements impossible, but

on the other hand the acid could be measured ciystallographically.

p.-Toluidine was diazotised and converted by means of KT into

p-Iodotoluene, this was distilled with steam, recrystallised and oxidised

as directed to p-Jodohenzoic acid. In the same mannei-, p-Aminobenzoic

acid was .converted by diazotation etc. into its acid and this was

1) Jaeger, Neues Jahrb. f. Miner. Geo), und Palaeont. (1903). Beil. Bd. 1—28;
Zeils. f. Kiyst. 38. (1903). 279-301.

43*
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purified by sublimation. Both Todobenzoic acids tlius obtained were

tiien esterified by means of methyl alcoiiol and HCl.

The product so obtained was purified by repeated recrystallisation

from boiling alcohol until the melting point became constant at 114°.

The methyl ester of 2>Iodobemoic acid m.p. 114° crystallises from

ether -|- alcohol in colourless needles, having a faint odour of aniseseed

oil, which are very neatly formed, and exhibit the form of fig. 8.

Rhomho-bipyramidal.

«:i:C = 1,4144: 1:0,8187.

Forms observed ; a = jlOOj, predominant, very stronglj' lustrous,

sometimes with delicate, vertical stripes; p = {210j, very sharply

reflecting; b^\\10\, narrow, often absent, but yields very sharp

reflexes; ?' = |122j and r = {011|, well-developed; o = I112J, very

small and often absent altogether.

Habit: flattened towards JlOOj, with tendency parallel to the c-axis.

Angular measurements:

Measured: Calcidated:

a:p = (100) : (210) =*35°15V; —
b:v= (010) : (122) =*51 49 —
b:i} = (010) : (210) = 54 44V,
i;:«=z:(122):(T22) = 76°23' 76°22'

b:r = (010) : (Oil) = 50 24V, 50 41V,
a:v = (100) : (122) = 77 29 77 23

v:v = (122) : (122) = 25 42 25 41

r : r = (Oil) : (OTl) = 79 12 79 11

v:r = (122) : (Oil) = 12 50V, 12 37

2):r = (210) : (Oil) = 68 23 68 33

w : = (122) : (J 12) = 17 OV, 16 43V,

o:o = (112) : (112) = 43 3 42 55V,

Cleavable towards jOlOj.

The optical axial plane is jOOlj with the 6-axis as first bissectrix.

The apparent axial angle in «-monobromonaphthalene is about 80°;

the dispersion is Q <C^- On a, p and b orientated extinction.

The sp.gr. of the crystals is: 2,020 at 10°; the equivalent volume

= 129,7.

Topic axes / : if : w = 6,8179 : 4,8203 : 3,9464.

From the above it follows that the /-compound is perfectly iso-

morphous with tlie analogous 5)'-conipound. By way of comparison
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some of tlie chief data observed in botli compounds are i)laced here

in juxtaposition

:

p-Iodobenzoic Ester : p-Bromobenzoic Ester

Rhombo-bipyraniidal Rliombo-bipyramidal

a:b:c= 1,4144 : i : 0,8187 n:b:G = 1,3967 : 1 : 0,8402

Forms : Forms :

{lOOj, lOlOj, jOllj, {2J0!, jll2!, il22!. jiOOj, JOlOj, JOII j, j210i, jlJ2!, {122|

On {lOOj delicate stripes On JlOOj delicate stripes

parallel c-axis. parallel c-axis.

Cleavable along b. Imperfectly cleavable along b.

Axial plane is jOOlj ;
1^' Diag. is b. Axial plane is SOlOj ; 1" Diag. is b.

Angles: Angles:

a:^zir35°16' a:^ = 34°56'

b:v = 51°49' b:v = 51°10'

o:o = 42°55 etc. o : o = 43°50' etc.

The dispersion in the /-derivative is of an opposite character to

that in tlie jS?'-compound ; the apparent axial angles are almost equal

if that of the /-derivative is measured in «-Bromonaphtha]ene and

that of the /Jr-derivative in oil of Cassia.

It seems remarkable, that in our case the Bromo- and lodo-com-

pounds behave in an analogous manner and that it is the Chloro-

corapound which exhibits here a deviating character.

In order to show the further relation of the three compounds the

binary melting point lines were determined and represented in fig. 9.

The melting point line /?r-/-corapound does not deviate markedly

from the straight line, the difference is really negligeable. The lowering

of the melting point of the 7-derivate is, therefore, practically directly

proportional to the number of added molecules of the 5?--compound.

The melting point lines Cl-I- and C/--Sr-compound take an analogous

course, that is to say, all the melting points lie between the lowest

and the highest melting point. Both melting point lines belong to

the rising type of Roozeboom, which may occur in isodimorphous

substances. The lower branch and the mixing limits could not be

found by thermometrical methods. The existence of these two branches

may indeed be proved, and they are even situated at some considerable

distance from the top branches — at least at the side of the com-

pounds having the highest melting points — as was found by Dr.

B. R. DE Bruyn. It is, however, not possible to determine this line

with sufficient accuracy. The progressive change of the cooling-curve

is of such a nature that a discontinuity is observed from which we
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may draw (he above irioiitioiuMl conclusion that the lower branch of

the melting point line — at least at the side of the rhombic mixed

crystals — is situated at a fairly considerable distance from the upper

7^1? t;0 eo 70 60 4o 30

Fig. 9. Binary melting point lines of the three halogenised benzoic methyl esters.

branch. This change in direction of the cooling line is, however, so

slight, that the true situation of the point on the lower branch cannot

be indicated with certainty.

The determination of the mi.xing limits by an investigation of the

solid phases, which are in equilibrium with solutions of known con-

tent, met with difficulties of an analytical character. An effort was,

therefore, made to determine those mixing limits by the crystallo-

graphic process. For that purpose solutions were prepared of mixtures

of the two esters, for instance of the cJi/oro- and the bromo-esiev,
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in ether -|- alcoliol, and the homogeneons mixed crystals obtained

on slow evaporation were individually investigated crystallographic-

ally and then their melting point was taken, namely tlie temperature

at which the last particle of solid matter disappears in the surrounding

fused mass. If one may assume that this last solid particle, in each

of the cases investigated, is really in stable equilibrium in regard

to the fused mass, the temperature thus found, by comparison with

the already found upper branch, indicates the molecule-percentage

composition of the mixed crystal under investigation.

If we take little of the i?r-ester and much of the C/-ester, we
obtain from the alcoholic solution monocUnic mixed crystals which

possess quite the form and angular values of monoclinic CZ-ester

itself. Of such crystals the melting point never exceeded 467,". If

the proportion of the components is reversed mixed crystals of a

rhombic form are dei^osited quite analogous to the 5r-ester. These

crystals gave melting points from 797,° down to 47°
; but not lower.

Assuming that the melting point of the end terms of the mono-

clinic series does not differ practically from 47°, it then looks as

if rhombic mixed phases may exist which, at 47° as transition tem-

perature, attach themselves immediately to the monoclinic terms. I

have found, however, that rhombic mixed crystals with various melt-

ing points kept together in a closed tube for four months become

turbid and partially opaque with a rough surface as soon as their

melting point falls below 65°. It is also remarkable that the rhombic

mixed phases of this kind are more and more badly formed and curve-

planed, and that they become more distorted, as if existing in a kind of

enforced condition, when their composition begins to dilfer from that at

65° towards the monoclinic side. It seems to me that when accepting

the above hypothesis, all rhombic mixed phases below 65° represent

metastahle conditions, which, in the solid state, are very slowly

broken up, to be partly converted into monoclinic terms.

That is to say the melting figure takes schematically the form of

fig. 9; the said metastable conditions are then points situated on the

extended part of the lower branch to the right, which indicates the

composition of the rhombic mixed crystals coexisting with the fused

mass. The stable hiatus in the mixing series then extends from 187o
to 607„ of the 5r-compound.

From all this it follows that in consequence of the very slow
conversion of the mixed crystals, no sharp determination of the

mixing limits can be made in this mannei' when less than 607
Br-estev of monoclinic character is present.

In the system CAester -\- /-ester the matter is still moi'e troublesome.
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There, llic end term of llie iiioiioclinic mixing series is situated

still miicii closer to the axis than in the case mentioned. In conse-

quence of the very great difference in sohibility of the CI-, and the

/-compound we never obtain here from alcoholic solutions anything

else but rhombic very delicate needles, while the monoclinic phases

crystallise so indistinctly that they are quite unsuitable for a serious

investigation.

The Br-, and the /-ester readily crystallise together in all propor-

tions with angular values which differ but little from those of the

components. No optical anomalies could be found in such mixed

phases. From this it follows that (o those two halogen substitution

products belongs an analogous molecular structure. Their molecular

volumes in the solid condition agree indeed very well ; tiie difference

is smaller than between that of the CI-, and i^r-compounds.

As regards the lowering of the melting point of the compound

melting at the higher temperature by addition of the one melting

at the lower temperature, this is not proportionate to the number of

added molecides, as in the system Br- -(- /-compound. In the

mixtures of CI- and J-ester, the observed values are always situated

on a curve which occurs above the line of the proportionate lowering

of the melting point; in the system CI- and ^r-ester, on a two-

periodic cur\'e which occurs below the said straight line.

It must also be observed that i\\e mixed phases deposited from

alcoholic solutions possess a larger content in the compound melting

at the higher temperature than the solution from which they have

formed. For instance, from a solution containing 20 7o of /?r-ester

and 80 7o of C'Z-ester, mixed (rhombic) crystals were at first depo-

sited which melted at 57'^ corresponding with a considerably higher

percentage of the 5r-compound.

The r/i/fro-compound which is monoclinic with

:

a .b:c = 1,8626 : 1 : 3,4260, and (i= 64°18'

and the forms

:

ar=|100|,c=|001S,r=:[T02|,|)=S210i,<=:{011},o=STll|,.i;=!lllS,(o=jTl3!.

presents a habit which is not at all like that of the two other deri-

vatives, although that habit, as shown in iig. 1—5, is in a high

degree variable, according to the choice of the solvent and tempe-

rature of crystallisation.

The habit of the Br- and /-compound is on the other hand per-

fectly analogous ; in the /-ester it is, moreover, verj^ constant under

different conditions of crystallisation (fig. 8) whilst it is still some-
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what changeable in the Br-estev (tig. fi and 7), although no longer

so strong as in tlie ('/-derivative. With an iiu'reasing atomic weight

of the halogens, the changeability of tiie crjstal-liabit, owing to a

change in conditions of crystallisation, decreases considerably and

gradually.

The sp. gr. of the three compounds, their equivalent volume and

their topic parameters are :

Chester: f/,„o= j ,382 ; F= 123,37 . / : ip : w= 5,1731 : 2,7774 : 9,5153.

5r-ester:f/,„o=z 1,689; F^ 127,29 .•/: if>: a)= 6,661 J :4,769J : 4,0070.

J^ester : (l,,o — 2,020; V= 129,70 . x : il' : w = 6,8179 : 4,8203 : 3,9464.

It must be remarked here that the melting points of the three

esters increase regularly by 357a° notiuithstandlng the diflference in

crystalform :
44°—797,°- 114°.

The above admits of no other explanation than the assumption

that all three halogenised esters are dimorphous. The CAester must
still exist in a more labile rhombic form and the Br- and /-esters

in a 7nore labile monoclinic form. In one of Bruni's communications
')

a "monoclinic" 2)-Brom.obenzoic Methyl Eder is described by an
Italian investigator with the object of proving an "isomorphism"

with the analogous p-Nitrobenzoic ester. The given measurements

have, however, absolutely no connection with those applied to the

p-Cklorobenzoate, so that this monoclinic form can in no case be

the one intended. Moreover, none of the measured angular values

of the p-Bromo-derivative agree with those obtained by myself. It

appears to me doubtfid whether the measurements mentioned in

Bruni's paper are really correct or it may be that the operator lias

really not been working with p-Bromobenzoic Methyl ester at all.

All efforts made by me to obtain from this substance a crystal form

dili'erent to the rhombic one proved fruitless, whilst in the Italian

treatise, the supposed "monoclinic" form is represented as a perfectly

stable one which, therefore, occurs continuously.

In order to prove an eventually existing dimorphism of these sub-

stances, I have made use of Lehmann's microscopical method with the

aid of the crystallisation microscope constructed by him. It appeared,

however, that in none of these cases a positive result could be

obtained. I think that in the case of each of these substances, I can
notice two different ways of crystallisation under the microscope,

namely long, rather delicate needles and also parallelogram-limited

*) Brum and Padoa, Gazz. Chimic. Hal. (1904). 34a. 133—143; Rendic. Lincei

(1903). 5a. 12. 348.
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flat needles which exhibit higher interference colours and like the

first named extinguish normally on the longitudinal direction. Howe-

ver, the (iitierence — if present at all — is so indistinct that taking

into consideration the inclination of these substances to alter their

crjstal-habiousit nnder var circumstances in so high a degree, I dare

not conclude to an already proved dimorphism. Experiments with

mixtures richer or poorer in Chloro-ester also exhibited the same

properties. It is, therefore, quite possible that we have two forms

for each of the three substances, but this has not yet been proved

and also it could not be ascertained whether in the given circum-

stances both eventuallj^ present forms stood to each other in the

position of monotropy or enantiotropy.

A few short data as to the halogenised benzoic acids deserve mention.

1. p-Chlorohenzoic acid m.p. 243° has been measured by Pels

(Zeitschr. f. Kryst. 32, (1900) 389). It is monoclino-prismatic, with

n:b:c = 1,2738 : 1 : 3,3397, and ^= 78°24|'. The forms observed

have intricate symbols; besides a=i\100\ and c ^ jOOlj, he finds

d = {207!, = {111!, e = |233i, u = \S22\, v = {illj. Sp.gr. = 1,541.

2. p-Fluorohenzoic acid m.p. 182° synthesised by me is also

monoclino-prismatic. If to the forms occurring here we assign

the symbols: a = {lOOj, c = |001!, r = [203!, 6' = [403!, and q=\O^S\,

the indices being therefore analogous to those given above, the

parameters become :

a:b:C = 1,1917 : 1 : 3,1825

^= 78°16'.

Although there exists here an undeniable difference in habit, I

think I may still conclude that there is a direct isomorphism of

the Chhro- and i'^MOro-compound. A distinct plane of cleavage was

not found. The melting point of p-Fhiorobemoic acid is also elevated

by addition of the (^'/-compound.

Angular values:

'c'
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• 3. p-Bromohenzoic acid, ni.p. 252' was obtained by me in tiny

crystals from ethyl acetate -\- benzene hut tliey were very badly

formed. Tliey are monoclinic and probably quite isomorphous with

the two other acids. The angle of inclination amounts to about 7S\/^°.

4. p-Iodobenzoic acid has not as yet been obtained in measui-able

crystals owing to its little solubility in most of the organic solvents.

Its melting point is situated at 267°, therefore higher than that of

the 5r-derivative. A direct isomorphism with the three other halogen

benzoic acids is not improbable.

Physiology. — "On catalases of the blood". By L. van Itallik.

(Communicated by Prof. C. A. Pekei.haring.)

(Communicated in the meeting of December 30, 1905).

The discovery made by Thj^nard that bloodtlbrine possesses the

property of decomposing hydrogenperoxide has also been extended

to defibrinated blood, by Sch()Nbein {Journ. f. prakf. Cheinie 89,

22). It has found a practical application in the judicial investi-

gation on bloodtraces and has been the object of manifold scientitic

investigations. A resuming report precedes the investigations by

Senter {Das Wasserstofsuperoxyd zersetzende Enzyni des Blutes.

Zeitschr. f. phi/sik. Chemie 44 [1903] 257—318) to whose work we
refer the reader. Senter calls the enzyme which he has isolated

from blood Haemase whereas I myself prefer to use the name
of catalase, which has been given by Loew {Catalase, A neio enzym

of general occurrence. Report N". 68 U. S. Depart, of Agriculture.

Washington).

Although the catalases, those enzymes which are able to split

HjOj in water and oxygen, are universally scattered in the vegetable

and animal kingdom, it has as yet not been possible to isolate one

of these bodies in state of purity.

Although different phenomena indicate that there exist more than

one catalase (apart from Loew's «- and /^-varieties) it ^lias been

impossible as yet to discern them.

The following communication gives a new contribution to the

properties of the catalases of the blood, which may perhaps lead to

a differentation of the catalases, and which at least gives an opportunity

of dividing the catalases of some animals into two groups.

To Mr. C. J. KoNiNG at Bussum I owe the communication that

human-blood diluted from 1—1000 heated at 63° for half an hour,
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still contiiins a quantity of oalalase whereas ox-hlood under tlie

same conditions no longer contains any catalase after half an hour.

Want of time prevented the above mentioned gentleman from pene-

trating any further in this matter, so that he left the treatment of

this subject to me.

The loss of activity of the catalase of the blood by heating has

been investigated for ox-blood by Senter (/. c. p. 293). Those

investigations sliow that a diluted bloodsolution loses its activity in

a quarter of an iioiir at 65°, that the rapidity of decomposition is

considerably smaller at 55° and that the solution after having been

heated for three hours at 45° still contains 60 % of the catalystic

power, which it possessed originally.

Moreover it appeared that tlie loss of activity is not proportional

to the present quantity of the enzyme, but that this phenomenon
takes place with constant rapidity. I thought it useful to investigate

the observed phenomenon with regard to some species of blood )

more closely and to see at the same time if it was possible to

render the catalasereaction serviceable to the distinguishing of difterent

species of blood.

Method of investigation. 5 cM' of the different species of blood in

a dilution of 1— 1000 are heated for half an hour at 63°, then

cooled down to 15° and mixed with 3 cM'. of a hydrogenperoxide

solution of 17o- The mixture is put into a fermentation tube, such

as are used at the investigation of urine on glucose. If the mixture

still contains catalase the developing of oxygen begins within a few

minutes so that by the development of this gas it is indicated whether

catalase of the blood is present or not.

Human- and monkey-blood (Macacus cynomolgus) investigated in

this way appeared to contain still catalase after having been heated

at 63° for half an hour, whereas the blood of horses, oxen, pigs,

goats, sheep, rabbits, cavies, rats, hares, chickens, pigeons, fish (fiounder)

and frogs did not show any reaction after the described treatment

with H,0, and did not split off oxygen within 3 hours.

Now the blood of some of these animals contains only a small

quantity of catalase, but in the liver this substance is present in

greater quantity. According to Battelli and Stern {Compt. rendus

138 [1904], 923-924) 10 mG. blood of a frog produces after being

mixed with HjO, of Vj^, 7.5 cM.' oxygen in 5 minutes, wliereas

1) For the providing of species of blood I am Indebted to Messrs. W. G. Schimmel

and M. G. de Bruin, of the veterinary school at Utrecht and to Dr. J. Buttikofer,

director of llie zoological gardens at Rotterdam.
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an equal quantity of tlio livor liberates 295 cM.' oxygen in tlie

same time.

The liver of a frog was mixed with purified sand, and tlie mixture

thus obtained was shaken with water. A drop of the decanted

liquid called about in a HjOj-solution a turbulent development of 0.

If 5 cM.' of the liquid was heated for half an hour it lost the power

of decomposing HjO, quite, so that also with a considerable original

catalytic power the above mentioned time is suiKicient to make that

power disappear.

In order to get an insight into the rapidity with which the catalase

of the blood loses its activity I put into practice tlie following method

of investigation for some species of blood.

5 cM.' of the bloodsolution (1—1000) were put in some test-tubes;

the tubes and their contents were heated for some time varying

from —IJO minutes in the thermostate at 63°, then cooled down
to 15'' and mixed with 10 or 20 cM.' of a H,0,-solution of 1%.
The action having taken place, for 1'/, hour at 15^, the catalase-

action was interrupted by adding 10 cM.' diluted sulphuric acid

and the quantity of hydrogenperoxide, whicli had not been decom-

posed was inmiediately titrated back with Vio N. Kaliumpermanganatic

solution. While the not heated bloodsolution indicates the quantity

of H,0, which is decomposed by 5 milligrams of the used blood-

species, it could be investigated at an arbitrary point of time in how
far the catalytic action had been weakened bj' the heating.

At the used degree of concentration an oxidation of the catalytic

may originate by the H,Oj (Senter I.e. 279) but I would not reject

the advantages which are oifered by larger concentration as it was

not want.ed to get in the first place absolute figures.

In the table mentioned below the results of my investigations are

written down while the graphic representation gives a more ample

survey

.

It is peculiar that here as well as at the blood investigations of

Uhlenhuth and those of Neisser and Sachs {Berl. klin. Wochenschr.

1905 N°. 44) the bloodspecies of related animals (man and monkey)

show a relation with regard to catalytic power concerning the

absolute strength as well as the greater resistance against the increase

of temperature.

I think I may deduce from these investigations tliat the catalases

occurring in the blood of different species of animals are not identical.

My own observations, it is true extend to some individuals of the

different species of animals only, but from reports of Batelli and
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Hai.iff {Soc. hlol. 57 [1904] 264) it appeared already that the same

organs of animals of the same species contain mostly abont equal

quantities of catalase and that this quantity is not dependent on the

mG. HjO,

Number of milligrams Ho Oo decomposed

by five milligrams of different bloodspecies

after their having been heated at 63° for

some minutes in a dilution of 1 : 1000.

Tf" Jo js vo

—

n—P—n

—

uTTs—T'
—
ttto—6-s ?o j5 ,o. ,., J,j

Human blood.

-Monkey blood.

Horse blood (arterial).

Horse blood (venous).

.,,..««,^^^,»^«*0x blood.

.- — — .- Goat blood.

,».,.».,.^.».^.v.. . Pigeon blood.

temperature of the body nor on the metabolism. To illustrate the

catalytic power of the bloodspecies which I investigated quantitati-

vely I add a short survey,
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Quantity of oxygen in cM." (0"—760 )n3I.) ohtaini'd from the

action of 1 cJ/.' blood on a solution of //, 0, of I'/o-

Man 710

Monkey 706

Horse (venous) 288

Horse (arterial) 438

Ox 136

Goat 58

Pigeon 4

Utrecht, December 1905.

Physiology. — "On the differentiation of fuids oj the body,

containing proteid." By L. van Itallie. (Communicated by

Prof. C. A. Pekelharing).

(Gomniunicated in the meeting of December 30, 1905).

For tiie researcli of blood, sperm and other fluids of the body,

containing proteid, the phenomenon, that even traces of these sub-

stances are able to decompose hydrogenperoxide, has been used for

a long time already. If a drop of a hydrogenperoxide-solution is

put on an object on which blood or sperm was dried up, develop-

ment of gas is observed, even by tlie presence of traces of blood or

sperm which give rise to the forming of froth, when blood is

present. As the experiment can already be taken with some fibres,

and the splitting off of oxygen can be traced under the microscope,

it has often rendered me good services in examining on behalf of

the court of justice, at the preliminary-examinations. If then no oxygen

is liberated and the object on which dubious stains occur, has not

been exposed to a temperature higher than 65°, it may be concluded

from the fact that no reaction occurs, that blood and sperm were

absent.

It was obvious to try to render the result of the experiments

communicated in the preceding paper, serviceable to the distinguishing

of the blood of men, resp. monkeys, from the blood of other species

of animals. Not every one is in the possession of the serum of

Uhlenhut or of the sera recommended by Neisser and Sachs (Berl.

klin. Wochenschr. 1905, number 44) for tlie anti-complementary

influence, while it may be moreover of great value to the court of
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justice to have within .some hours the certainty whether bh)oclstains

appearing on an object, originate from human blood (in our conntry

of course monkey blood may as a rule be left unconsidered).

It is now indeed possible to show the presence of human blood

(resp. of the monkey) in older stains with the aid of the catalase of

the blood. I wish to draw the attention to this that the presence of

blood must have been proved by a preceding microscopical, chemical

or spectroscopical investigation because other fluids of the body too

(sperm and milk) cause a reaction of catalase.

The method of investigation is simple. If the dubious blood trace

is dried on some tissue, a piece of it is extracted with water at the

ordinary temperature and the extract is divided into two parts. One
part is mixed with a solution of hydrogenperoxide of I'/o a,nd the

mixture is put into a fermentation tube. The other part is heated

for half an hour in a waterbath at 63°, then cooled down to 15°

and after having been mixed with a solution of HjO^ it is also put

into a fermentation tube. If within some hours oxygen develops in

both tubes, it may be concluded that human — (resp. monkey-)

blood is present ; the quantity of oxygen in the second tube is of

course smaller than that in the first. When active catalase of the

blood is present the splitting off of oxygen begins soon after the

mixing, and is finished in some hours.

If however only in the first tube oxygen is split off and the

second tube does not show any development of gas, it follows that

the catalase o-f the blood has become inactive by the heating to 63°

for lialf an hour, and that the dubious blood does not originate

from man or monkey.

I was in the opportunity of applying these experiments to fresh

bloodstains of man, dog, ox and horse and to bloodstains on linen

from the year 1903 originating from man, oxen, horses, goats and

pigs. The old bloodstains gave the same results as the fresh blood.

If we dispose of more bloodstains we can follow the process of

the reaction somewhat quantitatively by preparing for instance a

larger quantity of extract with water, dividing this in parts of 5 cM.',

heating this to 63° during different periods in test-tubes and mixing

it with H,0, and titrating it, as has been communicated in the

preceding paper. The peculiar process of the reaction, graphically

expressed, does not give a representation of the absolute quantity

of the catalase of the blood which is present, but is so characteristic

that human- (and monkey-) blood can be easily distinguished from

that of another species of animal, even in the dried state.

44
Proceedings Royal Acad. Amsterdam. Vol. VIII.
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It is liardlj' necessary to mention separately lliat tlie reaction of

the catalase can be made serviceable to the distinguishing of mother's

and cow's milk.

Cow's milk w liicli has been heated to G3° for half an hour no

longer possesses the property of decomposing H._, O,, a property

which mother's milk still possesses in a rather considerable measure

nnder the same circumstance.

In a mother's milk which I (hank to (he kind ii\terference of

Prof. KoowEU I found the following results, Imt it should be

observed that the action of the milk on the solution of hydrogen-

peroxide found place in the nitrometer of Lunge and that I read otf

the volume of the de^eloped oxygen after twelve hours :

5 cM." mother's milk not heated gave 24.8 cM." oxygen.

5 „ „ „ heated to 63° for a

quarter of an hour gave 18..5 ,, „

5 „ „ „ „ 3 „ „ „ „ 7.5 „

5 ,, ,, ,, ,, for an hour ,, 4.0 ,, „

Utrecht, December 1905.

Physics. — "Some remarks on the quantity H in Boltzm.\nn's

" Vorlesungen iiber Gastheorie" ." By 0. Postma. (Communi-

cated by Prof. H. A. Lorentz).

(Communicated in the meeting of December 30, 1905).

§ 1. It seems to me that some of the views advanced in one of

the tirst i)aragi'aphs of the above mentioned work, are inaccurate;

and it may be desirable to draw attention to this fact, because

several considerations of Boltzmann and others are based on them.

1 mean § 6 on the '.'Mathematische Bedeutung der Grosse H".

In the case of a gas the molecules of which are all of the same

type, this (luanlily is represented by j/.l/.dvj. Now, in § 5, assum-

ing that the gas is of the simplest nature and thai the motion of

the molecules is "molecular-ungeordnet", Boltzmann has shown that,

in general, the (juantily H decreases by the collisions and is minimum

in the stationary state.

Such a gas would therefore move of its own accoi'd to the

stationary state i. e. with Maxwell's dislribulion of velocities, as

Boltzmann shows further on.

Now it is demonstrated in § 6 that the quantity H has also
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anotlier meaning, and iliat the circnmstance that H is minimum

implies that the pi'obal)ili(y of tlic corresponding distribution of velo-

cities, indicated l\y the function /', is maximum. Afterwards the

connection between H and the entro])_v is indicated in § 8 on the

"Physikalische Bedeutung der Grosse H'\

The meaning of H in question being very incompletely derived

in § 6, we shall have to consult Vol. 76 of the Sitzungsberichte der

Wiener Akad., to which Doltzmann refers, and Vol. 72, to Avhich

he refers in Vol. 76.

In § 6 p. 40, BoLTZMANN begins with the following reasoning

:

"Fiir alle Zusammenstosse, fur welche der Geschwindigkeitspunkt

des einen der stossenden Molekiile vor dem Zusammenstosse in einem

unendlich kleinen Volumelemente lag, befindet sich derselbe, wie

wir sahen, bei Constanz alter anderen, den Zusammenstoss charakte-

risirenden Variabeln nach dem Stosse wieder in einem Volumelement

von genau gleicher Grosse. Theilen wir daher den ganzen Raum
in selu' viele (?) gleichgrosse Volumenelemente to (Zellen), so ist die

Anwesenheit des Geschwindigkeitspunktes eines Molekuls in jedem

solehen Volumenelemente mit der Anwesenheit in jedem anderen

Volumenelemente als ein gieichmoglicher Fall zu betrachten, gerade

so wie friiher der Zug einer weissen oder einer schwarzen oder

einer blauer Kugel."

So it is as if the ^'elocities were assigned to the molecules by

taking for every molecule a slip of paper from a box, which box

would be fdled with slips of paper each indicating a unit of volume

of the "whole space". The probabilities a priori are therefore equal

that the components of the velocity ^, i], S lie between two values

which diifer d^, ch], f/?.

Here at least something has been adduced to account for the fact

that these probabilities are equal, which has not been attempted in

Vol. 76 of the W. S. We have to derive it from the tixct, that at

a collision the "points of velocity" skip from a certain volume into

one of the same size (cf. the "daher" of the quotation). For me
this has, however, by no means convincing force; for that one point

always skips from a volume to one of the same size does not prove

that it can just as well be found in any volume of the same size.

We shall presently show that this can hardly be assumed.

But let us first proceed. Let us assume n molecules are to have

a velocity, then the probability a priori that of them n^ to have their

"point of velocity" in the first volume to, n^ a in the second volume

.

'

, ,, n!
etc. IS proportional to /: = ;

—- —
, where (n.-\-n,4-...) ia=)i.

(«, oi) ! («, to) ! . . .

44*
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If wo now assunio thai for jt\ may lie taken \/2p7Tl '—
1 , we get

IZ =: — (0 (?i, //(; + »?j lii^ -\- . . .) -\- C, and so Z is maximum when

w (?«, ^ ?/j-f «5 ^ W3+ . •) is minimum or when j /(§'»i?) //(s^i?) t^l f^'i f^S

is minimum, oi- when // is minimum, if we l)ave a simple gas.

The distribution of tlie velocities /(§ 7j $) foi- which //is minimum,

is therefore also that witli the greatest probability, concludes Boltzmann.

So the stationary state with Maxwell's distribution of velocities is at

the same time the most probable (p. 42).

This, however, follows by no means from the above, for tiie

stationary state is tliat, for which the change of H willi the time in

consequence of the collisions ^ 0, whereas the most jirobable state

liere is that for which every conceivable variation of the numerator

of Z=0.
Not before the condition is taken into consideration that the kinetic

energy of n molecules must have a detinite value, as Boltzmann does

in Vol. 76 and 72, it can appear whether the result is the same.

Now
-|-<» -j-OO +<»

-00 — 00 00

must be minimum, while the conditions

and

00 — 00 — 00

+« +« +CO

=l/7/<
exist, when ??j is the mass of every molecule, and L the kinetic

energy of n molecules.

In Vol. 72 p. 450 Boltzmann gives the solution of this, and it

appears that when no external forces exist,

lf(S ,i g) + A + ft . 1 m (s" + n' + T) =
where X and fx are constants which are still to be determined.

From this follows Maxwell's distribution of velocities.

But what probability problem has now been solved? I cannot see

that any has been solved tint the following: From a box with slips

of paper, each indicating a volume element, one has been taken at
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random foi" each of the n molecules of a certain quantity of gas

;

the "point of velocity" of the molecule was every time placed in

the volume element exlracted. The n velocities which have been

extracted chanced to be such that the sum of the energies of the

molecules has a definite value L. What distribution of the velocities

among those n molecules is now a posteriori the most probable?

The most probable is therefore the distribution of Maxwell. But

this is a problem without importance for the gas theory. For it is

easy to see that the mean velocity indicated by the slips of paper

in the box is infinitely large, so that if from this n slips of paper

are taken at random, in general the mean velocity, which is indicated

by them, is also infinitely large, and there is only an infinitely small

chance, that the energy of the n molecules becomes finite. If we
now see that of every finite gas-mass the energy is finite, we cannot

assume that the velocities would have been assigned to the molecules

in the way mentioned above. The chances a priori for every velocity

must, therefore, not be considered as equal.

The mean velocity in the box may be calculated as follows.

If in the unity of volume there are c points of velocity, then in

a spherical shell with radius r and thickness dr there are : 4 7i r'' c dr.

The sum of the velocities now is 4 jr r' c dr, and so for a sphere

with radius r = jt r* c. The numbci- of points of velocity in the

4 3
sphere is - jt r' c, so the mean velocity = - r.

3 "4
For the whole space, therefore, the mean velocity is infinitely

large. In this way it is proved that the hypothesis of the equality

of the chances a priori is inaccurate, and so also the result that

Maxwell's distribution of velocities is the most probable state.

^ 2. Of course nothing is said here in derogation of the proof,

that Maxwell's law holds in the stationary state, which Boltzmann

gives in the § § preceding § 6 and in § 7. But it is incorrect to

speak of transition of probable to improbable states when the meaning

is from stationary to non-stationary states. This incorrect view gives

rise to wrong considerations when Boltzmann discusses the fiction

of the reversal of the" molecular velocities in the last part of § 6.

It is assumed there, that a gas has originally a "molecular-unge-

ordnel" but "improbable" distribulion e.g. all molecules have the same

velocity. The gas moves now to the stationary state witii Maxwell's

distribution of velocities. But before it is reached, all velocities are

reversed, which causes the same conditions to be passed tiirough

but now iu reversed succession. This will cause H (o increase. Is
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(in
(his not incoinputiblc with § 5, wlierc it is proved that —- c-an only

be negative or zero? No, says Boltzman, for the reversed motion is

not one for wiiich this theorem holds, because the motion is "molecular

geordnet". For the molecules, which a molecule with a certain velocity

meets, are not taken at haphazard from the whole number but

their A'elocities are connected with that of tiie molecule under con-

sideration. This is specially clear when at the moment of reversal

the motion had not yet lasted long.

Now, however, Boltzmann meets with another dfficulty, which is

to be removed. Does the increase of H not also clash with the laws

of probability, as the smallest H gives the most probable state ?

No, for the increase of H is only improbable, not impossible.

This difficulty seems to me to have only been raised by the in-

correct view discussed abo\'e. The smallest // is not the most pro-

bable. Moreover we do not do justice to the subjectivity' of statements

concerning probability, when we speak of a transition from pro-

bable to improbable states, as if objective properties of substances

are expressed in this way. Boltzmann loses re])eatedly sight of this;

particularly at the end of the second part of his "Gastheorie".

Ill my opinion the views on this mutter of Dr. A. Pannekoek, occurring

in these Proceedings, Vol. VI, p. 42 ') are not perfectly correct either.

Tiie latter assumes also that in the above mentioned case of

reversal the reversed motion is "molecular-geordnet", and tries now to

make clear what this means. With perfect justice he says, that it

does not mean, as seems to be sometimes assumed, that the state

may be calculated beforehand; this might also be done in the original

Cfise if the initial state was known. Now, however, we get the im-

') Another remark on this subject. Under 2 we read : "one more remark, however

is to be added", on which somethuig follows, that does not supplement what has

been said, but is in direct opposition to it. Moreover, the author seems to con-

found the collisions in the fictitious system (after reversal of the motions) and what

Boltzmann calls tlie collisions of the opposite kind.

For it is not correct that the points QiQ/, RiRi return to Pj Pj' in the reversed

system; by reversal of the volocity we get a point of velocity lying diametrically

opposite to the first.

Also 3 gives rise to different questions. As e. g. is it altogether correct that in

the statistical way of treatment the direction of the normal of collision is consi-

dered as independent of the velocities? It can certainly not be independent of the

relative velocity ? And further : does the fact, that in the calculations it is assumed

that the molecules do not hinder each other when colliding against a third, give

sufficient justification for calling the radius of a molecule small of the first order

with respect to the distances of the molecules '?
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pression that Dr. Pannekoek considers as the distinctive feature which

renders the original motion "ungeordnet" its dissipating influence, and

that which makes us call the reversed motion "geordnet" its bringing

the velocity points nearer together. When in consequence of the col-

lisions the "points of velocity" get dissipated the state would be "unge-

ordnet", when they draw nearer to each other, it is "geordnet". Bnt

this holds only in this special case, and it might just as well be just

the reverse.

B^or what does "molccular-ungeordnet" mean. Tliis afipears when we
e.xamine the place where Boltz.m.\nn introduces this idea. We tind it

p. 20 in the formula (17): Z'^ = <I>F^duy^. Here <P represents the

sum of the contents of all the oblique cylindres, into whicli a mole-

cule of ihe 2"'' kind must get in order to collide with one of the

1*' kind. The fornuda now expresses that the molecules of the 2""^

are, in proportion to the volume, as numerous in all these cylindres

together as in the whole gas mass, or that these cylindres constitute

a quantity taken at random from the gas mass with regard to the

molecules of the 2'"' kind.

Now in my opinion an "ungeordnete" distribution might very well

be imagined, in which the points of velocity are more dissipated

than in the stationary state. And of a gas in such a state the points

of velocity would be brought nearer together by the collisions till

Maxwell's distribution of velocity is reached.

§ 3. With reference to the foregoing Prof. Lorentz was so kind

as to dii-ect my attention to the work of Jeans on the kinetic

theory '). In this work a derivation of Max\vp:ll's distribution of

velocities occurs, which is called a new one by the author, but which

essentially agrees with the reasoning of Boltzmann in the ab'ove

mentioned § 6 on the "Mathematische Bedeutung der Grosse H",
though the outward form is quite ditlerent. It is true that an impor-

tant improvement lias been made, which for the first time renders

it in reality a derivation of the law ; it is viz. not only demonstrated

there, that the most probable state of a gas is that, for wdiich the

distribution of velocities in question occurs, but also that the chance

is very great that a state will make its appearance, diiferLng but

very little from the most probable : for when it is only known that

a state is the most probable, its probability may yet be so very small,

that it does not say anything as to whether that state will occur or not.

Accordingly Jeans calls this most probable state the "normal state",

in which he is now perfectly justified.

1) "The dynamical Theory of Gases" by J. H. Jeans; Cambridge, 1904,
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The "normal" state is now the same as the "stationary" state.

However, the same objection applies to this derivation as to liiat

of BOLTZMANN.

Jkans calls his nietliod "The method of General Dynamics" in

opposition to the usual one, with the aid of collisions, whicii lie

calls "The statistical Method". This name, however, does not seem

very appropriate to me ; the considerations here are just as much
statistical as in the usual melhod. Dynamics do not play any part

ill it l)ut tliis, tlial the slate of a gas with iV molecules, so deter-

mined by 6 A^-coordinates and components of velocity, is represented

by a point in a 6 iV-dimensional space, and tiiat now the change

of state of the gas runs parallel witli the motion of tliis point in tiie

generalized space.

A great number of possible states gives therefore a great number

of points, and their changes a great number of orbits, the general

course of which is to be studied. Instead of witii these mathematical

points we may also imagine the generalized space to be fdled with

an homogeneous liquid, tiie motion of which we must examine,

which then according to the author is a "steady-motion" in hydro-

dynamic sense, the stream-lines of which are determined by the

property that their energj^ is constant.

This, however, brings us about to the end of the dynamic conside-

rations. They form an illustration, but nothing is proved by them.

The author now examines, what part of the generalized space is

taken np by points representing systems of a certain state. Kut this

is the same as what Boltzmann calls the probability ofa system of a

certain state. Both represent the proportion of the number of systems

of equal possibility- possessing a certain property, to the total number

of systems. The objections to be made to the expression for the

probability hold also for that of (he part of the space.

Jeans treats successively two problems :

1. What part of the generalized space is occupied by the systems

with a certain distribution of the coordinates of the molecules (or

what chance is there of a certain distribution of density of (he gas)

and in connection with tliis : how are the systems distribuicd in

that space with regard to the distribution of the coordinates.

2. What part of the generalized space is occupied by the systems

with a certain distribution of velocities of the molecules (or Avhat

chance is there of such a distribution) and how are the systems

distributed in that space with regard to the distribution of velocities ?

Only the first [iroblem is fully ti-eated by Jkans; for the second,

the most important, we are referred to tiie first.
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It is then assumed that the gas is inclosed in a vessel with

capacity i2, divided into n elements w, so that nm^ii. We imagine

now a cei'tain distribution of density, at which a^ molecules are

placed in the first element of volume, n^ in the second etc. The

number of ways, in which JSf molecules may be distributed over the

11 elements, so that every time this distribution of density exists is

N!—

;

; —
. For each ot these wavs every molecule must be

rt, / a^ ! . . . a,,'

placed in a certain element of volume from the n and so the

1 tii

representative point" is restricted to the — part of the whole
n

generalized space, in the same way with the following, so "the repre-

sentative points will occupy the fraction n—^ of the whole of the

generalised space". This is in somewhat different words nothing but

"the chance of each of the combinations is n—^", and the reasoning

rests evidently on the assumption that each >nokcuk has even/ time

an equal chance to any place in the vessel.

The representative points of the systems with (his distribution of

velocities occupy therefore together a part of the generalized space

N!
"

^^=—;
;

,
n—" (which therefore represents the total chance • an

n, ! a^ ! . . . a„ .'

expression agreeing perfectly with the chance of a certain distribution of

denoities in § 1). After a similar reduction as in Boltzmann follows

from tliis ; the part ot the generalized space (chance) = .(,—nk^^

where A„ =^^ (
"** + V j

^"^ 77 '" ^''"^ above mentioned distri-

.•.=1

bntion {A). Now, neglecting a by the side of Us we may consider

Ka as a special value of the general function :

''^^JSJi'-'v^''"'^
integrated over the vessel, where i> represents (he molecular density

as function of the coordinates of an arloitrary point, and r the

mean density throughout the vessel. K is a function corresponding
closely with Boltzmann 's H, specially Avhen we leave out (he

constants and write:

K= \\\v lofi V dx dij dz just as H was I
|
i/hv//dx dy dz

;

V is the density function, just as / is the function of velocity.
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K is now minimum when «i =z «, = etc. or when v = constant.

It is obvions that liiis also means "the part of the generalized space",

is maximum or the chance is maximum. So on the above assump-

tion the most probable distribution is that of uniform density.

Now Je.vns proves further, that also by far the greater part of

the generalized space contains systems which differ infinitely little

from these with minimum A', so that this state may be called the

normal one. Expressed in the other way this is, that the chance is

infinitely great of a state deviating infinitely little from the most

probable state. Though Je.vns' proof does not seem faultless to me
(no sufficient attention is paid, in my opinion, to the order of mag-

nitude of infinitesimals) yet the result seems to me to follow from

Bernoulli's theorem, provided "systems diilering infiuitoly little" is

taken in the proper sense.

So Jeans concludes : it is clear that the gas-masses with uniform

density will represent tlie ordinary case.

The second problem might be treated in the same way. Instead

of the molecules which are to be distributed over the elements of

volume of the vessel, we have now the velocity points of the

molecules which are to be distributed over the elements of volume

of the whole space. We get now in the same way for the part of

the generalized space occupied by systems with a certain distribution

of velocities, the expression —;—; n—"^, but now iVis infiniteh'
a^! a,.' . . . a„

large. According to the other mode of expression this is again the

chance to that distribution of velocities.

The treatment of the problem is further the same as that of the

first, but now we have to do with the quantit}' H. And finally it

may be proved, that by far tlie greater part of the generalized space

is occupied by systems whicli differ very little from that with mini-

mum H or the normal state is that for which H is about minimum,

from which, taking into account the condition that the energy =: E,

Maxavell's distribution of velocities follows.

Now it is, however, clear that the same objection may be raised

to this reasoning as to that of Boltzmann.

The above expression for the part of the generalized space (or

the chance) rests on the assumption that the representative points

are distributed uniformly throughout the generalized space also here,

or that for every molecule tiie chance that the point of \elocity

gets into a certain element of volume, is independent of the place

of that element. What now does the condition, that the energy

=^ E, mean? Either tiiat attention lias becji paid to it in the distri-
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bution of velocities or not. It' no attention lias been paid to it, it

is not to be accepted tliat the energy always becomes finite (see ^ 1);

if attention has been paid to it, the chance a priori can no longer

be taken eqnal for each element of volume, and the above expression

is faulty, and so also the further reasoning.

So it seems to me that also this derivation of Jeans must be

considered as incorrect').

Botany. — Some remarks on the work of Mr. A. A. Pulle,

entitled: "An enumeration of the vascular plants known from
Surinam, together ivith their distribution and synonymy." By

Prof. F. A. P. C. Went.

Mr. Pulle has worked out the botanical material collected by the

expeditions of the last years, of one of which he was a member

himself. He has also tried to render our knowledge of the flora of

Surinam more complete by incorporating into his work the older

collections which are preserved at Leyden, Utrecht, Gottingen, Berlin,

Kew Gardens and in the British Museum.

In this way a total number of 2100 vascular plants appeared to

be known for Surinam and although it may be said with certainty

that this number is far from representing the real number of species,

occurring in our colony, yet we must appreciate that here for the

first time a comprehensive idea is given of the flora of Surinam.

Without entering into further details it must be mentioned that

the author is led to tlie important result that phytogeographically

Surinam belongs lo the Hylaea, the region of the Amazon river,

with the e.Kception perhaps of the still unknown territory west of

the Wilhelmina range. Tiie Hylaea would then extend from the

mouth of the Amazon river over French Guyana and Surinam and

gradually form a narrow littoral strip in British Guyana, finally

passing into the Orinoco district. As a consequence of this the

conception must be given up that across Surinam there is found a

continuous savanah district, such as occurs in Demerara and more to

the west ; where savanahs are found in our colony their presence

must be entirely attributed to local influence of the soil.

1) Jeans' derivation occurs for the ilrsl time in the Pliilos. Magazine VI, 5, 1903,

under the title of "The Kinetic Theory of Gases developed from a New Standpoint"

p. 597. That also the "molecular ungeordnet" hypothesis is implied, which Jeans

denies, is proved by Burbury in the same magazine VI, 6, 1903 in an article

on "Mr. J. H. Jeans' Theory of Gases" p. 529.
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Mathematics. — "The quotient of two successive Bessel Functions"

.

(2'"' paper). Bj Prof. W. Kapteyn.

Ill our preceding paper we gave tlie value of the general coefficient

of tiie e.xpansion

liz)
^y;^+./;^'+./;^'+ • •

Now we wish to draw the attention to a couple of relations which

exist between these coefficients. The first is obtained from a particular

integral of the following dilferential equation of Ricoati

(III

-I- W" + 2 1> M + 2" = (1)
d:

Putting

2 {V + 1) + «,

this dilferential equation reduces to

du.

dz
i + „^^ + 2 (i. + 1) u, + c' = 0.

Repeating this process, it is evident that the equation (1) is satisfied

by the continued fraction

2(r+l)
^ ^ ' 2(r+ 2) —

2(r-f3)— etc.

J\z)

etc.

which represents the value of

Introducing therefore

u^-^f^z"- -J\z'-J\z'

in (he equation (1) we have

2(1' +!)/, = !

2 (r + « + 1 ) ./; + , = ./; ./•„ + ./; /„ -i + • • • + /« ./; • • • (^)

where n = 1, 2, 3 . . . .

The second relation may be deduced from our former eipiation

«,"+' ((./' . . . «,." rt„-|-i/„-|-l = (— 1)''

A„_o X„_o l„_2 d„—l ...

^,_i x„_i ...
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where

«y. = 2 (r + /)),

(2m — p— I) ... (2m — i»
^p =— -^ 'V 4- 1 . . .

f^^n— p — 1

(2n-p-2)...(2n-2p-\)
Xp =^

j
«/v + I . . . «2h — /) — 2

(„_/,+ !). .(„_2/> + 2)
«/i + 1 . . . ",1 — /< +

1

p!

n
,

n — 1

and k stands for -^
1 when n is even or lor —-— wlien n is odd.

Putting (I/, = 2bi, this equation may be written

22„+l h^n+l bn . . . b^-^ 6„+,/„+, = Dn . . . . (2)

and it is found that the determinant Z)„ satisfies tiie condition

?l—1— M—

2

Dn = nb^ . . b„ Dn-l ~ 0,..b„.b,.. bn-l i?„_2 +

71— 2 . n— 3 . n— 4
4 -, ^ • . bn ./•,.. 6„_i . ^, . . &„_2 J9»-3 - etc.

the last term being

(- 1)^
~ Y

JJ-
+ 1

j 6. . A« . 6, . . 5„_1 . . . 6, . . J^ ^.b^ ^Dn^V"/ 222
when n is an even number, and

n—

1

(_ i)T" 6^ . . 6„ . 6, . . bn-, ...b,.. b,^D,^
2 2

when 71 is odd.

Substituting in this equation D^, by their values from (2) we get

this second relation between the coefficients /],

= 2

/• ,

, =V (- Dp
(»-/^)---("-2/') .fn+n

J-+' Z^y ^ (p + i).' 22(/'+i)i,...;>,,+,6„_^,+i...;,„+i^ ^

Finally we will show that from the recurrent relation between

the determinants D^, the value of

may be deduced. For the series

is converging when
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n=r»
I

/n
|

6, . . . ^,,4.1 Dn—\

Lim = — etc.

and finally

Hence it is evident that « is a root of the equation /''(;) = as

might be expected.

Astronomy. — " Reseaixhes on the orbit of the periodic comet

Holmes and on the perturbations of its elliptic motion." By

Dr. H. J. ZwiERS. (Cominnnicated by Prof. H. G. van de

Sande Bakhuijzen.)

In 1902, after the reappearance of the comet Holmes in 1899

—

1900 I published in full the results wliich I had derived from the

investigation of the observations after its return. ') With the most

accurate elements which I had been able to deduce from its appearance

in 1892 —93 I had calculated in advance the perturbations arising

from the action of Jupiter and of Saturnus and at first also of

the earth and thence I have derived a system of elements for 1899

September 9.0 mean time Greenwich, which served as a basis for

an ephemeris published in No. 3553 of the Astron. Nachrichten.

By means of this ephemeris the comet has been rediscovered at

the Lick Observatory and the relatively small difference between the

observed and the computed place proved that the elements of the

1) Recherches sur I'orbite de la comete periodique de Holmes et sur les perturbations

de son mouvemeul elliptique, par Dr. H. J. Zwiers. Deuxieme meraoire. Leyde,

E. J. Brill. 1902.
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orbit found for 1892 and the computation of the perturbations which

had been based on them were very nearly correct.

The observations in 1899 and 1900 furnished me witli suflicient

material to apply to the elements such small corrections as brought

the remaining difterences between the predicted and the observed

positions within the limits of ordinary errors of observation. The

sj'stem of elements obtained thus, which satisfied both the appearance

of 1892—93 and that of 1899—1900 and which in my "Deuxieme

Memoire" p. 78 has been recorded as "Systeme VII", must naturally

furnish the basis for further investigations. Therefore 1 shall give

it here in its general features.

System VII.

Epoch 1899 June 11.0 mean time of Greenw.

Osculation 1899 September 9.0 „ „ „

M, = 22661" 3264

liz= 516" 188791

log a = 0.558 1320.0

<p= 24° 17' 23"54

e= 0.4113532

t= 20° 48' 9"84
j

jr = 345 48 38.06 1899.0

^^ = 331 43 18.24 )

i= 20 48 10.29
j

:t = 345 49 28.27 1900.0

J^ = 331 44 8.95 )

Although the corrections which had to be applied to the elements

in consequence of the new observations were small, I immediately

after the publication of those researches resolved to repeat the compu-

tation of the perturbations between 1892 and 1900 with the new
elements and to extend it to all the planets of which the disturbing

effect could not a priori be neglected as being insensible. This

elaborate investigation, which necessarily required a new discussion

of the two appearances of the comet, was however only partly

finished when in 1905 the preparation for the third appearance had

to be taken in hand.

I have then started from system VII, which though not perfect, yet

satisfied all pi-actical demands. I did not venture, however, to use

those elements without more for the computation of the places at

the return of the comet in 1906. It is true that the disturbing planets,

especially .Jupiter, whose influence is by far the greatest, remained

at a considerable distance during the entire revolution of the comet,

yet the feeble light of the comet in 1899—1900 and the difficulty
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experienced by most observers to properly identify the comet in the

midst of numerous faint nebulae near the apparent orbit, made me
fear that such a rough ephcnieris of the apparent places for idOH

might prove insuflicient for rediscovering it and observing it.

In the autumn of 1905, I therefore resolved to derive the pertur-

bations which the comet would suffer on its path between the perihelion

passages of 1899 and 1906. The original plan of also computing the

perturbations arising ft-om the action of Saturnus had to be given

up through lack of time. And so Juj)iter remained the only disturbing

planet. The method I chose was that of the variation of the elliptic

constants; I also chose an interval of 80 days, becau.se former

investigations had shown tliat the accuracy, attainable by it was

more than sufKicient for my purpose. In former researches we have

alwa^'s adopted the rule that for each new epoch the small varia-

tions which the elements had undergone during the course of the

last interval were to be applied to them. The computations required

for this implied, however, an amount of labour not to be underrated,

and as in this case the computations could have only a preliminary

character I could leave aside these small corrections by which in this

case only small quantities of the second order were neglected. Thus

the above mentioned system VII was used as a basis for the com-

putation of perturbations for the entire re\olution. The places of

the disturbing planet are taken from the Nautical Almanac; the

longitudes only were reduced to the equino.x of 1900.0 by applying

the precession. The neglection of the small corrections for nutation

and for the variation in the obliquity of the ecliptic cannot have

any perceptible influence on the perturbations caused by the planet.

Instead of the elaborate tables of perturbations I shall for shortness

communicate only the summed series, namely the quantities ^^f for

the mean daily motion and the quantities {/' for the other elements.

By Avorking out each table the reader will be able to form a judgment

on the accuracy reached. The initial constants printed in big figures,

which in the construction of the tables were deri\ed from the iirsf

dE
values of — ,

{E i-epresenting one of the 6 elements) and from their
dt

differences up to f^^' are chosen so that the integi-als disappear for

1899 September 9 as lower limit. Up to 1900 February 16 the

derivatives could Ite borrowed from tlie tables which I have commu-

nicated in my Deuxieme Memoirc ps. 26—32; with regard, however

to the interval chosen now I had to multiply — by 4, and the
dt

other derivatives of the elements by 2.



TABLES OF THE JUPITER PERTURBATIONS.

Dates Sh ft

1899

1900

1901

1902

1903

1004

1905

1906

Jan. l-l

April 2

June 21

Sept. 9

Nov. 28

Febr. IG

May 7

July 26

Oct. 14

Jan. 2

Mrch 23

June 11

Aug. 30

Nov. 18

Febr. 6

April 27

July 16

Oct. 4

Dec. 23

Mrch 13

June 1

Aug. 20

Nov. 8

Jan. 27

April 16

July 5

Sept. 23

Dec. 12

Mrch 2

May 21

Aug. 9

Oct. 28

Jan. 16

April 6

June 25

4- 4 536+
I

+ 2.690;+

+ 0.760;+

— 0.C25—
— 1.018 —

— 0.203—

+ 1.867 —
i+ 5 118-

+ 9.397;—

I+ 14,489 —

+ 20.135 —

+ 26.049—

+ 31.931 —

+ 37.487 —

+ 42.443 —
I

+ 46.560

+ 49.651

+ 51.593,—

+ 52.337 —

+ 51.916—

+ 50.444 —

+ 48.115 —

+ 45.193—

+ 41.996-

+ 38 875 —

+ 36.183—

+ 34.243 —

+ 33.309—

+ 33.518—

+ 34.834—

+ 36. 981
1—

+ 39.372 —

+ 41.116!—

+ 41.312—

7.382

6.991

3.297

3.826

13.652

25.174

37.406

49.494

60.732

70,570

78.624

84.681

88.702

90.817

91.315

90 624

89.287

87.924

87.192

87 , 735

90.131

94.838

102.143

112 115

124.566

139.032

154.764

170.745

185.739

198.384

207.384

211.929

212.537

212.305

— 21

— 8

— 1

+
— 1

— 4

— 7

— 10

— 11

— 11

— 9

— 5

+
+ 8

+ 18

+ 31

+ 47

+ 66

+ 88

+ 113

+ 11.2

+ 175

+ 212

+ 253

+ 299

+ 350

+ 406

+ 469

+ 537

+ 612

+ 695

+ 785

+ 883

+ 986

+1090

.5730

.4814

.5328

.2737

.2125

.2367

.5053

.1533

.6218

.5478

.6867

.8601

.0784

.2654

.8422

.9635

.8025

.5527

.4279

.6611

.5014

.2122

.0688

.3579

3790

4492

9127

.1545

,6167

.8073

.2691

.4184

.0549

.3401

.7414

+ 0.176

+ 4.983

+ 2.505

— 2.530

— 5.973

— 6.752

— 5.822

— 4.954

— 6.051

— 10.874

— 20.923

— 37.388

— 61.130

— 92.674

— 132.210

— 179.598

— 234.380

— 295.802

— 362.841

— 434.253

— 508.617

— 584.410

— 660.082

— 734.136

— 805.216

— 872.176

— 934.123

— 990.396

—1040.430

—1083.432

—1117.855

—1141.214

—1152.415

—1158.665

13.677

6.957

2.601

3.150

13.460

28.616

47.169

67.123

86.516

103.621

117.008

125.552

128.426

125.094

115.298

99.047

76.601

48.453

15.304

21.975

62.385

104.856

148.314

191.752

234 308

275.334

314.438

351.479

386.444

419,129

448.580

472.756

490.526

508.036

29.200

16.151

4.611

4.197

11.287

18.278

26.379

36.268

48.205

62.168

77.946

95.199

113.505

132.387

151.341

169.854

187.427

203.590

217.927

230.081

239.783

246.855

251.221

252.903

252.011

248.718

243.224

235.703

226.250

214.885

201.767

187.961

176.821

173.909
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By means of these tables it is not dilHiciilt to integrate the pertur-

bations for an arbitrary epoch accortling to the known expressions

of the mechanical quadrature. As a new osculation epoch I have

chosen

1906 January 16.0 mean time Greenwich

and I have found

:

A i = + 40"34 A <n> = - 3' 32"48

A(ii=+ 1"258874 | M^ = -f 883"5368

A,iV= — 1147"7070 A^= + 8' 2"08_

A y = + 3' 2"01

hence the new elements become

:

epoch and osculation 1906 January 16.0 mean time Greenwich

i4=1266412"143

ft = 517"447665

%a = 0.557 4267.74

«p = 24° 20' 25"55

e = 0.412 1574

i= 20°48'50"63 i

jr=:345 57 30.35 1900.0

SI — 331 40 36.47 )

From these disturbed elements we derive for the time of perihelion

passage

1906 March 14.1804 mean time Greenwich

while the original system VII, without regard to the perturbations

during the period since 1899 June would give

1906 March 13.8083.

If we take into account that the small retardation of not yet 9

hours is compensated by an increased longitude of the perihelion of

8', we find a posteriori confirmed, what could have been foreseen,

that the perturbations during the second revolution have only slightly

aifected the places of the comet in space.

By reducing the elements i, Jt and Sl> to the mean equinox of

1906.0 I find

i— 20^48'53"30
1

jt= 346 2 31.63 1906.0.

SI = 331 45 40.75 1

In order to compute from these elements an ephemeris I have

derived the following expressions for the heliocentric coordinates of

the comet referred to the equator

:
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X = [9.993 7731.9] sh, (v + 77° 37' 24"85)

y =: [9.876 2012.2] sin {v — 20 58 31.25)

z = [9.832 7001.5] sin {v — 1 47 16.19)

The coefficients in square brackets are logarithms; the quantity v

denotes the true anomaly of the comet.

By means of the expressions above given the heliocentric coordi-

nates have been derived from 4 to 4 days for mean noon at

Greenwich ; the coordinates of the sun were taken from the Nautical

Almanac after having been reduced to the mean equinox of the

beginning of the year. In the reduction of the mean places to

apparent ones the aberration terms are omitted, because, as it is

known, the influence of the aberration for the bodies of our solar

system can be mbre simply accounted for by subtracting from the

times of observation the equation of light. In the two following

tables which contain the apparent places of the comet in a and

d I have therefore added in column & for each date the equation

of light expressed in mean solar days. The 4'^ column gives the

logarithms of the geocentric distance. As first date I have chosen

May 1^' because I had derived from a preliminary computation that

before that time there would be no chance to discover the comet

owing to its small apparent distance from the sun and its large

distance from the earth. The possibility did not seem excluded,

however, that by means of powerful telescopes or sensitive photo-

graphic plates the comet might be discovered in January 1906.

Therefore I have derived positions for that month and sent a short

ephemeris to Prof. Kreutz, who in a circular has communicated

it to astronomers. To give a clear idea of the apparent orbit of the

comet and also because the published places were not perfectly

correct owing to a small reduction error, I here shall give the

correct results from 4 to 4 days. Up to now (February 14) no tidings

about the discovery have arrived, at which we need not wonder

if we consider the cloudiness and especially the southern and

generally unfavourable position.

The next table gives the apparent positions of the comet for the last

8 months of the year. The direct computations have been made from

4 to 4 days; between them one date has been interpolated taking

into account the fourth differences.

As a measure for the probable brightness we generally calculate

the quantity H=——-. Although on account of the irregular varia-

tion of the comet's light it is not certain that the brightness will be

45*
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PLACES OF THE COMET BEFORE THE CONJUNCTION.

1906
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APPARENT PLACES OF THE COMET FROM MAY J TO
DECEMBER 31, 1906,

FOR 0'' MEAN TIME AT GREENWICH.

1906 log p H

May 1
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1906

1
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1906
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•1C06
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Vakiations of a, (f and Ioi/ q for the altkrb:!) time of passage

THROUGH THE PERIHELION.

-1900
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of ice by a force perpendicular to its axis. The phenomenon is

the same in each normal section. I suppose round the wire a

layer of water whose thickness is small in comparison with the

diameter of the wire. At the bounding surface of water and ice

there is a pressure, which decreases from the lower to the upper

side of the boundary. This pressure depends on the force by which

the wire is acted on pro unit of length. As the motion is very

slow the temperature in each point may be supposed to be the

meltingpoint corresponding to the pressure existing in the point.

The flow of heat, determined by the distribution of temperature

is the same as if the wire were at rest. At the upperside of the

bounding surface of ice and water heat flows away and water is

frozen, at the lower side the ice is melted by the heat that is carried

towards the surface. If we can determine the quantity that is melted

we shall be able to determine the velocity acquired by the wire.

Let M be the centre of the circular section of the wire and R
the radius, the boundary between ice and water being a circle of

radius R -\- d.

The pressure at the

circle A'E C in any point

E' may be represented by

the formula

p =1
Pi^

-\- b cos <p ,

(fi
being the angle between

the radius 3IE' and the line

31A which has been taken

for axis of ordinates. The

corresponding temperature

is

dt\— being the change of
dpJo

the meltingpoint per unit increase of pressure near 0° C.

Let ^1, be the coefficient of conductivity within the circle ABC,

k, that of the layer of water, and k, that of the ice without ABC
The difi'erential equation for the temperature is in every one of

these fields

bH d't =

The conditions at the limits of the fields are:
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2. at A'B'C t, = t, — t„-]-b ( —] cos(p,

3. at infinite distance <,=:<„.

The normal at ABC coinciding witli the radius.

The formulae

:

^ = <o + -^5, r cos <p in the wire,

'i == ^ + -^s » '<"' y H «os (f in the layer of water,
r

C,
t, = tg ~\ cos

(fi
in tlie surrounding ice

r

satisfy the equations / being tiie distance from the point M. F'or

the coefficients I find the relations
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and for A'B' totally
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C,

(Ri-dr)

k,{R-\-d)[ B,—
C, _A _^ Jdt\ k,-{k-k,)d/ji

(R^dy-

Of course as much heat is lost at the surface 5' C" as is conducted

towards A'B'; and the melted and frozen quantities of ice and water

will therefore be equal. W being the quantity of heat that is required

for the melting of a gramme of ice, the melted quantity is

[^ +'-]'(l.
w.

If ^S'y is the specific gravit}' of ice, the volume of this quantity is

:

-^ k,-d/j,ik-k,)
^ Y^^

On the other hand, if the cylinder moves with a uniform velocity

V a volume

2Rv.

is molted. So we tind for the value of v

k-''/R{k-k,)
+ ^,

dp).

RW Sy

To express b in the force P acting per unit of length of the

cylinder we have only to notice that an element J^F= Rd<p is

acted on by a force per unit of aurtacej} cos g^ = i])^ -{- ^ cos g>) cos y).

Hence

:

P r= 2 I (pd cos <p -{- b cos^ (p) Rd(f = nhR

u

The velocity C in case P= 1 is found to be

C =

dt\

dp).

71 R' WS; in

We can tind another expression for <Vfl if we pay attention to the

motion of the water. If we conceive the wire to be at rest but

the ice moving along it, we shall see at the limit A'B' water con-

tinnallv stieaming into the channel ABA'B' while it streams out of
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it and freezes at the part EC of tlie surface. Tlie velocity of the

ice being v we tind for the quantity of water entering through E'F'

{R -\- cl)v cos <p d<p.

This is also the diiTerence between the quantities flowing across

FF' and EE' upwards.

This quantity can also be determined by means of the hydro-

d^'namical equations. Take for axis of g a circle with radius R -f- kd

and for axis of tj a radius of the circle. Tlie forces acting on an

element KLOP are in equilibrium. Writing u^ for the velocity

parallel to the axis of §, fi for the coefticient of viscosity, neglecting

the velocity Ur, and taking the intersection of the § circle, with

EE' for origin of coordinates we have:

d' u^ b sin (p

At the circle AB, u^ = 0, at A'B', u^ = v sin </, therefore :

b sin <p if
[iiq

2R

V sin <p sin <p

d ' ^ 2

bd"-\

/"
bd' vd\
z—^ + -ir 1 sin w,A2R^ 2 ^

and the quantity streaming across EE' is

Mf d^ :

-dl„

the ditfercnce between the ([uantities of water flowing across FF'
and EE' will therefore be

I \ b d" vd\

and we have, neglecting powers of '^/r:

bd'

In the experiments the wires become curved. I suppose the wire

to be perfectly flexible and the stress to have the same value )S' in

all its parts; the force per unit of length perpendicular to the wire

is given in each point by

d(jj

ds

dvD being the angle between two consecutive tangents to the curve.

The curvature being not large we can use the coefficient given by

(/) to find the normal velocity arising from this force. This velocity is

dio
CS—

.
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111 a time dt the element ds of the wire describes a surface

do)
C S— ds dt

.

ds

If the wire at the ends is \ertical the wliole wire will therefore

describe an area

dt I C S'—ds = jiCS dt.

r du)
t I C S—
J ds

Now if the velocity of the wire is v, and the distance between

the vertical ends d^, the same area will be vd^ so that we have

71 CS
« = -v- (JJJ)

or if the angle between the ends is 2«, and P the weight at each end,

2aCP
- , .

(ilia)
a, sin a

We shall next consider the form taken by the wire if it descends

as a vi^hole with uniform velocity. It is determined by the condition

„ „dia dx
CS--=: V —

,

ds ds

or
du) n dx

ds d^ ds

As Q doi^ds, Q being the radius of curvature, this equation becomes

d'y

dx'^ n

^^^"^^
Taking the axis of x horizontal at the highest point of tiie line,

the axis of y vertical downwards we have for x = 0,

dij

y = 0-^ —
dx

therefore

dy = tg — X
dx d.

n —j-y
COS — a; =r e °'

,

The normal pressure at the highest point is

Sn
On — —

—

d.
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In order to find the formula {II") for curved wires we can put,

approximately, for b its value at the point x = y = 0.

So that we may put for

_S„ _ S

By this the formula fll") gives

s rd
{lib)

S being equal to the weight lianging at each end.

If the angle between the tangents at the ends is 2«, we have

other formulae. The equation of the curve becomes

2« -jy
cos — X =. e ,

d,

and the velocity, if P is again the weight at each end

2aCP
{III<^)

d^sina

By the hydrodynamical method the same velocity is found to be

2«P
{Ilo)m12 nfid^sina^

Dr. J. H. Mekrburg has made a series of experiments, of which

he will communicate the results at a later opportunity. The agree-

ment with the theory is not very satisfactory. It must be noticed

however that d is very small. The roughness of the surface of the

wire will therefore greatly increase the resistance to the motion of

the water, so that the result of the hydrodynamical method can no

longer be considered as correct.

Zoology. — "On the Polyandry of Scalpellum Stearnsi" by P. P.

C. HOEK.

One of the largest forms of the genus Scalpellum which is so

rich in species is Scalpellum Stearnsi, Pilsbry from shallow water

near the coast of Japan.

This species is represented by two varieties or sub-species in the

collection of Cirripedes made by the Siboga Expedition in the waters

of the Dutch East Indies and handed over to me for description. Both

forms agree in the main with Pilsbry's species — they diifer, however,
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in some I'cgards from one anotlier as well as from the Japan species.

I made llie acquaintance of the latter by studying a few samples

which were kindly lent me tVoin the Berlin museum by the r3irector

(Prof. K. MoKBius) and by the curator of the Crustacea Department

(Prof. W. Weltner).

Apart from Pilsbry ^), the Jajjai) species has also been named

and desci'ibed by Fischer ') ; one of the two varieties from the

Malay Archipelago has of late again met with the same fate from

Annandale "), who tried to introduce it into the literature of the

Cirripedia as a new species.

Yet, though we dispose at present of three names and three

fairly extensi\e descriptions for this species, a very curious- pheno-

menon in the life-history of the reproductive period of this -Sc«ipe//w?i

has hitherto escaped the attention of its describers ; for I can hardly

believe that they could have discovered this peculiarity and yet

not mentioned it in their papers.

Pilsbry says of this species (and Fischer in this regard quite agrees

with him) that it was found in shallow water in Japan. The speci-

mens of the Berlin Museum were from Nagasaki and apparently also

from coastal waters. Those of the Siboga Expedition are from four

different stations the depths of which range from 204 to 450 m.

Annandai.e had a single specimen at his disposal, caught in Bali

Straits at a depth of 160 fathoms, about 290 m.

Scalpellwn Stearnd belongs to the unisexual species of the genus:

the large specimens with fully developed capitulum of a length of

about 5 cm. and with (for a species of ScalpeUum) very long pedun-

cles (of 5—9 cm. length) are the females. The males (which should

not be called "complemental" males in this case) are looked for in

vain at the place they ordinarily occupy, viz., at the inner side of

the scutum, near the occludent margin, a little in front of or above

the adductor muscle, in a duplicature of the sac or mantle which

covers the valves of the capitulum on their inner surface. They are

not to be found there — and I think this explains why they escaped the

attention of the earlier describers. Darwin discovered that the little

males in one of flie species (in Sc. rostrattim, Darwin) were attached

as three little parasites to the body of the hermaphrodite, close

under the labrum, between it and the adductor muscle almost in

the median line of tiie boily — but even at that place they are not

1) Proceecf. Acad. Nat. Sci. Philadelpliia. 1890. p. 441—443.

») Bullet. Soc. Zool. d. France. XVI. 1891. p. 116-118.

3) Memoirs Asiatic Soc. of Bengal. I. N". 5. 1905. p. 74—77.
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to be found in Sc. Steamsi. I noted, however, that that part of the

sac or mantle, which unites the two scuta behind or beneath the

adductor muscle and which can be better seen by moving the two

scuta slightly from one another, in the largest and oldest specimen

of the collection, showed a crusty and grainy surface — just as if

a Flustra or other Bryozoon were attached to it. Investigating a part

of that crusty covering I easily found that each grain represented

a male and that over a hundred of these were attached to the same

female. Each male is inclosed in a kind of capsule (a thickening of

the mantle) and that part of the mantle-surface which is opposite

the head-end with the prehensile antennae forms a little elevation

over the surface of the capsule. They are in parts so closely

placed as to flatten one another mutually. Their dimensions are

0.7 X 0.5 mm. — they are even small for males of Scalpellum.

Their structure agrees with that of the males of several other species

of this genus : round about the opening of the mantle, at the extremity

of the little elevation over the surface of the chitinous capsule, four

rudimentary valves are observed. What I think, so far as my experience

goes, is chai-acteristic for this species, is that short rudimentary

tentacles are attached to the surface of the mantle between (alternating

with) the small valves, little appendages — which of course have

nothing in common with the articulated antennae or other limbs of

the Ciri'ipedes. Should any doubt remain, as to whether these little

parasites really represented the males of this species, these tentacles

might be used to dissipate it. A few small, quite young females, in

which the capitulum however was already furnished with calcareous

valves and the whole appearance of which corresponded with an

early condition of fullgrown females, were found attached to the

surface of the capitulum of one of the large specimens. Now, these

little females are furnished with the same tentacles. They are

embryological organs, which of course may have importance from a

morphological or phylogenetic point of view, but which have dis-

appeared in the fullgrown females. In the young females they occupy

the same place as in the males, viz. at the free extremity (the tip)

of the capitulum attached to the chitinous surface between the two

calcareous plates which represent the terga, near the anterior extremity

of the orifice — in the females large, in the males relatively much

smaller — which gives entrance to the cavity in which the animal's

body is lodged.

I do not believe that examples are known in animals so highly

developed as Cirripedia of sucii a pronounced polyandry as in this

species of Scalpellum. As a rule, the number of males found attached

46
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to the capitnlum of the female or of the hermaphrodite is one at

each side only, i:i some species it is two or three and the largest

number I have observed was five. How can we explain that there

is a species with such a large number as the case mentioned ? I

have tried in vain to find an explanation. We do not know much of

the habits of these animals. It is hardly admissible that the great

number of males should be connected with the depth at which they

live, for (1) the same species which is found in the Malay Archipe-

lago at a depth of 200—400 m. lives in the Japan sea in shallow

water, and (2) we know species living in coastal waters and others

found in depths of over 1800 m., all of which have two males

only. A connection exists no doubt between the place where the

little males are found attached and their great number - but I

am at a loss to understand what the relation may be. The eggs

of these Cirripedes are fecundated at the moment they are excluded

and form two leaves (the so-called ovigerous lamellae) which remain

in the .sack or mantle-cavity of the female until the eggs hatch out.

If the males are attached at the margin of the mantle-cavity, the

chance that the eggs will be impregnated is of course larger than

in the case when they are attached at a greater distance, as in

Sc. Stearnsi. So it is easily understood that in the latter case a

greater number of males would be recpiired — but why did they

choose for attachment a place which is less favourable for impregnation?

Because they were so numerous and did not find space enough at

the ordinary place?

Mathematics. — "A group of complexes of rays lohose singular

surfaces consist of a scroll and a number of planes". By

Prof. Jan de Vries.

1. The generatrices of a rational scroll can be arranged in the

groups of an involution /;,; to this end we have but to arrange

their traces on an arbitrary plane in the groups of an l^. If we
consider each pair of lines /,

/' of Ij, as directrices of a linear con-

gruence, it immediately occurs to ns to examine the complex of

rays F which is the compound of the co^ congruences determined

by it.

Let the scroll (i" be of order n and let it have an {n—J)-fold

directrix d. The generatrices / form a fundamental involution /„_i,

each grou[) of which consists of the {n—Ij right lines, coinciding

in a point of d. This /„_i has evidently (n—2) {p
—

1) pairs in
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roaimon u'itli the given /^, ; so on d lie as many points of intersec-

tion H oi pairs /. /' of the involufion /,,. Each ray through a point i/

belongs to the complex r, likewise each ray in the connecting

plane h of the right lines /,
/'

; i. o. w. the complex has (n—2) (/j— 1}

principal points H and {n—2) (p—1) principal planes /i.

2. On an arbitrary plane n a rational curve c" with (n—l)-fold

point D is determined by q". The rays of the complex lying in a

envelop a curve («) of class {n—1) {p—1), the curve of involution

(director curve) of I), in which the points of C are arranged by

the given Jp. ')

So the C07nplex is of order {ii—1) {p—1).

The line of intersection of « with a principal plane h being a

ray of r, the curve of the complex («) touches all principal planes.

If « is made to pass through a right line / of 9", then («) splits

up into the pencils having for vertices the traces L of the (p—1)

rays conjugate to / and into a curve of order (n—2) [p—1), the

curve of the involution of Tp on the curve c"— ' which « has in

common with q" besides. So a tangent plane of (»" is a singular

plane of r.

The singular surface consists of a scroll and the principal planes.

When a tangent plane contains one of the principal points it passes

in general through the directrix d, therefore through all principal

points. Then (o) splits up into (h—2) (p—1) pencils {H) and {p—1)

pencils [L').

Of the ?i—1 generatrices / through a point H, two, lo and /'«,

form a pair of Ip. If we bring « through one of the remaining

right lines 4 (^-=1 to n—3), then («) consists of {p
—1) pencils with

vertices L'k, the pencil (//) and a curve of class (?i—2)(p—1)—1.

In an arbitrary plane through H the curve of the complex («)

consists of the pencil (if) and a curve of order (n—1) {p—1)—1.

3. The rays of the complex through an arbitrary point A
envelop a cone (A) of order {n—1) (p—1) passing through the

principal points.

If A lies on q" cone (.4) consists of (/>—1) concentric pencils and

a cone of order {n— 2) {p- 1).

If we assume A in a principal plane h then only one pencil

separates itself from the cone of the complex.

1) I')i has (n— 1) (p— 1) pairs in common with the involution L, which an

arbitrary pencil determines on c".
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If A is taken on the line of intersection of two planes h, two

pencils are separated from the cone. Three pencils are obtained

when A is point of intersection of three principal planes.

If we take A on the curve c" -- which a plane h has in common
with Q" then (^4) consists of p concentric pencils and a cone of

order (n—2) {p—i)—l.
If ^ is a point of intersection of q" with two principal planes

the number of pencils evidently becomes {p-\-l).

4. The curve of the complex («) is of order (j)
—1) (2n-|-p— 6) ').

It possesses ^ {p — 1 ) (p — 2) («.— 2) threefold tangents ') which are

transversals of as many triplets of right lines belonging to a grouj)

of Ip. The cone of the complex {A) possessing evidently as many
threefold edges, the scrolls each having three conjugate right lines /

as directrices form together a congruence y of order and class

i (i>
— 1) (P

— 2) (?i — 2).

Each principal point H is for this congruence a singular point of

order {p — 2); the singular cone is broken up into [p— 2) pencils.

Each principal plane h is a singular plane of order {p — 2) and

contains (p — 2) pencils of rays of congruence.

5. The right lines resting on four lines / belonging to a group

of Ip form a scroll enclosed in r, of which the order is going to

be determined.

Each transversal t of three conjugate right lines 1^,1^,1, and the

arbitrary right line a intersects still (n — 3) genei'atrices m of q".

To each of these right lines m can be made to correspond the {p — 3)

right lines /' forming with l^, l^, /, a group of Jp.

To each ray /' belong {p — I), triplets 1-^,1^, l^, so 2{p— 1), trans-

versals t and therefore 2 (yj — ^){p--l)^ rays m.

The congruence (1,1) of the i-ight lines resting on m and a has

with the congruence y in common (/i— 2) {p— 1) [p — 2) rays t,

so that to in are conjugate {n — 2) yj) — 1) (^7 — 2) {p — 3) right

lines /'.

Now each transversal of four lines / belonging to a group of Ip

evidently gives four coincidences of tlie correspondence (/'
, m).

1) The characteristic numbers of the curve of involution of an Ip on a rational

c" are found in the dissertation of Jon. A. Vreeswijk Jr. (Involuties op rationale

krommen, Utrecht 1905, page 38).

-) See also my paper "Complexes of rays in relation to a rational skew curve"

(These Proceedings, VI. page 12).
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Consequcntli/ the scroll of the transversals of quadruplet'; of the

involution is of order — (/> — 1) (^) — 2) (p — 3) (4 v, — 9).

Each principal point and each principal plane of r bears

1
-{p—2){p—3) right lines of this scroll.

6. If q" possesses also a single directrix e all principal planes of

r pass through e and the complex is in itself dual.

1
If Q" has a nodal curve (f oi order - (« — 2) (ti — 1) each gene-

ratrix / rests in (n — 2) points on d, and is thus cut by (n — 2)

right lines /'. By this the generatrices are arranged in a symmetric

correspondence of order {n — 2), having with 7^, given on q" in

common {n — 2) {p — 1) points H. So the complex has again

{n— 2 j (2?— 1) principal points and as many principal planes.

In like manner the order of F remains the same. But now the

curve of the complex can break up on account of its plane contain-

ing two or three principal points by which two or tiiree pencils

are separated. Besides « can contain still a right line /. So here

the degenerations of {a) are dually oi^posed to those of the cone (^).

(February 21, 1906).





KONINKLIJKE AKADEMIE VAN WETENSCHAPrEN

TE AMSTERDAM.

PROCEEDINGS OF THE MEETING

of Saturday February 24, 1906.

(Translated from : Verslag van de gewone vergadering der Wis- en Nalinukundige

. Afdeeling van Zaterdag 24 Februari 1906, Dl. XIV).

W. H. JuLirS: "A new method for determining the rate of decrease of the radiating power
from the center toward the limb of the solar disk", p. 668. (With one plate).

A. F. HoLLEM.iX: "On the nitration of ortho- and nietadibromobenzene", p. 678.

J. J. Blaxksma: "The introduction of halogen atoms into the benzene core in the reduction

of aromatic nitro-conipounds". (Communicated by Prof. A. F. Holleman), p. 680.

F. A. F. C. Went and A. H. Blaauw: "On a case of apogamy observed with Dasylirion

acrotrichum Zucc", p. 684.
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Physics. — "A neio method for determining the rate of decrease

of the radiating power from the center toward the limb of
the solar disk" . By Prof. W. H. Julius.

(Communicated in tlie Meeting of January 27, 1906)

The brightness of the solar disk is known to diminish considerably

from the center toward the limb. Although tjiis prominent feature

of the solar phenomenon should be among the first accounted for in

every theory of the Sun, it leads to problems presenting so many
difficulties, that a satisfactory explanation is, until now, altogether

wanting. And even the empirical study of the law according to

which the radiating power varies across the disk, is not very advanced.

VViial we know about tlie (piestion is founded on researches in

47
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which eitliei- a photometer, or a thermopile, a bolometer or a radio-

micrometer was used for exploring an imaije of the Sun. The results

obtained by ditferent observers are rather discordant'). This may be

partly due to instrumental or accidental errors, but there is also a

systematical error which must have influenced similarly all of the

results thus obtained, and which proceeds from the scattering of the

rays by the terrestrial atmosphere. In any point of an image of the

Sun is not only to be found the radiation coming from the corre-

sponding point of the disk, but, besides, some diffused radiation

proceeding from other parts of the disk. This disturbing effect will,

of course, vary in magnitude with the condition of our atmosphere,

but it will always act in a levelling way, parts of the image lying

near the edge receiving more diffused radiation from the middle

parts of the disk, than receive the central parts of the image from

the marginal parts of the disk.

We may completely avoid this source of error by using a method

in which the radiating power of the different parts of the disk is

calculaled from observations made on the occasion of a total eclipse

of the Sun.

Let us suppose the curve, representing the intensity of the solar

radiation from the first until the fourth contact as a function of time,

to be exactly known ^). The curve will show us by how much the

total radiation has increased or decreased between any two epochs.

Every (positive or negative) increment is exclusively due to rays

coming from that strip of the solar disk through which the Moon's

limb has appeared to move between those very epoclis.

Suppose the time after third contact to be divided into equal

intervals of, say, 2 minutes, and tlie position of the Moon's limb

at the end of each interval delineated on the solar disk, then the

latter will be divided into 39 narrow strips, successively contributing

the knoivn quantities a, b, c, d , . . to the total radiation.

Now, let us distinguish n concentric zones on the solar disk and

denote by x^, Xji , . . x^ the radiation coming from these zones per

1) Cf. J. ScHREiNER, Strahlung und Temperatur der Sonne, p. 43—49 (1899).

2) II is well known that, at Burgos, the observation of the eclipse of August 30,

1905, Las not been favoured with a clear sky (Gf. the Preliminary Report in the

Proceedings of the Meeting of November 25, 1905). Nevertheless, the measurements

of total radiation have yielded some results of sufficient accuracy to justify that,

in our present investigation, we make use of the radiation curve then secured.

Further particulars regarding the observations will soon be published in the

complete report on our expedition.
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unit surface. (Aceording to results obtained by Langley and by Frost

we shall suppose the radiating power to vary only with the distance

from the center, not with the position angle). One of the. strips will

contribute to the radiation :

d =: cf, ,Vy, -)- d„ ,v,3 -{-.... 6,1 ,Vv,

if it cuts out of the first zone an area (f,, out of the second zone

an area 6^ etc. The next strip contributes :

e = f 1 Xy_ -\- f^ ,r,3 + . . . . 5,i .t'v,

and so on. We get 39 equations from which x^, Xji, ... ,r„ may be

resolved.

Determination of the coe/jicients of the n imknouui quantities.

I have found the coefficients ff,, rf^ . . . s,, f^ . . . by weighing.

On a piece of excellent homogeneous paper the solar disk was drawn

and divided into a suitable number of concentric zones, which were

intersected by arcs representing the Moon's limb in its successive

positions. The following astronomical data, necessary for making the

drawing, have been kindly procured to me by prof. A. A. Nijland.

contact I II III IV

position angle 293°,4 104°,5 304°,9 114°,9

local time 23i>33"M0^ 0'' 51>" 58« U^' 55"' 39^ 2'' 12™ 14^

Moon's radius : Sun's radius = 132,8 : 126,8.

Now the strips were carefully separated from each other and

weighed (for subsequent control). Then each strip was cut along

the zone circles, and the pieces were weighed separately. In order

to make the pieces recognizable, the zones had all been differently

painted, each with a narrow line of water-colour. The weighings,

which were accurate to half a milligram, gave the coefiicients of

the unknown quantities a.\, .r^ r,. So the unit of area, adopted

for measuring the surface of the solar disk, corresponds to a piece

of our drawing paper weighing 1 milligram.

The breadth of each of the outer five concentric zones was 7,„

of the Sun's radius; then came seven zones with breadth YioOfthe

radius each, leaving round the center a circle with radius Vso- The

average distances of the zones from the center, expressed in thou-

sandth parts of the radius, will now be used as indices a, ^ . . . . of

our 13 unknown quantities ; so these will be written :

'^975' '''&25' '^'sTS' *^83li' ''775' '700* '^600' '*'500' '^400' '^'30U' '^300' "^1001 '^'o*

47*
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Oil p. 670 the equations are written out. We iiave confined our-

selves to 13 equations ; increasing this number vvoukl not iiave led

to greater accuracy, as tiie values of a,h,c... had to be found from

the radiation curve, that is by graphical interpolation, in which pro-

cess it is understood that nil of the observations have already been

taken into consideration.

Determination of the constant terms of the equations.

Table I contains the results of the observations made at Burgos

with our actinometer. The second column gives the galvanometer

deflections, from which the numbers of the third column, representing

the intensity of the radiation, are calculated ').

Owing to the clouds there are large gaps in the series of obser-

vations ; but nevertheless, after the results had been plotted down,

we saw that there was only little room left for fancy when drawing

the radiation curve in such a way, that closest agreement with the

observational data was obtained. As a matter of course the curve

has not been drawn between the series of jjoints, but so as to join

the highest points, for the observed values could only be too small.

Only one exception is made to this rule, the value found at 0'' 17™ 3^

being very probably too higli by some error or instrumental dis-

turbance.

The middle part of tlie radiation curve has been reproduced on

the annexed plate. For determining a, b, c, . . . we have used the

part included between ()'» 55'" and 1'* 37'"
, which was very carefully

constructed on a larger scale. It deserves notice that the relative

accuracy of the small ordinates (corresponding to few minutes after

totality) is nearly as great as that of the larger ones, because

the galvanometer deflections from which they were calculated are

all lying between 118 and 347 scale divisions. Table II refers to

this part of the radiation curve. In the second column are given

the ordinates of the curve at the epochs 0'' 55'" 40^ and every

two minutes later ; the unit corresponds to an intensity = 1000.

1) Particulars concerning the connection between the numbers of these two

columns will be found in the forthcoming report on the Dutch expedition. The
method and the instruments used at Burgos were the same that are described in

:

•Total Eclipse of the Sun, May 18, 1901. Reports on the Dutch Expedition to

Karang Sago, Sumatra, N '. 4 : Heat Radiation of the Sun during the Echpse", by

W. H. Julius. The numbers of the third column are proportional to the total

radiation coming from a circular patch of the sky, 3° iii diameter, with the Sun

In its center.
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TABLE I.

Time.
Galvano-
meter-

deflections

Intensity

of

radiation.

Time.
Galvano- Intensity
meter- of

deflections, radiation.

h m s

22 28 48

36

38 33

40 58

51 38

53 49

56 8

23 4 58

8 3

9 50

11 U
1st contact 33 8

35 48

38 3

40 38

4-1 38

42 48

44

45 33

40 38

47 52

48 53

50 8

51 33

53 8

55 3

50 33

58 23

7 23

8 5a

10 28

11 43

13 13

14 58

17 3

19 28

280

231

287

S87

270

200.5

278.5

256

283.5

284.5

275

226

256 5

209.5

270

270.5

200

259.5

256.5

248.5

250.5

219

241

233.5

227

220

210.5

192

184

177

171.5

165.5

159

150

130

1750000

1444000

1794000

1794000

1088000

1031000

17450C0

1610000

1780000

1792000

1736000

1430000

1625000

1709000

1712000

1715000

1649000

1040000

1627000

1506000

1589000

1580000

1529000

1483000

1442000

1435000

1376000

1222000

1170000

1127000-

1091000

1054000

1013100

950000

807000

h m i

20 48

2nd contact 51 .58

53 53

54 28

55 18

3rd contact 55 40

55 58

57 58

58 33

59 13

59 53

1 1 18

2 28

3 3

7 38

21 15

22 3

23 3

23 58

24 53

25 53

26 53

27 53

28 58

30 8

31 8

32 11

33 13

34 20

35 25

30 34

2 1 58

3 8

4ih contact 12 24

13 18

14 20

128.5

3

13

33

600?

118.5

98.5

219.5

286

232.5

170

152 5

323 5

331.5

347.5

151.5

162

167

174

180 5

180.5

194

201

207.5

213

220

225.5

232.5

237.5

338

248

258.5

200

819000

9

13

33

600?

23000

191 CO

42700

55700

74800

108800

97700

207000

635000

665000

676000

722000

745000

776000

805000

832000

865000

897C00

926000

950000

981000

1007000

1037000

1060000

1506000

1581000

1648009

1657000



( <'73 )

l>u( this oi).scrva(ioiial cni'vc lias (o be corrected, owing to tlie

ciir II instance tliat in the lapse of time considered the Sun's altitude

has diminished. We nia}^ proceed as follows. Apart from a possible

influence of sun-spots or faculae there is no reason why the eclipse

curve would not be symmetrical if the Sun's altitude (and the con-

dition of our atmosphere) remained constant. Between 23'' and 1''

the variation of altitude is very small. Now taking 0'' 53'" 50^ as

TABLE II. TABLE III.

Time
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the epoch ol' mid-eclipbc, \vc draw a horizoiilal line through a point

TO corresponding to that epoch. The line cuts the descending branch

of the curve in /; we make m ?i = m I and thus find a point n of

tlie iiypothetical radiation curve for constant altitude of the Sun.

Acting in a similar way for a few more points, we get an idea of

the magnitude of the smoothly increasing correction which is to be

applied to the ordinates of tlie ascending branch. K. Angstrom's

measures of the intensity of the radiation for different altitudes of

the Sun ') have also been considered in determining the correction.

The third column of Table II contains the ordinates of the corrected

curve; in the fourth column are given their successive increments

whicli, of course, are the values to be assigned to the absolute terms

of our equations.

Results.

The solution of the equations leads to the numbers of Table III;

the results are plotted down in tig. 2 on the plate. Through these

points ,we have drawn a curve satisfying the condition that its

curvature should gradually diminish; it shows us the law of variation

of the radiating power from the edge toward the center of the solar

disk. Putting the ordinate at the center equal to 100 and expressing

the other ordinates in the same unit, we get numbers comparable

with the results obtained by other investigators.

The comparison with the spectro-photometric observations by

H. C. VoGEL ") and with the measurements of total radiation made

with a radio-micrometer by Wilson ') and with a thermopile by

Fkost'), is given in Table IV. We add in Table V the results of a

s|)ectro-bolometric investigation by Very '), as these numbers have

been used by Very and by Schuster ") in testing tiieir explanations

of the phenomenon.

According to Frost's measurements the total radiation appears to

diminish from the center toward the limb in about the same pro-

l)ortion as the radiation of wave-length 650;if/, whereas my numbers

show a decrease very similar to that exhibited by rays of wave-

1) K. Angstro.m, Intensite de la radiation solairc a dilTerentes altitudes. Reclierches

faltes k Teneriffe 1893 et 1896.

3) H. G. YoGEL, Ber. d. Berl. Akad. 1877, p. 104.

8) W. E. Wilson, Proc. Roy. Irish Acad. [31, Vol. % p. 299, (1892).

*) E. B. Frost, Astron. Nachr. 130 (1892), p. 129.

6) F. W. Very, Astroph. Journ. 16 (1902), p. 73.

6; A. SciiusTKR, Arttroph. Journ. 16 (1902), p. 320; 21 (190.5), p. 258.
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TABLE iV.

Distance
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limb would doubtless have l)eeii found quicker for all wave-lengths,

and, vei'j probably, tiie distribniion for the region 650;ifx would have

proved to agree better wilii my results tlian with the uncorrected

values of FjiOsT.

Wit,son's measurements seem to have been intluenced by other

causes of error still, besides atmospheric scattering, as his numbers

are greater than those obtained by Frost, and harmonize not as well

as the latter with the spectro-photometric series.

The observations of Very have given considerably greater ratios

in the marginal regions than those of Vogel. Mr. Very himself points

out the difference, and remarks that the bolometer has an advantage

over the eye in the I'ed where the heat is great ; but I may suggest,

on the other hand, that instrumental errors (reflection or scattering

of light by prisms, lenses, tubes, etc.; are easier discovered and

corrected in spectro-photometric than in s])ectro-bolometric work.

It seems to me that observing an eclipse-curve by means of a

very simple but sensitive actinometer, without lenses or mirrors,

must yield results concerning the radiation of different parts of the

solar disk which deserve more confidence than the values hitherto

obtained in other ways. I wish to lay stress upon the advantages of

our method, rather than on the reliability of the numbers secured

at Bui'gos under not very favourable circumstances. In a clear sky

the shape of the eclipse curve will easily be found with very great

accuracy.

The same method will also be applicable with radiations covering

limited parts of the spectrum, if we only put suitable ray-fdters

before the opening of one of the diaphragms in the actinometer. It

may even be possible, in a future eclipse, to use an arrangement

which brings several ray-filters by turns before the opening ; thus,

when disposing of a quick galvanometer, one would be able to

simultaneously determine, with one actinometer, the eclipse curves

for rays belonging to five or more regions of the spectrum, and the

results would be independent of selective atmospheric scattering.

Remnrhs cm the hypotheses used for explaining the distribution of

tlie radiating power on the solar disk.

The diminution of the intensity of radiatioji toward the limb is

almost generally ascribed to absorption of the rays by the solar

atmosphere'), and it is supposed that, in absence of that atmosphere,

1) J. ScHEiNER goes as far as to say: 'Eine andere Doutung des Lichlabfalls ist

niclit zulassig." (Stralilung und Tem])cratiir der Soiuip. p. W),
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the photosphere would show itself as an equally luminous disk. But

then it appears to be impossible to tlud such values tor tlie thick-

ness of that atmosphere and for its coetlicient of absorption, as to

give a law for the rate of diminution of brightness, consistent with

observation. Very ') e.g. when attributing the eifect to absorption

onlv, arrives at the absurd result tliat we should iiave to assume

that the absorptive power toward tiie limb is smaller tlian that nearer

the center. He, therefore, suggests the existence of other influences

which, combining with the absorbent process, would reconcile theory

to observed facts. Ditfraction by fine particles, columnar structure

of the solar atmosphere, irregularity of the photosplieric surface, are

thus introduced.

Schuster '), on the other hand, is of opinion that Ihe difficulty

which has been felt in explaining the law of variation of intensity

across the solar disk is easily removed by placing Ihe absorbing

layer sufTTiciently near tiie photosphere and taking account of the

radiation which this layer, owing to its high temperature, must itself

emit. He then really finds values for tlie absorption and the emission

of that layer, harmonizing with the results of Very's and Wilson's ')

measurements, and also with the properties of the energy curve of

the spectrum of a black body at diiferent temperatures. But, for all

that, serious doubts as to the correctness of the premise and the

conclusions must subsist.

Indeed, the calculations of Schuster as well as those of Very,

Wilson, Langley, Pickering and others, concerning the same subject,

are based on the assumption that the light travels along straight

lines through the solar gases, whereas everybody who has duly

noticed A. Schmidt's "Strahlenbrechung auf der Sonne" will at the

least have to give in tiiat rays coming from the outer zones of the

disk must have followed curved paths through the solar atmosphere.

By this circumstance the said calculations lose their convincing power.

And besides, the fundamental idea that a considerable portion of

the photospheric radiation should be absorbed by a tliin atmosphere,

encounters a difificulty of greater imjiortance still. This point, I

think, has also first been moved by A. Schmidt. What becomes of

the absorbed energy accumulating in the atmosphere ? According to

Schuster e.g. (I.e. p. 322) the atmosphere transmits largely Vs of

1) F. W. Very. The absorptive power of the solar atmosphere. Astroph. Journ.

16, p. 73-91, (1902).

2) A. Schuster. Astroph. Journ. 16, p.320-327, (1902); 21, p. 258— 261, (1905).

3) W. E. Wilson and A. A. Rambaut. Proc. Roy. Irish Acad. [3], 2, p. 299—
33t, (1892).
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the radiation emilkMl by liie pliotosplioro ; so it stops almost "/j, and

only a small iVaclion of this al)sorl)cd energy leaves the Sun in (lie

form of radiation, enutted by tlie atmosphere itself. After all, more

than half of the radiation coming from the piiotosphere is retained

by the absorbing layei-, and we cannot suppose it to go back to

the interior without violating the second law of thermodynamics.

As long as it has not been shown how the solar atmosphere may

get rid of that immense quantity of energy continually supplied and

never radiated, similar considerations will remain very unsatisfactory.

Our problem appears to be much less intricate when viewed from

the stand-point taken by ScHiMiDT '), though the mathematical treat-

ment will not be easy. A uniformly luminous sphere surrounded

by a concentric, perfectly transparent refracting envelope, will otfer

the aspect of a disk the brightness of which diminishes towards the

limb. This has been established approximately by Schmidt for the case

of a homogeneous, sharply limited envelope. It is easily understood

that a similar result must be obtained when assuming a transparent

atmosphere of gradually decreasing density and refractive power
;

but then, of ccmrse, the rate at which the luminosity varies on the

disk will depend on the law of density variation. We may proceed

a little farther, and accept Schmidt's hypothesis that the ijicandescent

core of the Sun is not a sphere with a sharp boundary, but a gaseous

body the density and radiating power of which are smoothly dimi-

nishing along the radius. In this way, I think, we dispose of pre-

mises from which it seems possible to derive an explanation of tiie

general aspect of the solar disk without invoh ing into such serious

ditificulties as were hitherto encountered.

Chemistry. — "(hi the nitration of ortho- and oh'tadihromohenzcne."

By Prof. A. F. Holleman.

(Communicated in flie meeting of January 27, 1906).

After the disturbing influence which the halogen atoms exercise

on each other's directing influence in regard to the nitro-group, had

been noticed in the nitration of the dichlorobenzenes, it was necessary

to extend this research to the nitration of the dibromobenzenes so

as to be able to find the connection between the results with the

dichloro- and dibromocompounds and to compare the same with tiie

result of the nitration of the corresponding monohalogen benzenes.

1) A. Schmidt, Physik. Zt'ltsclir. 4, 28'2, 3il, 453, 47(j ; 5, (17, 528. (1903 and 1904),
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W. H. JULIUS. A new method for determining the rate of decrease of the radiating power

from the center toward the limb of the solar disk.

Middle part of the radiation curvt obtained during the solar eclipse

of August 30. 1905.

Radiating power across the solar disk.
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The necessary cxperiuiciils lia\e lieeii considerably delayed, because

it appeared that the ortlio- and nicta-dibromobenzenes had not as

yet been obtained in a perfectly pni-e condition, and the search for

a good method absorbed much time. We have at last succeeded in

preparing »i-dibromobenzene from perfectly pure »<-bromoaniline by
diazotation in a dilute hydrobromic acid solution, according to a

direction given by Ekdmann for another |)urpose. il/c^^rt-dibromobenzene

has a sp. gr. of 1.960 at J 8.5°, and solidifies at — 7°. It is true

that F. ScHiFF incidentally mentions (M. 11, 335) that he has met
with 7?i-dibromobenzene solidifying at -|- 1°, without saying how he

has obtained the same, but there is good reason for doubting flie

correctness of this statement. In this case, the product obtained by

me and my coadjutors (Sirks, Sluiter) with its 8° lower solidifying

point should contain about 167o of impurities. In the nitration of

our ?«-dibromobenzene, however, a product is obtained having a

sp. gr. such as was to be expected from a mixture of the isomers

(Br' : Br' : NO,') and (Br' : Br' : NO./) brought together in the pi'opor-

tion indicated by the solidifying point, so that a contamination of

our preparation witii such a large quantity of another substance is

altogether out of the question ; moreover, on distillation our preparation

yielded two fractions within one degree which botli possessed

practically the same sp. gr. and solidifying point.

0-dibromobenzene which was obtained in an analogous manner

from o-bromoaniline, had a sp. gr. of 1.996 at 11° and solidified

at + 6°.

The prepai'ation of the six dibromonitrobenzenes was carried out

in a manner analogous to that of the six dichloronitrobenzenes,

described by me in the "Recueil" 23, 357.

The composition of the products of nitration of the dibromobenzenes

was determined from tiieir solidifying point and their sp. gr. and

led to the results united in the subjoined table with the composition

of the products of nitration of the dichlorobenzenes. The temperature

of the nitration was 0'. (See p. 680).

In ortho-dibromobenzene the disturbance of the dii'ccling jjower of

the one halogen atom owing to the presence of tiie other one is,

therefore, much less than in the case of orthodichlorobenzene because

in the first one 18.3 and in the second only 7.27o of by-product

is formed, wliilst monobromo- and monochlorobenzene yield, respec-

tively, 29.8 and 37.6°/,, of by-product. On tlie other hand, the

disturbance caused by the entr\ of tlie nitro-group between the two

halogen atoms in ?«-dibromobenzene is very nearly equal to tliat in

?M-diohlorobenzene, therefore niucli kiiger in regard to the ortho-
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So when I obtained 5-cliloro-4-6-(libronio-2-aniido-/;«-x_vlene a?i by-

product in the reduction of •i-6-dibromo-2-nitro-»i-xyleiie, I tried to

oils CII3

Bi- ^ \, NOo Br / \ NlLj

L J CHj
"*

CI I J CH,

Br Br

introduce iialogen atoms into (lie core, taking the yiniplest case,

namelj, the reduction of nitrobenzene with tin and hydrochlorid acid.

As is well-known, various intermediate products are formed in

the reduction of niti'obenzene to aniline. The formation of chloro-

aniline from nitrobenzene may be explained in the following manner: ')

C,H,NO, + 4 H = C,H,NHOH + H,0

C.H^NHOH + HCl = C,H,NHC1 + H,0

C,H,NHC1 -^ C1C,H,NH, {0. + ^a).

The fact that, in the reduction of nitrobenzene, phenylhyilroxylamine

occurs as an intermediate compound, has been demonstrated by

Bamberger, who has also proved that, on boiling phenylhydroxylamine

with hydrochloric acid, t*- and />-chIoroaniline are formed ^). It has

also been proved by Lob tiiat 0- and ^;-cldoroanilines are formed in

the electrolytic reduction of nitrobenzene in alcoholic hydrochloric

acid solution '). The object of the experiments to be described was

to try and conduct the reduction of nitrobenzene with tin and hydro-

chloric acid in such a manner that instead of aniline, as much as

possible chloroaniline was formed.

The experiment had, therefore, to be carried out in such a way,

that the phenylhydroxylamine formed was not at once further reduced

to aniline, but to give this substance an op[)ortunity to be converted

into chloroaniline, under the influence of hydrochloric acid. The

conditions were also to be such that the phenylchloroamine CJlsNHCI,

which is formed intermediary, could be readily converted into chloro-

aniline.

The intramolecular conversion of phenylchloroamine into 0- and

j>chloroaniUne is, howevei-, but little known, as the first substance

is very unstable but the conditions under which acefylchloroanilide

is converted into p-chloroacetanilide have been closely investigated.

It has been shown that this reaction is very much accelerated by

increase of the temperature and also by addition of hydrochlorid acid"").

1) Lob, Die Electrocliemie der Organischen Verbindungen p. ](JG,3eAuflage(1905).

-) Ber. 28, 451. Bamberger and Lagutt, Ber. 31, 1503.

8) Ber. 29, 1896.

•t) Bender, Ber. I'J, 2273. Blanksma, Recueil 21, 3GG, 22, '2'JO.
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If, on account of tlie analogy between plienyl-chloroaniine and

acetjlchlorophenylamine, we assume that in the case of the first sub-

stance the velocity of (he conversion into o- and ^>chloroaniline is

also strongly accelerated by elevation of temperature and addition

of hydrochloric acid, the conditions for obtaining chloroaniline instead

of aniline, in the reduction of nitrobenzene with tin and hydrochloric

acid, are as follows:

1. Slow reduction, or addition of tin in small quantities at the

time, ill order not to at once reduce the phenylhydroxylamine to

aniline.

2. Excess of hydrochloric acid so as to rapidly convert the phenyl-

cldoroamine formed into chloroaniline.

3. The reaction should take place at tlie boiling temperature, as

elevation of temperature also promotes this conversion.

The experiment was now conducted as follows:

10 cc. of nitrobenzene were dissolved in 100 cc. of alcohol and

200 cc. of 25 % hydrochloric acid wei'e added. This solution was

boiled over the naked tlame, whilst 15 grams of tin were added

through the reflux condenser in small portions. Each time, after

adding a small amount of tin, the boiling was continued until every-

thing had dissolved before adding a fresh portion. The experiment

lasted six hours. The unaltered nitrobenzene was now removed by

steam, the residue was rendered alkaline and the aniline and chloro-

aniline recovered by distillation in steam.

In this way, 6.5 gram of oil were obtained. The greater portion

of this oil was distilled between 182° and 225°, the residue solidified

in the distilling flask, and proved to be ^j-chloroaniline (m. p. 70").

The oil consisted of aniline and o- and ^v-chloroaniline.

From a chlorine determination according to Carius, it appeared

that the mixture consisted of 55% of chloroaniline and 45°/„ of aniline.

If the reduction experiment was made with SnCl^ and HCl (p-^-p)

chloroaniline (537o') were formed together with aniline. In this case,

the stannous cliloride was also added in small portions, so as to

give the intermediary formed phenylhydroxylamine an opportunity

of being converted into o- and y;-chloroaniline. Nitroso-benzene gives

tiie same result ^).

In the same manner, the reduction of nitrobenzene with tin and

hvdrobromic gave a mixture of aniline and (o- and 2j)-bromoaniline.

At present it is still difticult to predict which aromatic nitro-

'') i:r. GoLDSCiLMiDT, Zeitichiill lui' I'hys. (Jliem. 48, 435.



( 683 )

compounds will yield a large quantity of halogenised by-products on

reduction with tin and hydrochloric acid. It would be necessary to

know something more about the reduction velocity of the nitrocom-

pounds ') (and of the intermediary formed hydroxylaminederivatives),

and about the intramolecular conversion velocities of the halogen-

phenylamines.

It is known, for instance, that o-nitrotoluene gives a large amount

of chlorinated by-product on reduction with tin and hydrochloric

acid ^). The o-tolylhydroxylamine formed as intermediate product is,

therefore converted here into 5-chlorotoiiiidine, and the reduction ex-

periments of GoLDSCHMiDT ') On o-nitrotolueue are in agreement with

this. GoLDSCHMiDT lias siiown that, with increase of the temperature

the reduction velocity' also increases, whilst an elevation of temperature

also increases the conversion velocity of the halogenphenylamines.

It now appears that this last reaction is the most strongly accelerated,

for the amount of halogenised by-products increases with elevation of

the temperature ").

Resume. It has been shown that the reduction of nitrobenzene with

tin (or Sn CIJ and hydrochloric acid may be carried out in such a

manner that 2>chloroaniline occurs as the main product. The cause

of this must be explained by the fact that, in the reduction of

nitrobenzene, phenylhydroxylamine occurs as an intermediate product.

As on reduction of all aromatic nitrocompounds, hydroxylamine

derivatives are formed as intermediate compounds, we shall generally

notice on reduction of such nitrocompounds with tin and hydrochloric

acid, besides amidocompounds, also halogejiised amidocompounds

(with halogen atoms o- or p- in regard to the NH^ group), whilst

the quantity of these two last substances will be dependent on the

conditions under which the reduction is carried out. In some cases

no halogen atoms are introduced, but they are even eliminated from

the benzene core ").

I hope to record more fully further experiments in the Recueil

later on.

Amsterdam, January 1906.

1) See the note un tlie precceding page.

•-) Beilsteln and Kuhlberg, Ann, 156, 81. Holleman and Jungius, Chemisch Week-

blad II. 553.

S)
1. c.

*) PiNNOW, 1. C.

'") Recueil 24, 320.

48
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Botany. — "On a case of apogamy observed ivith Dasylirion

acrotrichum Zacc." My Prof. F. A. F. C. Went and A. H.

Blaauw.

In the summer of 1904 a specimen of Dasylirion acrotrichum Ziicc.

was in bloom in the Utrecht Botanical Garden. The home of this

tree-like Liliacea is in Mexico ; on a short stem it bears a bundle

of flat leaves with thorny margins. Although the plant is pretty

often cultivated in European botanical gardens it is \ery seldom seen

in bloom. Hence constant attention was paid to the here mentioned

specimen. The inflorescence was two metres long ; the principal axis

was ramified and had a great number of steeplj^ erected lateral axes

in the axils of bracts ; each of these carried some 50 to 150

unstalked female flowers. Dasylirion is dioecious so that male flowers

were entirely absent.

Each flower had a perianth consisting of six green leaflets and a

pistil ; this latter consisted of a triangular ovary with a short style

and three stigmas. Tlie ovary was unilocular and had on its bottom

three ovules.

After the flowers had finished blooming it seemed as if some

ovaries began to swell. As there could be no question of fertilisation

in the absence of male sexual organs, it was thought that perhaps

a new case of apogamy or parthenogenesis was present here. The

ovaries were now regularly examined ; they more and more assumed

the appearance of little fruits, looked like small nuts provided with

three wings and strongly reminded one of the fruitlets of Rheum.

It appeared that many ovules swelled, but ne\'er more than one in

each ovary. Not nearly in all flowers this phenomenon was observed,

in no more than 10 to 40 percent it was at all visible.

For a detailed investigation these ovules were now fixed in

Flemming's fixing solution (the weak solution) and then washed in

the usual manner and gradually placed in strong alcohol. This was

done for the first time on August 15 ; from 158 ovaries 49 ovules

were obtained, i.e. 31 percent. This was a maximum, however, for

when later material was collected in the same way on August 22,

September 3, 10, 13, 19 and 25, October 8 and 22, November 12,

December 15 and 24 and on January 19, 1905, each time more and

more ovules appeared to be unfit for use, as they began to wrinkle.

Such as looked more or less swollen were fixed ; among these some

had grown thicker and finally the imp)'ession was that some seeds

had ripened. But ultimately not a single germinable seed appeared

to be on the [)lant and after January 19 no material til for investi-
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gatioii could be got. Nothwithstanding (liis the preserved material was

examined, since it was possible that only the unfavourable conditions

under which Dasylirion lived in the Botanical Garden at Utrecht,

were the reason why no ripe seed was formed.

On microscopical examination phenomena were indeed observed

which seemed to point to apogamy or parthenogenesis, but the mate-

rial proved insufticient to obtain a consistent result. Leaving apart

even the already mentioned fact that not a single ripe seed was

produced, the number of ovules in which ultimately anything parti-

cular could be observed, was extremely small. For microscopic

examination revealed that most ovules which outwardly showed

nothing abnormal, were yet ali'eady in all stages of disorganisation.

Although we are unable to offer a finished investigation, yet it

seemed desirable to us to publish what we have seen. For Dasylirion

blooms so seldom in Europe that for us the chance of finishing our

investigation is practicall}^ nihil, while now at least attention has

been drawn to it, so that perhaps in the mother country of the plant

some one may feel inclined to re-examine it.

Moreover the number of known cases of apogamy or partheno-

genesis is so small that there is every reason to publish each new
case. And finally the material examined by us presents some points

which deserve attention for special reasons.

The fixed material was embedded in paraffin, cut with the micro-

tome and then stained, as a rule with saffranine only, sometimes

with saffranine, gentian violet and orange G.

The ovules of Dasylirion are anatropous and furnished with two

integuments ; the outer one consists, besides of an exterior and inte-

rior epiderm, of cells, situated rather irregularly in 2 to 4 rows
;

towards the chalaza it is much more strongly developed. The inner

integument consists of two layers of closely adjacent cells. The

micropyle is formed by the inner integument only, the edges of

which are strongly swollen — the cells are larger and the thickness

is here about four cells — and are closely adjacent, so that they

only leave a narrow slit between them.

The tissue of the nucellus is small-celled near the chalaza, but for

the rest it consists of large cells with very little protoplasm and
apparently very much cell-sap. The more peripheral cells are smaller,

their cell-walls are perpendicular to the integument, especially near

the micropyle, but the others are greatly lengthened in the direction

of the chalaza so that they have become tube-shaped. These tubes

are often more or less bent, so that longitudinal sections present an
appearance which is ratiier dilTicult to disentangle. The swelling of

48*
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the ovules was in many cases to be ascribed to the strong tiirges-

cence of these nucellus-cells only ; in older stages also the cells oi

the outer integument began to increase their volume, evidently also

by the increase of the cell-sap only.

These strongly lengthened nucellus cells at first caused us to believe

that more than one embryosac is formed, but an accurate examination

of the preparations finally gave us the conviction that only one

embryosac is found. Certainty on this point will be obtained only by

investigating the development and for this purpose the collected

material was unsuitable, for also in the youngest ovules the embryosac

was already completely formed. It is long-drawn, somewhat in the

shape of a dumb-bell, at the base extending near the chalaza, at the

top near the micropyle surrounded by a single layer of nucellus cells.

Now it appeared that in the great majority of these embryosacs

nothing particular could be observed; sometimes a little protoplasm

or more or less disorganised and swollen masses, but no egg-appa-

ratus, no polar nuclei and no antipodal cells, so that' presumably in

nearly all the ovules a disorganisation had already taken place before

they were fixed.

Only a few ovules presented more particularities and these we
shall describe here, in the first place those where a young embryo

was found.

In an ovule, collected on August 22, there is found at the top of

the embryosac and filling this part of the latter entirely, a cellular

body with eight normal looking nuclei, making the impression of an

embryo. The rest of the embryosac is empty and only some disor-

ganised masses lie in it; of an endosperm nothing can be seen, no

more than of antipodals or embryosac-nucleus ; concerning this latter,

however, the possibility must be granted that it has fallen from the

preparation during the staining, although we do not think this probable.

In an ovule, collected on September 10, the top of the embryosac

is filled by a cell-mass of some 20 to 30 cells, the walls of which

are strongly swollen ; the nuclei are small and are in a state of

disorganisation as well as the rest of the protoplast. The whole makes

the impression of a more or less disorganised embryo. Further there

is in the embrosac a pretty large quantity of protoplasm in which

we could find no nuclei.

Finally we found in an ovule, collected on August 22, a still

larger cellular body, reminding us of an embryo. It consists of about 40

cells, the contents of which are still more disorganised, with swollen

cell-walls which strongly absorb staining substances. Having regard

to the former two preparations we are of opinion that this also
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must be looked upon as an embryo, the development of which has

already for some time been stopped and which is now in progress

of disorganisation. Also here nothing peculiar was further found

in the embryosac.

Of course we looked also for the presence of an egg-apparatus,

especially in tiie younger stages, but there is only one preparation

in whicli anything of this kind can be detected. It is an ovule,

collected on August 22, where in the top of the embryosac three

cells are found, two siiorter ones with distinct nuclei and a third

which is larger with disorganised cell-contents in which the nucleus

can still be discovered, however. We believe this to be the egg,

the others synergids. Here also nothing else is found in tlie embryosac

except protoplasm, whicli stains strongly.

In 10 other ovules an endosperm was observed in various stages

of development. It must be stated at once that in none of these

anything of the nature of an embryo is seen. Although it may be

objected that for some ovules the series of sections is not complete,

yet this is certainly not the case with the majority. Especially where

the micropyle is seen in the section, the embryo would be sure to

be observed if it were there, but also in this case no trace of it

can be found. So we arrive at the conclusion that here an endosperm

has been formed without the embryo having developed.

An ovule, collected on August 15, shows the smallest quantity

of endosperm. Tiie upper part ('/a to V4) of ^he embryosac is fdled

up with it. The shape of the embryosac has been changed; it is

swollen, has become cylindrical or somewhat broader towards the

bottom, has a thickness of 0,4 mm., while the nucellus has a

maximum diameter of 1,0 mm. The lower part of the embryosac in

which no endosperm is found, has entirely collapsed and has evidently

been squeezed by the surrounding cells. This same shape of the

embryosac was met with only once without an endosperm having

been formed in it, namely in an ovule, collected on the same day.

In the lining protoplasmatic layer no nuclei could be seen, but still

we believe that this was a lirst beginning of the formation of an

endosperm. Now the endosperm of the just-mentioned ovule consists

of thin-walled cells of varying size; normal nuclear divisions occur

but also nuclei of abnormal size with a number of nucleoli, indicating

fragmentation. At one of the sides of the embryosac the formation

of the endosperm has not yet been completed.

Curiously enough the next stage in the development of the endos-

perm was observed with an ovule, fixed on December 15. Here the

greater part of the tissue of the nucellus has been displaced, so that
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it forms only a narrow layer round the endosperm, somewhat

thicker near the chalaza (greatest thickness of the embryosac 1,2 mm.,

of tiie nuceliiis 1,5 mm.). Here also the lower part of the embryosac

is not filled, but is entirely abortive. The endosperm-cells are of

rather unequal size, most nuclei do not look normal, but still divisional

stages occur; in the more peripheral cells small grains which strongly

absorb staining substances appear outside the nucleus. As in some

other cases, the impression is got here that the formation of the

endosperm takes place rather irregularly, as if in various spots within

the embryosac pieces of endosperm-tissue would form which grow

towai'ds each other so that seemingly moi'C than one endosperm lies

in the embryosac. At any rate this seems to be so when one limits

his attention to one preparation ; by comparing, however, the different

successive sections of one ovule there finally appeai-s to be only one

mass of endosperm. The formation of the endosperm begins in the

lining of the wall of the embryosac and from there proceeds inwardly;

in this process the cavity is gradually filled up, the endosperm now
meets itself from various sides and it is these divisional lines that

remain visible.

That the formation of an endosperm starts indeed at the periphery

of the embryosac, appeai-s e.g. from an ovule, collected on Septem-

ber 19. Here tiie size of the whole endosperm is greater than in

the already mentioned ovules (diameter 1,35 mm.), so that only a

very narrow layer of nucellus-tissue is visible all round, mostly at

the clialaza (greatest diameter of the nucellus 1,4 mm.) ; but the

whole endosperm is hollow and in this cavity remnants of the proto-

plasm of the embryosac are visible. The endosperm-cells are here

of very different sizes and so also the nuclei vary much. Some of

them look normal, show karyokinesis, others are enlarged, have

assumed all sorts of capricious shapes, the number of nucleoli has

greatly increased and a number of fragmentation stages can be observed.

Two ovules, collected on September 10, show a still further

developed endosperm. The nucellus tissue has been more displaced,

the shape of the endosperm-cells is pretty regular, their cell-wall

is somewhat thickened, the nuclei are almost normal ; in any case

there is much less indication of fragmentation than with the just

mentioned ovule.

In an ovule, collected on September 19, the endosperm is so

strongly developed that of the nucellus tissue hardly anything remains

visible. This also applies to the cases which will be described

presently. The endosperm-cells have strongly thickened but still

fairly gelatinous walls; liie contents of the cells consist of a number
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of small grains which stained very strongly and which somehow
make the impression of nucleoli ; of a nucleus nothing is found any

longer, unless we apply the name to some thick, coloured masses.

Three ovules, fixed on December 15, all showed the same picture.

A strongly developed endosperm is present with very thick cell-

walls, absorbing saffrauine more or less, and protoplasts which are

entirely foamy and in which nothing of a finer structure is found.

This endosperm must evidently be reckoned among the horny ones;

it was extremely difficult to cut. Sections of the ovules could only

be made after treatment with iiydrofluoric acid. It is not impossible,

of course, that the foamy appearance of the protoplasts must be

ascribed to this treatment, aitliough we do not think this probable

on account of other experience with this method. In the endosperm

some fissures are visible, the last remnants of the cavity of the

embryosac

Finally an ovule with an endosperm was found among the material

collected on January 19. Here also cutting was only possible after

treatment with hydrofluoric acid. The endosperm is entirely dis-

organised, borders of cells can scarcely be recognised. No more than

in the preceding cases we think this must be ascribed to the miinner

of treatment.

We have now described all cases of formation of an endosperm,

observed by us. It will have been noticed that the order is not

chronological, tlie arrangement was such that we gradually proceeded

from the least developed to the complete endosperm. From this it

follows already that the formation of an endosperm takes place very

irregularly with these ovules, sets in now sooner, then later, and

that the endosperm may pass into disorganisation at various stages

of development.

Summarising, it appears that with Dasylirion acrotrichum an endo-

sperm is formed without fertilisation. This endosperm finally disorga-

nises ; it may do so already at a pretty early stage of development,

but it may also first attain its complete development. But an embryo

could never be found together with such an endosperm. From this

it does not follow, however, that it could never be formed together

with an endosperm, especially since in three ovules — in which,

to be sure, no endosperm was formed — in the top of the embi'yosac

a cell-body was found which we take to be an embryo, which how-

ever very soon passes into a state of disorganisation.

One may now ask to what cause this disorganisation must be

ascribed. It might be suspected that the circumstances of this Dasylirion

were abnormal. Although we grant that these were different from
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the conditioJis in tlie mother country of the plant, yet we must

remcark that the plant was in the open air for a long time before and

after it had bloomed during the very hot summer of 1904 and that there

was no question of tliis specimen being sickly. We venture another

supposition : to us it seems that this plant makes, so to say, an

attempt to apogamous development, but that these endeavours do not

succeed. For this would plead that tlie endosperm develops here

independently of an eventual formation of an embryo and that the

embryo is sometimes planned, but never grows to any considerable

size. If this be the case, in the motlicr country of the i)lant similar

phenomena siiould be observed, but at the same time normal ferti-

lisation and seed- formation. We ought to know the development of

the embryosac, in order to know why the apogaray is unsuccessful

here, even thougli the plant makes an attempt in this direction. If

in the embryosac mother-cell a reduction division has taken place,

this would be very easy to understand and it would also explain

the greater facility with which the endosperm is formed. For, after

fusion of the two polar nuclei tiie normal number of chromosomes

of the 2.i--generation (not, of course, of the endosperm) would be

re-established again ; we have tried to determine this number and it

seemed to us to be 20 to 24. But as long as we do not know how

the endosperm is formed this determination is of little value ; for

we owe to Treub ') the knowledge of a case of endosperm formation,

with Balanophora elongata, where the endosperm nuclei are formed

by division of one of the two polar nuclei. It is, to be sure, the

only case on record where an embryosac fills with endosperm,

without a normal embryo being formed. In this respect the o\ ules

of Dasylirion, described by us, could be compared with Balanophora.

On the other hand tiiere is this great difference, that with Balanophora

an embryo is later formed from part of the endosperm and of this

there is no question with Dasylirion.

We put tlie word apogamy at the head of this communication

i)ecause it leaves unsettled whether here phenomena of parthenogenesis

were indeed observed. It is an open question to what e.vtent the

development of an endosperm without previous fusion of the polar

nuclei with one of the generative nuclei of the pollen tube can be

brought under one of these conceptions. Those who will not use

the word fertilisation in the case of endosperm formation, like

Strasburger, will object to it; those who embrace the opposite view,

•) M. Treub. L'organe femelle et I'Apogamie du Balanophora elongata Bl. Ann.

du Jardin botan. de Buitenzorg XV. 1898 p. 1. See also J. P. Lotsy, Balanophora

globosa Jungh. Ann. du Jardin bot^m. de Buitenzorg 2me Serie I. 1899, p. 174,



( 691
)

like GuiGNARD and Bonnier, will think tlie use of these terms

admissible. Although we incline towards this latter opinion, we shall

not dwell on this point here.

But we think it desirable to point out that a closer study of

unfertilised ovules, especially of dioecious plants will perhaps yield

surprising results. Since we know through Loeb that chemical stimuli

may cause the development of an egg, the possibility must be granted

that this may also be the case with higher plants. When a normal

fertilisation does not take place, such chemical stimuli would at any

rate render a beginning of development possible. Looked at from

this point of view the case of Dasyiirion is perhaps important, but,

as we stated already at the beginning of this communication, only

an investigation in the natural place of occurrence of the plant can

give an answer to this and allied questions.

Astronomy. — "(9« the parallax of the nebulae". By Prof. J. C.

Kapteyn.

Up to the present time we know hardly anything about the distance

of the nebulae. On the whole they do not allow of the most accurate

measurement, and as a consequence direct determination of parallax

is generally to be considered as hopeless. A few endeavours made

for particularly regular nebulae have not led to any positive result.

The proper motions (p. m.) seem more promising, at least for the

purpose of getting general notions about the distances of these objects.

Spectroscopic measurements of radial motion show that the real

velocities of the nebulae are quite of the order of those of the stars.

Therefore, as soon as we find the astronomical proper motion of

any nebula, we conclude, with some degree of probability, that its

distance is of the order of that of the stars with equal p. m.

Meanwhile it may be considered to be a fact, most clearly brought

out just by the observations presently to be discussed, that as yet

p. m. of a nebula has not been proved with certainty in a single case.

It does not follow that these p. m. are necessarily very small. The

time during which the position of these bodies has been determined

with precision, is still short, the errors of tiie observations are large.

The effect of these errors on the annual p. m. may easily amount

to 0"2 or 0"3.

We might endeavour to lessen the influence of the errors of

observation by determining not the individual motions but the mean
p. m. of a considerable number of nebulae.
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If this succeeded we might then compare this mean p. m. with

the mean p. m. of different classes of stars, the mean distance of

which is known witli some approximation or, better j)erhaps, with

the mean radial velocity of the nebulae determined by the spectro-

scope. The comparison would lead at once to ideas about (lie real

distances.

Unfortunately the mean of a great number of observed p. m. will

not be materially more correct than the individual values, if the total

proper motion is small. The cause of this lies in the fact that in such

a case the effect of a determined eri-or of observation is not at all

cancelled by an equal but opposite error of observation. Suppose for

instance two nebulae both having in reality a p. m. of 0"01. For

the first let the error of observation be 0"10 in the direction of the

p. ra. For the second assume an equal error in a direction opposed

to the p. m. The observed p. m. of the first nebula will be 0"11,

that of the second 0"09. Taking the mean of the two we are not

brought nearer to the real value.

For this reason we shall not be led to any valuable result in

this way, even if our material consists of very numerous objects, as

long as the errors of observation exceed the real p. m.

The difficulty here considered would vanish if, instead of the total

p. m., we could avail ourselves of some component of the p. m.,

which in different direction would have different sign. In this case,

if systematic errors can be avoided or determined, the accuracy would

increase as the square root of the number of objects included.

Such a component of the p. m. is that in the direction towards

the Antapex. From this component we may derive the mean paral-

lactic p. m. which is a measure of the mean parallax.

I will not here stop to consider the hypothesis involved. It must

be sufficient to state that it assumes that the sum of the projections

on some determined direction of the peculiar p. m. vanishes in the

case of very numerous nebulae or, which comes much to the same

that the peculiar p. m. may be treated as errors of observations.

Let

h be the linear annual motion of the solar system;

Q the distance of a nebula from that system

;

X the angular distance of this nebula from the Apex of the solar

motion
;

V, T the components of the observed p. ni. in the direction towards

the Antapex and at right angles to that direction
;

p the component of the peculiar p. m. in the direction towards

the Antapex.
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The parallactic p. m. shall tlien be :

h
— sin X ^ V — p.
Q

If this equation is written out for each individual nebula and if,

after that, we take the mean of all the equations, the quantities p will

h
disappear and we obtain the mean value of -

, which is the secular
V

parallax.

Or rather :

As we may treat the quantities p as if they were errors of obser-

vation, which mix np with the real errors of the observed quantities

V, we may write out for each nebula an efpiation of the form

h
— sin ^ =: 17 (

I

)

Q

If then we assume that the distance q is the same for all the

nebulae, we m&y solve the whole of the equations (1) by the method

of least squares.

I have long wished to apply this method in oi-der to get some

more certainty about the position of the nebulae in space, but I have

been restrained by the extent of the work connected with such an

enterprise.

The ditTiculty has disappeared since the publication, a few years

ago, of a paper by Dr. Monnichmeyer assistant at the Observatory of

Bonn {Veroff. der Kon. Sternio. zu Bonn. N°. 1). In this paper all

the materials available at the time of its appearance have, been

brought together in a way which, for my purpose, leaves little to

be desired.

This paper contains the observations of Dr. Monnichmeyer himself.

They bear on no less than 208 objects, mostly chosen among such

nebulae as can be measured with considerable or at least moderate

precision. Dr. Monnichmeyer has collected besides, all previous obser-

vations of these objects. I have confined myself to the observations

of those nebulae for which all the observers have used the same

star or stars of comparison. I have further rejected the observations

of those objects for which Monnichmeyer did not succeed in deter-

mining the personal errors. The observations which thus have served

for the investigation are those of Monnichmeyer's paper pages 59—70,

from which have been excluded, in the first place, those objects

which in the list of pages 15—17, second column, have been denoted

by the letter M ; further the planetary nebulae, the clusters and the

ring-nebula h 2023.



( 694
)

There remain 168 nebulae.

A good judgment about the accui'acv of the observations may be

obtained by tlie probable error derived by Monnichmeyer for his

own observations on page 9. For the other observers I have availed

myself of the data contained on pages 18—25.

The accuracy was found little different for the several observers

with the exception of Ri'MKER.

I therefore simply assumed the weights to be proportional to the

number of observations. For Rumker only the weight was reduced

in the proportion of three to one. For Schmidt the number of obser-

vations is not gi\'en. For reasons given by Monnichmeyer they are

"immerhin etwas fraglich" (1. c. page 14). The results of Schmidt

got the weight of only a single observation for that reason.

An, overwhelming majority of the observations has been made

between 1861—1869 and 1883—1893. It was possible therefore in

nearly every case to contract all the observations in two normal

differences from which the proper motion and its weight could be

derived at once without any serious loss of accuracy.

From these p.m. I then derived the components t and v, assuming

for the position of the Apex, the coordinates

.4:5 = 273°, i)75 = + 29°5.

The whole of the materials was divided into the three classes of

Monnichmeyer. They are described by him on page 9 of his paper

in the following way:

Class I. Nebulae with starlike nucleus not fainter than 11"' mag-

nitude;

Class II. Nebulae with moderately condensed nucleus not fainter

than ll'*' magnitude;

Class III. DiiTicult objects, in the first place irregular nebulae

without any sharply marked point ; furthermore all very faint objects

and the very oblong nebulae.

Most of the objects have been classified by Monnichmeyer himself

on page 9 of his paper. The nebulae wanting in this list have been

classified by myself, in accordance with the descriptions on p.p. 27—54,

as follows: h 693, 1088, 1225 in Class I; A 421, 1017, 1212, 1221,

1251, 3683 in Class II; h 316, 1461 in Class III.

The p. m. as derived are relative p. m. ; they are the motions

relative to the comparison stars. Monnichmeyer has investigated the

p.m. of the comparison stars themselves; he has found a sensible

p.m. for only 7 of the objects used for my investigation. The

following table contains his results for these 7 stars.
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Star of

Com p.

mag.
used for

nebula

p. m.

in arc

gr. circle

Sin X

15

90

129

164

168

208

242

6.0
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This final i-esult may therefore be assumed to represent (he residual

influence of the personal errors on the p.m.

For the value n^ of this mean I find

77, = — O.'OOO 4

In deriving this result the hours with many nebulae did not get

any greater weight than the hours with only a few objects. Owing
to this cause the final weight is found to be only 0.4 of what it

Avould have been had the distribution been uniform.

We shall get a result of appreciably greater weight if in the first

place we combine by twos the hours lying symmetrically in respect

to the apex. In these mean values the parallactic motion is already

eliminated ; we may therefore further combine the twelve partial

results having regard to their individual weights.

In this way I find

TTa = + 0.-^0006.

It thus appears that Monnichmeyer has succeeded remarkably well

in getting rid of the influence of the personal errors.

As mentioned just now these errors appear still further diminished

in the result for the parallactic motion.

There thus seems to be ample reason for neglecting any further

consideration of them. In order to enable the reader to get at once

a pretty good insight in the accuracy really obtained, I have divided

the whole of the material not oidy into the three classes [of

Monnichmeyer, but I have subdivided each of them into a certain

number of sections, each of about the same weight.

I thus got the following summary. (.See p. 697).

The values of r have been included in the table merely in order

to show that in them too no traces of any personal error are visible.

In order to get the yearly parallaxes n, I have divided the secular

h
parallaxes - by 4.20 ; this number being, according to Campbell's

Q

determination, the number of solar distances covered by the solar

system in a year in its motion through space.

The probable errors were derived in the hypothesis that the com-

ponent r is wholly due to errors of observation.

If we compute the probable error of one of our 13 results from

their internal agreement we get 0."023. This number differs very

little from the values directly found. Here again we have an indication

that systematic errors must be small.

The last row of numbers contains the simple averages of the 13

individual results.
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Class
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J St
. Because, since the publication of the paper mentioned, "our

knowledge about the sun's velocity has made considerable progress;

2"''. Because in its derivation a slight mistake was discovered.

I shall not apply any correction, liowever, because the two cor-

rections nearly compensate each other for the magnitude 8.75. There

is a fair prospect of the possibility of materially improving the values

given in Publication 8 before long. It seems advisable to wait for

such improvements before we alter these determinations.

If for -this reason we provisionally adopt the value (5) we get

:

Mean absolute parallax of the 168 nebulae

0"0046 ± 0"0012 (p. e.) (6)

This result is somewhat less reliable, however, than (5) because

of the additional uncertainty in tlie absolute parallax of the stars of

comparison.

The value (6) agrees nearly witli the mean parallax of the stars

of the tenth magnitude.

I shall not insist on the exact amount brougiit out for the parallax.

I sliall only direct the attention to the fact that from observations

covering oidy a period of somewliat over thirty years, we get a

probable error of hardly over 0".00J. If this is the case with visual

observations we may look for really excellent results by photography.

The best measurable nebulae must be generally the smaller ones.

The number of these which can be photographed is enormous.

With his Bruce-telescope (opening 40 centim., foe. disl. 202 centim.)

Max Wolff obtained in 150 minutes a single photograph of the

region near 31 Comae, containing 1528 measurable nebulae (Publ.

Konigstuhl I p. 127).

This richness of matei'ial will enable us to coniine ourselves provi-

sionally to those nebulae which allow of a very accurate measiu-ement.

Personal errors must disappear because we shall certainly succeed

in nearly every case in making our pointings on the same point for

the several epochs. The peculiar p. ni. will be the more thoroughly

eliminated the more extensive our material; especially if this material

is distributed over the whole of the sky. Errors in the precession

have no influence at least on the value of the relative parallax.

I am convinced that by photograpiiy we may obtain, even within

ten years, results which will far surpass in accuracy those of the

present paper. Thus we may hope, in the near futirt'e, to reach

a fairly satisfactory solution of the vexed question respecting the

position of the nebulae in space.

The same treatment to which we have here 'subjected tiie nebulae

may of course also be applied to otiier objects. We have already



( G99 )

undertaken that of tlie Helium-stars and might ])eilia[)s afleiuards

try the same metliod for the stars of Pickering's S'*" Type.

In concluding it is only just to say that, whatever be the merit

of the present investigation, it belongs mainly to Dr Monnichmeyer.

As compared with his careful and elaborate labour, that spent on

the derivation of the present result is quite insignificant.

Chemistry. — "On the course of melt'uKj-point curvesfor compounds

whicli are partially dissociated in the liquid phase, the proportion

of the products of dissociation being arhitrary" , by J. J. van

L.\AR. (Communicated by Prof. H. W. Bakhuis RoozeboomI.

1. It is well known, that a liijuid mixture of e. g. two compo-

nents \A and B, which can form a compound A,^ /»'.,.„ reaches its

maximum point of solidification, when the ratio of the molecular

quantities of the two components is as r, : \\, in other words when
there is no excess of one of the products of dissociation of the com-

pound Jvj B.,^.

Expressed differently: when we determine the points of solidification

of a series of liquid mixtures of A, B and the compound with

increasing excess x of one of the products of dissociation of tiie

fdT\
compound under consideration, then — =0 for the curve of soli-

dification or melting-point line thus formed.

Hence the melting-point curve of a compound, with increasing

addition x of one of the products of dissociation, will have an

horizontal direction at x ^= 0, as soon as there is but the

slightest dissociation of the compound in the liquid phase. If there

is no dissociation at all, the admixture may be considered as an
alien, indifferent substance, and the initial direction of the melting-

point curve will sJiow all at once the normal descending course at

X = 0.

As will also appear from the following computation, the initial

horizontal course will of course pass the sooner into a descending

course, the slighter the dissociation of the compound is.

The peculiarity mentioned of
(
y- ) becoming zero with the slight-

est trace of dissociation of the compound, was already proved by
Prof. LoRENTZ in 1892, on the occasion of an investigation of

Stortenbeker on chioiinc-iodides '). Prof, van der Waals too has

1) Z. f. Ph. Gh. 10, bl. J 1)4 et seq.

49
Proceedings Royal Acad. Amsterdam. Vol. VIII.
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proved this property, induced by a statement made by Lk, Chatki.ier ').

Tiie proof given does not directly bear, liowever, on the case tliat

in the liquid phase also the compound (van der Waai,s' so-called

complex molecule of salt and water) is found by the side of the

products of dissociation.

2. Here follows another simple and cpiite general proof of the

property in question, in whicli specially the condition in the liquid

phase is taken into consideration, in which by the side of tiie com-

pound the products of dissociation occur in varying quantities.

Let us suppose there tliree kinds of molecules

:

those of the compound A;^ B,., ; number ?i„ ^ 1 — a

those of A ; „ ?«! = i',a

those oi B
; ,, n, ==r i',« -f- x.

So « is the degree of dissociation of the compound, and x (he

excess of B e.g.

Now from the property, that the molecular potentials of these three

substances, viz. (»„, n^ and (tj, are homogeneous functions of the 0'''

degree with respect to the numbers of molecules, follows immediately :

da^ da, dii.n,~^n,^ + n,±^ = (}^) (1)
a,c ax (fa-

Here the differentiations with respect to x are to be taken total,

so that e.g.:

dn, _ ()n, Ofio dn

dx bx da dx

i.e. at constant temperature.

[The above property is proved (loc. cit.) as follows. We have viz.

in consequence of the mentioned peculiarity of the functions (/<,, ft;

and (ij

:

0«„ O?*! 0«2

dft, dfij dfij

"» 3 1- "i
^i

r "i! A~ "=
dn„ On, On„

So also V— being equal to ^;— , etc. tor n, = ^ and »„ ^ -—
on, OH

J V,
' d/i, dn^J

') Verslagen Kon. Alcad. van VVetenschappen (4) V, p. 385 (1897).

-) These and the following properties were already proved by me in 1S94-. See

Z. f. Ph. Cli. 15, p. 459 et seq. ("Ueber die genauen Formeln, etc.").
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on„ On„ dn„ I

on, o?(, 0»j I

So if we pass from the variables n„, n^ and n^ (of wliich there

are only two independently variable) to the variables a and x, we
have also

:

0« Ort c)«

Od; O-c Ox
I

The first equation multiplied by — and added to the second,

gives immediately (1).]

Now follows from the equilibrium of dissociation

:

— Mo + I'lCi + i',M, =
') We can easily test the truth of these simple properties by sujiposing the

funclions i^'q fi'\ and j«'o conslanl in:

,
1—

«

i\a
Mo = f« + ^^^'% —^1 Ml = ft 1 + ^-^ % ^.

r^tt + .1'

M, = M , + ^^2'%—-^—

•

Then we have immediately (luiving divided by RT) after dilfereutiation ^-

,

taking into consideration that

N=\ +{v,+v, — 1)> -1- X —l^da + .V,

for the first member:

I 1 &) 1 1 6»
I \ r, (9)

(l-«) +r,« -- +(„,« + .,) —^ U
= (- 1 + V, + V,) - -(1 - « + r,« + v,a + w) = &-~X^ = 0.

d
After differentiation ^t— we find for the first member:

d.v

I 1| i 1 ) ( 1 )

= 1 - }^(^ - « + ''" + "'« + *) = 1 -^ X ^v= 0.

And according to wbat has been proved, tliis will continue to be true, also

when ix'fi, fi'i and fx'^ are still functions of x and x.

49*



( 702
)

iiMiiiediatclj, afler total differentiation with respect to.f (7'oonslant)

:

1- 1', 1- l\ =r ...... (2)
dr da; d.v

And from (1) and (2) follows, that when n^:n^=ii'^:i\(i.e. .v^^O),

we have necessarily

So the becominy zero of —— is the pnimiry moment, on account of

fdT\
which also — will have to be in the presence of a solid phase:

\dxj,

with change of x (with whicii also a changes) the mol. potential

of tlie imsplit compound does, namely, not cliamje ivhenx^=0. [This

property will evidently also continue to hold for an arbitrary- number

of splitting products].

That now also ( — \=^0,io\\o\\'6h-(m\i\\Q condition of equilibrium,:

— (A -f fi„ =: 0,

when (I is the mol. potential of the solid phase. Total differentiation

with respect to 'T yields viz.

:

d / d d df(\ d / d d d(t\
in which —

-,

is agam vtt, + t- 777, ,
J^nd t" = T~ + T" "T •

dl \dl dudljj. dx \dx oadxjT

But ^r, (— ft + Mo) =^ — 777' when Q is the total heat of melting,
dl J

hence also

:

T "*"
dx dT~ '

because n (in the solid phase) is independent of x. Hence

:

dT dx— = (4)
dx Q

So if —- = 0, also — = 0, and in this way the proposition is

dx dx

proved. When in the liquid phase there is no excess of one of the

products of dissociation, but instead an indifferent substance, then

there are four kinds of molecules, with molecular quantities resp.

:

1 — tt , )',« , V,(t , X.
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Instead of (1) we get now

:

du„ du, dii, du.

«„-f^ + «,-fi + «,-p+«,-[^ = 0').
. . . (1")

dx d,r d,v dx

dji^ (if*, , .

And cas », —— = .» —— renicains finite at ,v = 0, viz. RT, from (1")
d.v d,e

(/fj„
and (2) will now not follow —— = 0, when .r = 0. (n, : n, =: r, : r,

dx

dT
is always satisfied in this case). And consequently — will not be 0.

dx

[That x -^ continues to have a finite value at ,r=:0, follows from this,
dx

r^r,.,
'"

,, '^"» '^f^'a
^T RT dN

.

that n^ — n^-\-KT log — yields -— = —--j ^:^. hence
A' d.f dx X N dx

•^M, „^ I '^ft'. l^T dN)
, . , , . , (I

.f = RT 4- ,r —- —— , in which the expression between
dx

I
dx N dx

) { \

djx^

always remains finite. At ,v = we have therefore x —— = RT
dx

3. We now proceed to derive an expression for the course of the

melting-point curve in the case of increasing excess of one of the

products of dissociation in the liquid phase.

Let us for this purpose suppose, that in this phase there are present

(in 6r. mol.) 1 — ,v AB and x B, while the 1 — x AB is disso-

ciated to an amount «. We have then :

AB A B
(I — o) (1 — ,,;) ft (1 - X) « (1 _ x) -f X,

together 1 -|- « (1 — x) molecules.

We suppose then, that the compound consists of 1 mol. A and

1 mol. B, which simplifies the calculations.

The equilibrium between the solid phase and the non-dissociated

molecules in the liquid phase yields

:

or (the terms with Tlog T on either side cancel each other)

(1 - «) (1 - X)
e — cT = e, — cj -^ RT log

l+a{\—x) '

') This too is easy to test, when /«'„
, n\, etc. are considered as constant, so

that e.g. in

, .,,^ 1 — a d(*.
(

1 S ]

f = t' + l^T log—5-—
, 3— becomes =RT\ — — etc.

JS Ou 1 — u N\
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0.. with .„-. = (.„_ ^)
-

(.„-ly (.„ + ,T - ^^)
-

— le,, -\- kT — -\ = q (so tluat q is tlie pure latent heat of melting

of the compound, without the heat of dissociation, whicli is still to

be added), and with c„ — c = y.

(1 _«)(i_.^)
q = YT — RTloc/

1 + « (1 — a)

For the determination of y may serve, that at a; = and 7'=: T^,

a becomes «„, hence:

y = yT, — RT^ log

Hence we finally get

:

1 — «„ 1 -|- « (1 — '"p)

-.V) R^T tJ
-

^^
l+ rr„(l-«)(l- -, ^. . - - .

"^1— «„ 1+«(1- "•' " ^ "' -r ] • • • •
U

In this derivation it has also been supposed, that the liquid mixture

is a so-called ideal mixture, i. e. that terms, referring to the influence

of the components inter se, have been left out. It is known that

these terms are of the second degree with respect to .»". Equation (5)

represents therefore the course of the "ideal" melting-point curve in

our case.

Further the degree of dissociation a occui-ring there is given by

the equation (here too the above mentioned terms are left out, so

that the simple law of mass-action is supposed to hold)

:

«(l-.i;) «(l-.t-) + .« (1-«)(1-^-)
X ^ : v^ = J^^

A'
'^ N N

a (« (1— «) + x)
(6)

In this A' is now no longer a function of x according to the above

supposition, but it is one of T.

Even if we would solve o from this quadratic equation, and sub-

stitute it in (5), we should have gained but little, because /v contains

T in a i-ather intricate way. Therefore the only thing we can do, is

to try and tind an appvo.tiinate ex[)ression, which only holds for

small values of x.
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After that a general expression for -- will be given.

In order to find the approximate ex-

pression in question for the course of

the curve 1\A, we suppose for the

present, tiiat « does vary with x, but

not with T. In the result we have then

simply to replace q by the total heat

of melting at .x- = Q„ = g + «„i (A is

the heat of dissociation), in order to

introduce the variability of o with T.

(see appendix).

From (6) follows now immediately

the quadratic equation

A'
«^(l-.r) + «.;:

JCzO

1+A'
0.

K
By putting ,i'= 0, we see that is then = a^'' According to

the above provisional assumption it is now supposed, that also for

values of 2\ lower than 7\, the value of «„ holding for ,r = and

T= T„, remains unchanged. Therefore in the equation

((' (l—.v) + ax — «/ =
«„ is no longer a function of T. So we find for «:

V,.r+i/v,^'+«,'(i—^)
1—

«

and hence

!-« = i-V,.r - i/vx +«„'(!-*)

1-

In consequence of this we get

:

(1 -«){!_ .x) = 1 - 7^ ,r - ,/ 1

so that we find for the quotient occurring under the sign log in (5)

:

1 — 1/ V, *-^ + «„Mi - ^)

or also after multiplication of numerator and denominator by

V,.r-l/:

(1 4- «/) (1 - ,x) + V, -r' - 2 (1 - V, -r) [/

(1 - «/) (1 - ^)



( '<^''

)

Let lis now approximate l/«/ (1 — a-) + V

for small values of ;v.

We shall find :

:7-=-..|/l-,r + 7, •^'

V, *•' 1 —
,r' +

1 _. « '
(1 —«')(! — 5«

')

u„[/, multiplied by 2 — ,r, yields then:

(1 - .«) + V, ^-^ .r^
/ 04

1 —

This, subtracted from (1 -|- «„') (1 — .r) + 7, .i-', gives

:

(1 - a,y (1 - ,.) - V,
^ "L .v^ + V,,

!^ ^ .f^ . .

.

If now finally this formula is divided by (i — «/) (1 — ,r), we get:

1 — «„
|1 —

1 —.t

Equation (5) changes now into

:

1 i-vJ-i+ i!^.

;.j i->/, r\t tJ1 — .V

Notice, that the term \vith .v does not occur, in consequence of

which
I

—
I

satisfies the condition of becoming 0.

If higher powers than .i' are neglected, the above becomes:

4«„ R\

or also, if we now replace q. by Q^ (sec above) and TT„ by T„*,

which does not bring about a changejn the coeflicient of a;', as

r= 7;(1— 6',i,-^):

T:
Q. 4«„

(5«)

which approximate expression holds for not too small values of

o (e.g. a =^1,) at least u[) to values of .c = 0,l. We see, that

7\ — 7^ is not proportional to a-, for small values of x, but pro-

portional to x''. Hence instead of the usual straight downward course



( 707 )

of the melting-point curve at tiie beginning, it presents now an

almost horizontal course.

01)servation.

Equation (5) enables us also to compute the melting-point tem-

perature Tab of the unsplit compound (i. e. unsplit in the liquid

phase), (of. fig. 1).

Then we iiave namely « = 0, x = 0, and we get, supposing

•^l-«„ R\T„,, '1\

from which follows -.

1 _ 1 R 1 -f «„

T„h T„ q 1 — «„

dT
4. We shall now derive the general expression tor — all over

d,c

the line 1\A, in which it is only supposed that we have to do

with ideal mixtures in the liquid phase, so that the terms, referring

to the influence inter se of the different components, are again left

out. But besides on .r, a will now also depend on T.

In two ditierent ways we can arrive at the correct expression

dT
for --.

dx

First of all by total differentiation of the equation (5) with respect

( 1 - «) (1 - x) _
1 -f « (1 — *•)""""

'd log C|,\ /fZ log r^'\ dx q

irdl'^RT'
hence

d log c„

to T. We get then, calling the fraction

^dAogc^ /d log cA

dlogc, dlog,„
Now ; = T- \-

dT
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dn
Hence we must calculato -=. Fi-oin (6) follows:

\ da 1 I da) 1 da

a d.v *'-|-«(l

—

.v)\ dx) 1

—

a d,v

1 da]

1+«(1— ,r)
I

^^
' dx\

After reduction we lind from this

:

da a (1 — a)

d7c~ ~ .r + 2 «(1 — w)
^^^

Substitution yields now:

d log Cq
1

ft(2— -r)

dx ~ (1 -a-) (1 +« (1 -.!))
^"

(T+7r(r-.r)) (.t;+ 2« (1 -.v))
~

(l—x){x-\-2a(l—x))

d log c„

For —;^-;— we find in the same way

:

di

d log (;„ d lo(i c„ d io^ f„ cZ« d Zo_(; c„ da

Iff~ "67^ "*" ~~dfdf~^ir dl''

because („ is not directly dependent on T. This gives further (see

above):

dlogc„ 2—X da

~~dT~ ~ " (1—«)(!+« (l—.r)) dl''

da
So we calculate — . From (6) follows:

dT

1 da 1

—

,r) da 1 da 1

—

x da X

adi''^ x^a{\-x) dT ^ Y^t d/1'
~

l-^«(l_.r) Jf~ RT'
'

dlog K X
, , , ^ , . . .

as =:—— , when P. represents the heat ot dissociation.

By solution and reduction we lind:

rf« _ ;. «(1—«)(!+« (1— .);))(*•+« (l—.r))

df~~RT^ .r-f2«(l^^

In consequence of this we get:

(/ log c, _ A « (2- .r) {x+ « (1— .«))

dT " " Irn .!,-+2«(i— .r)

rf log (.•„ r/ /(!(; c„

If we now substitute the values found for —;— and —^~- in
dx dl

(l>)
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dT
tlie last equation for —-, we get finally

:

1

dT _ l—x .i;+2«(l— .r)

dx
~

(2— .r)(A-+«(l— .r)~
q-\-a X^^ x^2tt{\—x)

dT RT
dx Q l—x .r+ 2«(l— .r)

(8)

when for q -\- etc. is written Q, i. e. the total heat of melting.

This formula, combined with (6), indicates therefore the direction

of the melting-point curve throughout its course.

In the second place we could have derived the same expression

from the general equation (4). As namely [i„ ^=z [ij + RT log c„,

dn, RTdlogc^
.

r , ,
• a ^ r iwe have ~— = ; , assummg [i^ to be independent oi x, and

dx dx

hence

:

d log c„RT
dT _ dx

_, d loq r

bubstitutioii of the above found value of —-— yields inimediatelv
dx

(8). But now we have still to prove, that reality the total heat Q is

represented by

{2^-x)(x^^a{l-x^

.r-f-2« (1

—

x)

This takes place in the following way. If a quantity dn of solid

substance passes into the liquid phase, the total ((uautity of heat

absorbed is evidently

:

da
n dn -\- aX dn -{- (1

—

x) X — dn .

dn

For q is the pure latent heat of melting, if only non -dissociated

molecules are formed. But of the dn mols. an amount « dn is dis-

sociated ; the heat required is « dn . X. Finally the existing condition

of dissociation « of the 1

—

x mols. will be changed by the addition

da
of dn new mols., namely to an amount (1

—

x)~dn. For (1

—

x)a

dissociated mols. become (1

—

x) (« -\- da).
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da <ht d.c m
Now —:=--—. And from 1—,;'=«, .?•=/)? follows x= ,

ail d.v (III 711 -\- 71

dx m da da
lience y- = — -——- = — .r. So --- =: — x — .

dn {iii~\-7i) dx dx

Dividing by dn, we find therefore for the total (inantity of heat,

absorbed per Gr. mol.:

Q = q^a).-x{\-x)'^X.
dx

dit

Substitution of — from [a) yields then after a slight transformation (9).
dx

Let us now put x = 0, then we find from (8) on account of the

factor ,?:

/'d.T\

(4=" ''•'

If a is vev}! small, this horizontal course does not continue long.

For with small ,v we may write:

dT RT' X

dx Q x-ir2a

As soon therefore as x becomes so large thet 2« is small with

X X
respect to x, the fraction approaches — ^1, and the normal

^ x-\-Za X

course is restored. The greater therefore a, the longer the almost

horizontal course wiH maintain itself in the neighboui-hood of 1\.

X X
If a absolute ^0, then —

, ^ „ may be replaced by — =j
x-\-za(\— x) X

from the beginning, and we have immediatelii the normal course,

given by

dT _ \ RT"

dx 1

—

X q

yielding :

'dT\ _ RT,-

dxj„ q

Also T„ and T„/, tlien coincide.

5. In fig. 1 also the line T^B has been drawn.' This would be the

melting-point line, when instead of an excess of one of the products

of dissociation, an excess of an indifferent substance C was added.

The equation (5) remains then the same. But now (6) becomes

different. We have now namelv :
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AB A B C
(1—«)(1— .'•) ft(l— ,!•) 0(1— .») .1-,

togetlier again 1
-J- « (J

—

,v) molecules.

Hence the dissociation isotherm becomes

:

a(l-x) a{\-.v)
_

[l-a){\-.v) ^^
N N ' N

or

«' \-x
1— « 1+«(1— .r)

(10)

Now « does not decrease with .c, but increase. Tlie added indillerent

substance C may viz. be considered as "diluent", whereas in the

preceding question the addition of one of the products of dissociation

depresses tiie degree of dissociation a.

If we solve from (10) again «, we tind in this case :

K K
a' (1— .») H ax = 0.

K
By putting x^O, it appears again that — «o', so that we

1 +A
must solve o from

t(''(l — .() -|- a^'^ax — a^" =^ 0,

in which «„ is again provisionally assumed to be independent of T.

(Cf. § 3).

Now we find

:

I

(i-«) (1—'^) = (!-•') - «o [- 'Av + K]

1 + a (1-4 = 1 + »„ [- ^->r„,^• + |/]

The quantity occurring in (5) under the sign lo(j becomes then :

(l-.f)+ y^a^\v-ay

Now V'/^a.'x' + (l-x) = \— \',x— '/,{!— a;')x' .. .., so that tlie

above fraction passes into

1 - «. - '/. (1 - «,) (^ + «o> + Vs«,(l - «o')-^'' • • •

1 + «0 - V,«o(l + «<.)-^ - V8«o(l - «„»)*-^ ....

i. e. into

(1 - «„)[ 1 - '/,(2 + a,)x + V3«„(l + «„).^ . . ]

( I + «„)[1 - 7,«„.^• - V,«„(l - «„)*^ ... J

or into
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1—1
[l-.r-V,«„,«'...].

«/ /I IN

l+«o
Owing to this we get :

or

fii

for rj\:

<; + '
' (2 + f(„),t^ — -(

I ,

I- iinally, .substituting, Q,z=zq-\-aJ. for q (cf. ^ 3), and 7V' f
1 ~ -e

j

2'„ — T
1U\

which approximate expression will now at least hold for values of

X < 0,26.

dT
. , . .

6. A general expression tor — in tiie case in question may l)e

most conveniently calculated from (4). (cf. §4). Then we get:

</ loq c„

ilT da;

where

dx

d log c„ d log c„ d log c, da

da dx

2— .r da

But now — is dilferent. From (6") we find viz.:

dx

2^da J^da 1 ]_
\ _ ^^ a. a-x)~\ =0,

a dx 1—adx 1—x l-{-a(l— x)\ dx)

yielding

da «(!—«)

dx {l—x){2—a.v)'

so no longer negative, but positive as it should be (see above). After

substitution we get

:

dlogc^ _ 1
a{2—x)

"~^~
~tl-^-)(l+«(l—'^)) (l-x){2-ax){l-\-a{l-x))

{l— x){2-axy
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so that \vc find :

(IT_ R'r 1 2

^~ Q~l— .*•
2^"^ ^ ^

In this (3 is again =^ q -\- aX — x (1 — .!•) — A. After snbstitntion of
dx

da
the just found value for — , this becomes:

^
dx

Q^qJ^a^—X (12)

For ,1' = (11) becomes now:

dr\ ^ iiT„^ ^ in\^
^^j^^

So the melting-point curve has now also at 7'= 1\ a perfectly

normal course.

For practical purposes we can determine more or less accurately

the value of «„ from the approximate equation (5a) (for small values

of .)'), which according to (7j renders also an estimation of Tab possible.

The value of Q„ must then of course be known. It can, however,

also be calculated from the accurate determination of the initial course

of 1\B (with indifferent admixture), according to equation (lla).

If we then determine —- once more for that same line for x= 0,1
ax

or 0,2 e.g., we can tind Q by means of (11), i.e.

{I— a).,:

q + a). — a). — ,

2— « X

supposing that we may put « = «„ by first approximation. We find

then by subtraction of the above found value of <? + «oA the value

(1— «„) X
of «„A — , so that of X separately. Also q is then separately

known.

Appendix. The approximate equations (5") and (S'') might also

have been derived from

:

With (5") we find then easily from the value (8) for ^— , that
dx
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/(f7'\ 3 fdT\
and = — — . Ill this it is notewortliy, that on acooiuit of

(] = ? +
da

/ also (—1 = 0.

With (S'') we sliall find from (11): — = ^ ! "7^

/ 21lT„\/dT\ /-dQ\

Chemistry. — "O/i ocimene and myrcene, a contrilmtion to the

knoioledye of the aliphatic terpenes." Bj Di-. C. J. Enklaar.

(Commuiiioated by Prof. P. van Romburgh).

(Communicated in tlie meeting of Januari 27, 1906).

The aliphatic terpeiie group, discovered in 1890 by Semmi.er '), is

characterised by the absence of closed rings ; the terpenes of this

group possess, therefore, three double links in an open chain. The

first aliphatic terpene described was anhydro-geraniol, which Semmler

prepared ') from the aliphatic terpene alcohol geraniol by heating

the same with potassium hydrosulphate. This terpene has not yet

been obtained pure, and has been but little investigated. A naturally

occurring terpene of this group was found by Power and Kleber ')

in oil of Bay (the ethereal oil of Myrcia acris D. C); it was called

l»y them myrcene. The sp. gr. (0,801 at 15^) was much lower than

tiiat of the cyclic terpenes (0,840—0,860), the molecular refraction

and the addition of bromine pointed to the presence of three double

links. With permanganate myrcene yielded some succinic acid, on

treatment with mixed sulphuric and glacial acetic acid an alcohol

was obtained, having the odour of oil of bergamotte, which was

taken for linalool on account of its oxidation to citral. Myrcene oxi-

dised in contact witli the air, and polymerised even at tlie ordinary

temperature. In iiis studies on caoutchouc Harries ^) has for some

time considcrcil tliese polymerisation products as closely allied or iden-

1) Ber. 23, 2965 (1890) and 24, 201 and 682 (1891).

"-') Ber. 24, 682 (1891).

3) Phaim. Rundschau (New- York) 1895, no. 18.

+) Ber. 35, 3256 (1902).
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Tlie three aliphatic terpenes investigated by me (the isomer of

ocimenc proved later on to be also an aliphatic terpene) form together

a closely related, natural group which, according to my struc-

tural formulae, embraces the dehydratation products of the terpene

alcohol, linalool, which occurs so widely in the vegetable kingdom.

The ocimene obtained by distillation in vacuo over metallic sodium

is an optically inactive licpiid of an agreeable ester-like odour, which

possesses the following constants :

sp. gr.,j n<^l-i8 l^-P- ^^ "^^ ™M. b.p. at ordinary pressure.

0,8031 1,4857 81° 172°,5.

Whilst it boils constantly at diminished pressure, the boiling point

at the ordinary pressure does not remain constant for a minute, and

after 25 minutes the original product is found to be nearly wholly

converted into an isomer, which boils 17° higher than ocimene. By

fractionation in vacuo it may be obtained pure, and it then possesses

the following constants ^) :

sp. gr.,5 nd. b.p. at 12 mM. b.p. at 750 mM.
0,8182 1,5296 81° 188°.

The myrcene was partly prepared by myself from the oil of Bay,

for another part I used a myrcene, most willingly held at my
disposal by the firm of Schimmel and Co. In accordance with others,

I found for the myrcene the following constants

:

sp. gr.i5 nd.j, b.p. at 760 mM.
0,8013 1,4700 166°

At the ordinary temperature these terpenes are stable, except

myrcene, which then undei-goes a slow polymerisation; the isomer

of ocimene is pretty soon altered in strong daylight. The chemical

reagents which can be absorbed by unsaturated compounds are

readily taken up by these terpenes. Up to the present, however it

has not been possible to isolate well-defined additive products, with

the exception of the compound formed from myrcene and hydrogen.

Crystallised derivatives of these terpenes are as yet quite unknown,

which very much impedes their detection in ethereal oils and their

investigation. If the chemistry of the aliphatic terpenes is not to

experience the same fate as that of the cyclic terpenes before Wallach's

researches, it now becomes all important, to devise a further charac-

teristic, based, if possible, on crystallised derivatives. The following

') This change of ocimene into an isomer has been noticed and already communi-

cated by VAN RoMBURGH (I.e.). The constants I found agree with those previonsyl

observed by im. I followed his directions for the preparation of ocimene from

the ethereal oil.
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contains a description of sonic derivatives obtained from the terpenes

ocimene and myrcene ; from ocimene and myrcene a crystallised

diiiydrotetrabromide (m. p. 88°), from ocimene a l^plienylnrethane

(ui. p. 72°) from the new terpene alcohol ocimenol, obtained from

ocimene, from myrcene a phenyhirethane (m. p. 68°) from the corre-

sponding terpene alcohol, myrcenol, which had not yet been recognised

as a new product.

As will be shown, the preparation of these crystallised derivatives

enabled me to confirm with certainty certain facts already surmised

and to find a few new ones of great importance for the further research.

As regards the additive experiments, it may be mentioned, that in

the bromination the tinal point is difficult to observe on account of

coloi'ations ; in the case of both ocimene and its isomer the quantity

absorbed seemed to point to the presence of three double links.

Of some more importance is the behaviour of these substances

towards oxygen. With some other unsaturated hydrocarbons they

share the property of absorbing oxygen. The isomer of ocimene does

this in' a very striking manner. When a glass plate is moistened

with this liquid, it is found to be changed after half an hour into

a film or resinous crust. Ocimene does this also very strongly,

myrcene a little less. The final point of the absorption seems to be

reached after the fixation of two atoms of oxygen ').

I have specially investigated the behaviour of ocimene towards

permanganate. There is no question here of the isolation of glycols

such as Wagner has obtained from many unsaturated substances.

Even should a glycol be formed with a same number of carbon

atoms as ocimene, this is very rapidly oxidised by the permanganate.

As oxidation products are formed in large quantities carbonic acid,

acetic acid, oxalic acid, acetone and a small portion of higher fatty

acids, also traces of some non-volatile acids, among which is perhaps

pyruvic acid. In a very weak solution of acetone, the oxidation

takes place more moderately. After the absorption of 9 atoms of

oxygen the discoloration of the permanganate ceases; according to

my determinations 25 7o of the ocimene is then oxidised to carbon

dioxide. The greater part of the oxidation products is, however,

volatile with the acetone ; a very small quantity of a sirupy glycol

gave on oxidation with hydrogenperoxide a little carbonic acid,

acetone, acetic acid and in addition a fair amount of a non-volatile

acid, which is probably malonic acid. It is remarkable, however,

1) In connection with the researches of Engler on the oxygen absorption of

the fulvenes and of Wallach on that of phellandrene, I hope to further investigate

this matter.

50*
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that in the oxidation in acetone solution no acids higlier than acetic

acid were formed and besides not a trace of oxalic acid witli hydrogen-

peroxide. I am therefore of opinion that those substances owe their

origin to migration of double links during the oxidation. All

this causes that, I, for one, consider the structural formulae based

on oxidation experiments with such very changeable substances as

verj untrustworthy. One should also be very careful in drawing

conclusions from the isolation of small cpiantities of the more typical

decomposition products, as these may have been yielded by impurities.

Notwithstanding the beautiful researches of Tiemann and Semmler ')

on geranial, citral, etc, the sti'uctural formulae of none of the mem-

bers of the aliphatic terpene group seems to have been sutTicientlj

established as was only recently shown by Harries oxidations with

ozone ').

Meanwhile I had tried, whether ocimene could be hydrogenised

like myrcene by means of sodium and alcohol. This proved to be

the case. Ocimene, therefore, also contains a conjugate system of

double links. The hydro-product, which I obtained, had the compo-

sition C,„H,g ') (I will call it in future dihydro-ocimene) ; it is a

very mobile liquid of an agreeable odour. For its constants I found

the following values :

sp. gr.,5 ni^hjj b.p. at 761 mm.

0,7792 1,4507 166°—168°

whilst Semmler *) states for diiiydromyrcene :

sp. gr. nd. b.p.

0,7802 1,4501 171°,5— 172°,5.

The temperature, at winch the specific gravity was determined,

and the barometric pressure at the boiling point are not stated ; at

770 niM., the boiling point of diiiydro-ocimene is, however, but

little higher. Owing to this diiference of 6° in the boiling point of

1) Ber. 28, 2126 (1895).

2) Ber. 36, 1933, 2998, 3001, 3658; and 37, 612, 839, also Harries und

ScHAUWECKER, Ber. 34, 2987 (1901) and Harries, Lelirbuch der Org. Chem. by

V. Meyer und P. Jacobson, II, 754. The above-standing was written before the

latest publication of Harries on this subject appeared (Lieb. Ann. Jan. 1906).

8) In the combustion of these substances with copper oxide in an open tube

the carbon is often found a good deal too low, but in the closed tube with lead

chromate the exact values are always obtained. On the strength of his analyses,

Chapman also concluded at first to the presence in oil of hops of a hydrocarbon

CioHig which by further investigation proved to be myrcene.

*) 1. c.
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the said hydrocarbons, these were not considered as identical in the

provisional communication. A second point of difference was the

obtainment of a crystalline bromide from dihydro-ocimene. When,

afterwards, I repeated Semmi.er's experiments, I found the boiling

point of dihydromyrcene to be the same as that of dihydro-ocimene,

whilst the other constants (as far as could be ascertained) agreed

with those of Semmler ; I found the following values :

sp. gr.jj iid-ij b.p. at 761 mm.

0,7852 J,45 J 4 166°—168°

Like Semmler, I found tiiat myrcene and its hydro-product have

the same boiling point so that, probably, Semmler's statement is

based on a mistake ; for other investigators also state 166° as being

the boiling point of myrcene.

The now probable identity of the hydro-products became a certainty

b}' the bromination of diiiydromyrcene. As stated, dihydro-ocimene

had given me on bromination a crystalline bromide; from the oil

obtained at tirst, it crystallises to the extent of 12—147„. After

repeated crystallisations from method alcohol it forms snow-white

crystals which melt, sharply, at 88°. Analysis and determination of

molecular weight pointed to the composition CuHigBr^. In most of

the organic solvents, this bromide is readily soluble, but in methyl

alcohol only to the extent of 1,27„; on boiling with sodium hydroxide

and also with silver oxide and water an oil smelling of peppermint

is obtained. From dihydromyrcene I now obtained the same bromide.

The oil obtained by Semmler soon solidities when, after being purified,

it is put away to crystallise in a cool place; by applying a little

artifice I succeeded in instantly inducing the crystallisation. The
identity was proved by the fact that this bromide like all its mixtures

with dihydro-ocimenetetrabromide, melted, sharply, at 88° and also

that the solubility of dihydro-ocimenebromide was practically not

affected by addition of this substance.

This now completely proves

:

1. that botli ocimene and myrcene are aliphatic terpenes.

2. that the dihydroproducts of these terpenes are identical.

From this it follows — and this is probably of more importance

still — that we may now deduce the structural formulae of ocimene

and myrcene from the obtained data.

As regards myrcene, owing to its connection with citral and

dipentene ^), it was already fairly certain that, like all aliphatic

1) Power and Kleber. 1. c.
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which has already been agreed to by Semmler on other grounds.

Which of the above formulae, however, belongs to ooiniene and

which to myrcene ? A choice is only possible on the strength of other

data. As has been stated, Semmler had assigned to myrcene for-

mula II on account of the formation of succinic acid in the oxida-

tion. Independently of him and these considerations, I had constructed

for ocimene formula I as tiie result of my oxidation experiments,

but without attaching any value to this. A closer consideration of

the above formulae, coupled with the peculiar behaviour of ocimene

on heating, as observed by van Romburgh, led me to the discovery

of a fact, which rendered a choice possible with great certainty.

In one respect formula I differs characteristically from formula II

namely by the presence of the double link 5, which forms an

asymmetric system with the carbon atoms combined thereby and the

groups attached thereto, and so gives an opportunity for the existence

of a geometric isomerism. The transformation of ocimene into its

isomer led me to think that these two substances might be geome-

trically (stereo-) isomeric. Geometrical isomers are often readily con-

verted into each other on warming ; for instance, Wislicenus noticed the

transformation of the one bromobutylene into the other on distillation.

The hypothesis advanced by me was easy to verify for on hydro-

genation the same diliydro-ocimene ought to be formed from the

isomer as from the ocimene itself. This prox'ed indeed to be the case.

The physical constants of these materials were indeed identical as

is shown from the following table :

sp. gr.,5 nd.,, b.p. at 761 mM.
dihydro-ocimene 0,7792 1,4507 166°—168°

dihydro-isomere 0,7793 1,4516 167°—168°

whilst the original products exhibit strong differences as is shown

from the subjoined ^)

;

sp. gr.18 nd. b.p. at 760 mM.
ocimene 0,8031 1,4857 172°,5

isomer 0,8133 1,5447 188°

1) The constants of the isomer have been determined with the aid of a purer

preparation than tliose previously communicated. On heating ocimene some by-

products seem to be formed.
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With this I consider the identity of these hydro-products and the

geometrical isomerism of the terpenes as proved. The isomer of

ocimene 1 will call in fnture allo-ocimene. It is remarkable that

allo-ocimene deviates 6,31 from the theory of BRtJHL; its index of

refraction is also greater than that of the hydrocarbon and it has

also a strong dispersion power. This, as BrDhl thinks ^), is perhaps

connected with the presence of a conjugate system of double links.

Provisionally, one should be careful in drawing conclusions as other

substances also exhibit such differences. Allo-ocimene is, however,

in this respect a uniCum in organic chemistry. Dihydro-ocimene on

tlie other hand exhibits the correct refraction. The deduced geo-

metrically isomerism was also very much supported by the behaviour

of the isomer towards a mixture of sulphuric and glacial acetic acid.

Whilst ocimene remains for the greater paii unchanged and is, to

a small extent, converted into an alcohol, allo-ocimene is for the

greater part converted into a polymerisation product, whilst there

is left a small quantity of terpene, which proved to be nothing else

but ocimene. This typical dilTerence between the two ocimenes is

perhaps connected with the particular tension which the eliiylene

link may attain here. Possibly, at the moment this ethylene link

opens, the two connected atoms of three molecules combine to form

a cycle of six atoms; a substituted hexa-hydrobenzene derivative

would then be formed; the polymerisation product would be this

triterpene.

The regeneration of ocimene from allo-ocimene under the influence

of dilute acids renders the analogy complete with the isomerism of

fumaric and maleinic acid. After what has been said, it is no longer

doubtful, that ocimene, which possesses the double link 5, is repre-

sented by formula I, whilst myrcene is represented by formula II,

which has now been deduced independently of the results of the

oxidation. But few instances of geometrical isomerism have been

noticed with hydrocarbons and this is the first known in the terpene

series. It seems to me not impossible that the absence of the cyclic

link has given nature the opportunity of forming a labile geometrical

isomer; it is remarkable, however, that this has taken place without

any admixture of allo-ocimene. I hesitate to pronounce just now an

opinion as to the nature of that geometrical isomerism with ocimene

and allo-ocimene ; the following projection formulae seem to me the

most probable.

2) Ber. 38, 761 (1905).
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and investigated by myself '), was treated by me in this way ').

The greater half of the ocimene operated upon was recovered

unaltered while a small portion underwent polymerisation. At the

same time an alcohol was formed, the quantity of which was about

lOVo of the ocimene used. Tills alcohol was an agreeably smelling

liquid, which gave the following constants :

sp. gr.,5 nd,5 B. p. at 10 mm. Mol. Refraction (M.R.)

0.901 1.1900 97° 49.22

(calculated for C,„H,,0|= is: MR = 48.86)

The analysis had given the composition C,„Hif,0.

This alcohol, probably an aliphatic terpene alcohol is, tlierefore,

formed by the addition of the elements of water to ocimene. In

properties it does not correspond with any of the already known

aliphatic terpene alcohols, as is shown by the following table

:

B.p. at 10 mm.
116°

112°

99°

86°

On account of its formation from ocimene, I call this new alcohol

ocimenol. The investigation of this ocimenol is still of a provisional

character.

The beautifully crystallised phenylurethane, which I could prepare

from it in good yield, renders it possible to characterise and readily

investigate the alcohol. This urethane, Avhen recrystallised from dilute

alcohol, forms white needle shaped crystals, which melt without

decomposition at 72°, whilst according to the analysis, it has the

composition C,j H„ 0, N. I am still occupied with the regeneration

of ocimenol from its urethane and the closer investigation of these

substances ; however from the fair yield of this urethane, and the

absence of oily by-products, it seems that the product obtained from

ocimene is mainly a simple alcohol.

For me, the study of this alcohol was of particular importance

as I wanted to compare ocimene in tlils respect with myrcene.

Several investigators have been already occupied with the alcohol.
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which is formed from myrccne in the manner indicated ; their state-

ments, however, are often diametrically opposed.

Power and K],eber^), who first prepared it, took it to be linalool

on acconnt of its odour and the formation of citral on oxidation

with chromic acid. Barbier') declared it to be a new alcohol; on

oxidation, he obtained no citral but another as yet unknown aldehyde.

From the results of the oxidations he deduced for this alcohol, which

he named myrcenol, a structural formula, whicli had been given

already by Tiemann and Semmler to linalool. Tn a further research

on linalool, he gave as his opinion ') that it was not a simple

alcohol, but a mixture, and also that its main constituent was not

optically active, a reason why he rejected the formula of T. and S.

Semmler *), however, looked upon myrcenol as a mixture already

partly converted into t\yclic products, and upheld his linalool formula

against Barbier's objections.

I prepared the myrcenol according to the directions of Power and

Kleber. The greater part of the myrcene was recovered unaltered

(67o)j a small portion polymerised whilst the alcohol had formed to

the amount of about 207„. For this alcohol distinguished from linalool

also by its intense, agreeable odour, I obtained the constants attributed

to it by Barbier, who, howe\'er, had a much langer cpiantity oftiie

alcohol at his disposal :

sp. gr.^5 nd,, Bp. at JO mM. Mol. Refr.

myrcenol (^): 0,9032 1.4806 97—99° 48,44

{B): 0,9012 1.47787 99° 48,34

MR, calculated for C,„H,, 017= 48,16

My analyses also pointed to the composition Cm H,, 0. I do not

consider this alcohol to be perfectly pure as it has not got a quite

constant boiling point ; it seems still to contain a more volatile fraction.

The closer investigation of this substance has, as stated, led to

dill'erences of opinion. It seems to me that these have been caused

by the different methods used. The formation of citral in the oxidation

in acid solution is no reliable test for the presence of linalool as it

may be yielded also by other alcohols. Barbier showed, however, that

on oxidation of myrcenol with chromic acid an aldehyde was formed,

having the same formula as citral, but not identical with the same.

He regenerated it, for instance, from its oxime, and obtained a

1) 1. c.

2) Bull. Soc. Chem. [3], 25, 687 (1901).

3) Bull. Soc. Chem. [3]. 25, 828 (1901).

*) Ber. 34, 3122 (1901).
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semicarbazone melting at 197°, whilst citralsemicarbazone melts

at 135°. Here we have a difference in the method of research.

Power and Kleber tested for citral by converting it into citryl-

naphtocinchonic acid ; in this way a possibly formed ketone — I

presume myrcenol is a secondary alcohol — must have escaped their

notice, whilst a little citral thus detected may be simply a by-product.

On the other hand, semicarbazone, made use of by Barbier, is

according to others unfit for testing for citral. Barbier may have

obtained the semicarbazone from the eventually formed ketone, the

main product, whilst a little admixed citral may have given the

aldehyde reactions. Moreover Barbier's oxidations with permanganate

in aqueous solutions cannot be taken as decisive for the differen-

tiation of myrcenol and linalool ^).

Instead of investigating the oxidation products of myrcenol, I have

prepared from the alcohol itself a crystallised derivative, in the form

of a phenyl-urethane, melting at 68°. The analysis again pointed to

the composition C,, B.^, OjN. This urethane has been prepared in the

same manner as Walbaum and Huthig ") prepared the phenyl-urethane

from linalool ; the latter melts at 65°. By means of the phenyl-urethane

obtained from myrcenol, it could be decided very readily and distinctly,

that the alcohols, myrcenol and linalool, were totally different. The

mixture of racemic linaloolurethane and myrcenol-urethane melted

at 60^—62° ; the depression of the melting point sufficiently proves

the non-identity. The alcohol, which is characterised by the phenyl-

urethane melting at 68", is also the main product of crude myrcenol.

I obtained from this a yield of nearly 60 pCt. of crystallised urethane;

besides this alcohol, a little linalool may possibly be contained in

the myrcenol (the hydration product of myrcene) ; the formation of

some oily urethane in presence of the crystallised substance might

even point to this. The facts mentioned render it possible, however,

to decide the matter. By regenerating myrcenol from its urethane,

the properties of pure myrcenol may be ascertained. I am still engaged

with this. Of this alcohol, myrcenol, it may be stated that it is a

typical derivative of myrcene; its constants differ from those of

ocimenol, in the same manner as those of myrcene do from those

of ociraene; the tendency towards polymerisation of myrcenol is

still larger than that of myrcene.

For ocimenol and myrcenol I devised provisional structural formulae'),

based on their formation from the terpenes ociraene and myrcene.

M Compare previous communicalion.

3) Journ. f. prakt. Ghem. 67, 323 (1903).

*) Dissertation, p. 73.



( 727 )

I have not been able to obtain the above raceraic urethane of

linalool by mixing (/- and /-linalool and preparing the urethane from

this racemic linalool ; nothing but an oil was formed, which could

not be brought to crystallise. Still, from each oil separately (fZ-cori-

androl and /-linalool, the latter obtained from Schimmel & Co.) I

obtained the urethanes at once crystalline. In order to obtain racemic

urethane, I was obliged to mix these urethanes of d- and /-linalool

in the proportion of their optical activity. The latter, however, had

not been determined ; in fact it was doubtful whether they were

optically active at all. Wai-baum and HOthig, who desired to prove

in this manner the identity of linalool derived from different ethereal

oils, have overlooked the fact, that alcohols of such varying optical

activity as those found with linalool (from 1° to 35°) could not yield

the same phenyl-urethane.

Racemic urethane has generally quite another melting point than

the pure optically active substance. I was, therefore, obliged to fill

this void in their research. I found that the yield of crystallised

urethane, which only amounts to 157o, when one works according to

their directions (time of reaction one week), may be increased to

857o increase of the time to three months. The urethanes formed,

which all melt at 65° are optically active in proportion with the

optical activity of the alcohols started from. They consist of mixtures

of racemic urethane (probably a racemic compound) with the opti-

cally active component, which in a pure condition shows a rotation

of 23° 27' in a 200 mM. tube and has the m.p. 66°. The rotation

of pure optically active linalool under the same conditions may also

be calculated from this; it then becomes 35° 27', whereas the highest

observed rotation of the natural substance amounts to 35° 14'.

This alcohol appears, tlierefore, to be very strongly subject to race-

misation, even in nature. By the facts stated it has, therefore, been

proved that linalool consists of a simple optically active terpene

alcohol ; the incorrectness of Barbier's formula for linalool and

myrcenol has been demonstrated, whilst the linalool formula of

TiEMANN and Semmler has received support.



( 728 )

Physics. — "On the projxigation of lujlit in a biaxial crystal around

a centre of vibration." By H. B. A. Bockwinkel. (Commu-

nicated by Prof. H. A. Lorentz).

(Communicated in the Meeting of January 190C).

Ill the electromagnetic theory of light, it is of interest to determine

the electromagnetic field in a crystal due to an action, taking place

in a certain centre 0. In order to fix the ideas, we shall assume,

that in an element of space t at the point tlierc are certain

periodic electromotive forces {E. M. F.). There will then be a radiation

of enei'gy from in every direction, the amount of which will

depend on this direction with respect to tiiat of the E. M. F.

and to those of the axes of electric symmetry. Onr object is to

investigate this dependence, at least for points at a gi-eat distance

from 0. We might for this purpose use the results of GrDnwald^);

this physicist however takes the equations in the form they assume

for a rigid elastic body and does not operate with an E. M. F. as

mentioned above; we shall therefore treat the problem independently.

Our method will consist in reducing the question to one of plane

waves, by using a formula, proved by Prof. Lorentz. In this formula

a continuous function of the coordinates is represented by an integral

over the solid angles of all cones having their vertices in and

filling the whole space. If the E. M. F. is €« then

r 1 a'B

where dn is the element of a line of ai-bitrary direction within the

cone dui and 2S a vector given by

-J^
^^ da, (2)

the integral being taken over the plane, passing through the point

considered, perpendicularly to n. Hence, ii'3 depends on the coordi-

nates, but in such a way as to be constant in every plane perpen-

dicular to n. By (1) the original E. M. F. has now been decom-

posed into a great number of infinitely small vectors, the efi'ect of

which can easily be calculated, each of them being constant in

planes of a certain direction. Thus we determine the field, produced

by each of the elements of the integral (1) and then compose all

the fields obtained in this way into one resulting field, which.

1) J. Grijnwaid. tJber die Ausbreitung der Wellenbewegungen in optisch zwei-

achsigen elastischen Median, Boltzmann Festschrift (1904), p. 518.
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according to the principle of superposition, will really be Hie one

produced by the whole E. M. F. Each of the separate very small

fields will consist in a propagation of plane waves having the same
direction as the planes in which the corresponding element of the

E. M. F. is constant. The problem will therefore indeed be reduced

to one of plane waves.

§ 2. In order to find the small field, corresponding to a cone of

definite direction, we shall take a system of coordinates OX', OY',

OZ', the axis OZ' coinciding with the axis of the chosen cone and
OX', OY' respectively with the two directions of the dielectric

displacement, belonging to plane waves, normal to OZ'. The wave
that has its dielectric displacement along OX' will be called "the

first wave" ; the other "the second wave".

Again we take a system of coordinates OX, OY, OZ, the axes

of which coincide with the axes of electric symmetry. Denoting the

components of the electric force along the first axes by ^x' , ^y' , ^"-'

in
i^ (

and supposing all quantities to contain the factor e we have to

satisfy the following equations

A(£v-^-^(</«-.S)=-^[e„(tiv +e)+6.,((rv +ey)+fn(2- + Co]
j

AS,- A(rfu'.(g)=-i^
[^6,3((5;,' + e)+e„(Lv +(s;')+fsa{^-.' +co]

]

It will not give rise to any misunderstanding that we have denoted

. ,r ,. • ^"* ^'--^

iiere by ^'^ the expression — ^-;- .

The quantities e, occurring in these formulae, have particular

pi-operties, because they relate to special directions. These properties

will show themselves in the following development. Since, according

to the pi'eceding considerations, @« depends only upon z' , we shall

find for If a solution, likewise containing only z\ By this hypothesis

the equations (3) become

(3)
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§ 3. The last equation of (4) shows, that tliere is no dielectric

displacement in the ^'-direction. Further it is evident from these

equations, that £;' has no share in the disturbance of the state of the

aether at a distant point. Indeed, ^l' and Sy being zero, the equations

are satisfied by the solution

At the distant point ^T"!' is zero, therefore Qr^' is so likewise. Electro-

motive forces acting within a layer bounded by two parallel planes

and directed perpendicularly to these planes, do not therefore

produce any disturbance of equilibrium at a distant point.

We eliminate ^-' between the first and the third and between the

second and the third equation.

This gives

^)(..+e) + (..-^) (..+.;.)].

According to what has already been said, these equations, if no

E. M. F. are acting, must have one solution in wliieh IVj' is zero,

and another in which ^y' vanishes. This would follow from the

equations themselves, if we knew tlie above mentioned properties

of the quantities e, occurring in them. Conversely, we shall be able

to deduce these properties from the knowledge that the two solutions

must satisfy the equations. Indeed these solutions can only hold if

''^"d ^=,^ c^ F-=—^
^ a ' .'/ c 2

*^1S '^28

fll f« — -—
fas ^88

where Fx- and F,/ are tlie velocities of the plane waves in the two

cases. By this the equations take the form

d'£v 4jr' „ 0'(5;„r 4jt' ^^= (gx'+C'), -f^= (Sy+Sv) • (5)

whereas the ^third equation of (4) gives I";' when S^;' and (Ty are

known. We see from (5) that ^x' depends only on 6,', and S^' only

on fSy, further that both equations have the same form. We can
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therefore confine ourselves to considering only the lirsi; in (ioin<i;

so we sliall write V instead of Iv . We sliall lia\e to remember

liowever that after having found the result that is due to the A''-com-

ponents of the E. M. F. we have still to add to this a second amount

given by the F'-component ; this amount can be written down al

once by analogy with the first.

§ 4. The general solution of the equation
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values of Q". We shall therefore put //i
= ~h^ and c/.^ = Jt,, so that

- /'I /'.

§ 5. In eflecting these integTations we have to distinguish whether

or no the point F, for which we intend to determine the state

of radiation, lies between the two just mentioned tangent planes. First

taking the latter case, the second integral of (7) is zero for positive

values of z', whereas in the first case we may take h^ instead of

z' for the upper limit. Integration by parts gives

A,; 2712' 27i:' /i2 Aj 27r:'

/d^ffr' 'Yv/ .
2jr f diiV 'tv

,

e dz .

dz
—A, —

/ii —A,

rt.2 2712 i^r 11^ t

J dz'^ I ^£ / TVJ

Now (f« can only be represented by (1) if it is a continuous

function of the co-ordinates, but we may imagine nevertheless that

at the boundary of the space t, 5B and diB/ds' have arbitrarily

small values. These quantities may therefore be tnken zero at the

boundary; as to 2P, this has already been done in the considerations

of the preceding paragraph. Hence the lirst term, given by the

integration by parts, vanishes; the second may again be integrated

by parts, so that finally

A.2 2712' h„ . 27r;'

—hi —hi

The exponential factor under the sign of integration may be

replaced by 1. Indeed, if a certain length /, of the same order of

magnitude as the linear dimensions of the space t is very small in

comparison with the wavelength X of light, we may omit terms

T I

containing products of — and quantities of the order —
, Now

-J<
the integral taken over the portion of a plane ;' = const, lying

within T. From this we infer

n.2

fsPy dz' = fgy dr

-h>

integrated over the volume t. We shall represent this integral by
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(i\i'T, (Iciiotiiig by ^x' i^ ccrlaiii mean value of the .V'-component of

the E. M. F. within t. We may now write

/
I,, .

2:12'

dz T= —
65" T» V

-h
Similarly

•d=Bx' ~'tv,, 4jr'gvr

Ĵ
1

an inte2;ral that has to be used for negative values of z' less

than — Aj.

^ 6. If lastlv

-K<z'<K
the point P lies between the tangent planes and both integrals differ

from zero. We find by some transformations

f>5By iJv,, d-lLv ''iv .2.T i'w 4.V r i'-fv
I — e dz ^ e — t Wx' e — ——r I

^'y « ^^'

J dz' dz' TV T'V'J ^-

-Ai -/'I

z' 27t:' 2:r:' Stts'

Z

4j

So that in this case the X'-component of the electric force is

given by
271:' z' . 2Ttz'

•" 8:jTV\_ TV TV J

2nz' hi

'^'Y'^V« ^'''Wl

Since z' lies between —h^ and h^, we may replace the exponential

factors by 1, both before and behind the sign of integration. Then

we find finally

1"'. If P lies between the tangent planes

2Bx' , in^l'T
(Tr' := dui d(a
* 2r'F' 22'' F'
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2'"'. If P lies outside these planes

a. For positive values of z'

27r:'

m^^'x TV ,

b. For negative values of £

2 7t;'

li%- =. e dvi.
2 T F'

The Z'-component of tiie electric force consists of two parts, one

of which corresponds to £,' , the other to £',y'. Having already omitted

tlie ^''-component, we shall take only the first part, S,'i, of the

^'-component and add the second part S^-o to the I^'-component

afterwards. Then by the third equation of (4)

It appears from this that outside the tangent planes (§.-' and (Sj.-

are connected with each other in the way they always are in the

case of plane waves. We may therefore represent the electric force

(S .,

by —— if i^ is the angle between this vector and the corresponding
cos \h

dielectric displacement in a system of plane waves. Finally we have

the following equations for the components of the electric force

along the axes of symmetry

e 2:rj'

(1% = e doi,
2T'V'cos»

€, = M|?:i-r'K^ <;«,,} (8)
^ 2T'Vcos& '

e
2^2'

ff, — e
-' '^ d<a,

2T'V'cos»

wliere «, /? and y are the direction cosines of the electric force with

respect to the axes of symmetry. For negative values of :' the same

fornudac will apply, provided that z' be replaced by — z'.

§ 7. In the preceding equations the symbols Sx, ^,j and ^z were

used for the (small) electric force, pi'oduced by a single element of

the integral (1) in a point F, lying at a given distance r from the

origin 0. We have seen that the expression for this small electric

force took a ditferent form according to the point P lying or not
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lying between the before mentioned tangent planes. Now the direc-

tions for which P Ues inside these phxnes are those excluded by a

certain cone A', which may be detined as the locus of all normals to

another cone, having its vertex in F and tangent to the boundary

of the element of space t. On the other hand, all directions of wave

normals, for which P lies outside the tangent planes are included

by the cone K. It is clear tiiat this cone will differ infinitely little

from the plane passing through <) perpendicularly to OP.

We may therefore tind the total electric force by integrating the

right hand members of the equations (8) with respect to all direc-

tions lying within K and then adding to the result the quantity

obtained by integrating the expressions relating to the remaining

directions. In effecting the first integration we must replace z' by

— z' for negative values of z', according to the remark made at the

end of ^ 6. But we may as well limit the integration to half the

cone K multiplying the result by 2. Again, we may extend this

integration to the plane F ; indeed the right hand members of (8)

contain t as a factor, so that it does not matter, whetlier or no an

infinitely small solid angle is included in this integration.

It remains to consider the expressions

(iV = dui (/to,

27' T' 27'' F'

which have to be integrated over all directions outside the cone A'.

Now, from these expressions we get the components along the

axes of symmetry by multiplying them by finite factors. It is easily

seen that terms already containing the factor x may therefore be

omitted, so that we may write

20 '
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Tlie first vector has again the same direction as the electric force

in |)lane waves wliose normal coincides with the direction we are

considering; its components along the axes of symmetry are therefore

St = "W » ^v = —TT^i^ "">
1 ^z = —rr-r;. "'i'-

"" 2r'V^cos» ' 2T''V'cos» 2T'V'cos{h

Now ^x' , is of the order P and the integration is to be effected

over a solid angle of the order /. Thns, contining ourselves to

directions in a single plane passing throngh OP, we may regard as

constants the quantities «, F and cos {h, assigning to them the values

they take in the plane F.

We determine an arbitrary direction in the plane passing through

OP by the angle ? which it makes with OP and its azimutii x

with respect to a llxed plane also passing through OP. Then

dio =: sin S rf§ rf/.

Now^ we have for the direction considered

J^''

the integral being extended to the portion inside r of a plane G,

passing through P perpendicularly to that direction. If q is the

normal drawn from towards G, we have

q T^ r cos 5,

\dq\ = rsin ^di,

givmg

and

1

dit) := —
I

dq
\

d-/^,

^x = r dx fuPr' \dq\.

2rT'J V'cosd' V
Here for each particular value of -/, the latter integral is to be

extended to all values that can be given to S or q. Further

TlLV |*7| = f\dq\ fe do = j' fQl'da\dq\,

whereas
do \dq\

is the element of volume of an infinitely small cylinder whose upper

and lower base are formed respectively by one of the surface

elements of G and of an infinitely near plane G', the generating

lines of the cylinder beijig perpendicular to G. It follows from

this that



J^

( '37
)

do
I

dq
I

is tlie volume-integral of ©.,' . taken over the wliole volume of t.

We have already written for this integral @,,.r r, denoting by Ty a

certain mean value (^ 5). Hence, the fimt part of the components

of the electric force resulting from the integration with respect to

the directions outside the cone K, becomes

(5r = d/ , (5„ = -i—^— d-/

2T'rJV'cos& '^ ^ 2 7'VJ V'cosd-
^ (S, =

1 r y(§x'r

The second part results from a similar integration of the second

vector

€y = , ^.j
1 fd'^S, s,, d'ffi-.>.

Now it will appear further on, that we can only determine the

exact value of those terms, in which the denominator contains the

tirst power of r. We may therefore confine ourselves to such terms

in the whole course of our calculations. The cone over which we
have to integrate being of the order ///, we may omit terms, which

already contain r in the denominator. It will be evident therefore

that instead of

and

we may take the values of these quantities, corresponding to that

wave-normal, in the meridian plane passing through OP, which lies

.at the same time in the plane F. If dz' is a line-element of that

wave-normal, we have to consider the integrals

rd'B,' . ra^iLV
I ^ ,„

dz and I
-—-— dz'

J dz'' J dz"

dffi

which evidently are zero, ^ being zero at the boundary of r. It

appears in this way that we need not at all consider the second vector.

^ 9. We now proceed to effect the integration of the right hand

members of the equations (8) so far as is necessary in order to

obtain the terms with -. We shall take the real pails of all expres-
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sions and represent henceforth by G the whole electric force. Tiien,

if ge = b cos 2/1— , we shall have
T

/It a b r' T 2;r / ;'\^ si„— ( t rfu>, . . . (10)
T* \ncoad- T \ V) ^ '

iiilegrated over all directions on that side of F where z has positive

values. We therefore obtain the resultant luminous vibration in an

arbitrary point P as the sum of small vibrations, belonging to a

great number of systems of plane waves of all possible directions.

These vibrations ditfer from each other in amplitude and in phase.

The changes of phase are determined by those of the quantity

•z

Since TV means the wave-length in the crystal for the direction

considered and ;' = v cos ?, the phase will vary very much by small

variations of S, i.e., of the direction of the wave system in question.

There is one direction for which

Yv
takes a maximum value. This is the direction of the wave-normal

OQ to which OP corresponds as tirst ray. Indeed, z'/TV is

pro]iortional to the time in which the vibrations of a certain wave-

system arrive at P and this time is really a maximum for the

system wdiose normal is OQ. We shall prove, that the resultant

vibration at P is the same as it would be, if we had only to do

with w^ave systems of this latter direction and of directions in the

immediate vicinity of it. To this effect we shall fix our attention

on an arbitrary normal ON', making an angle with OQ, writing

i(! tV)r the azimuth of the plane A^OQ with respect to a fixed plane,

which passes through OQ, and for which we might take the plane

POQ. We shall not however introduce if' and 4) as variables but if; and

!( = — COS g,

if F"„ is the velocity of propagation of the plane wave, having OQ
for its normal. Further we put

= /( , = a , dvi = sin <fi— clu d\t .

T ' TV,
^'

d^i ^

Then

(§r := — I I sin ( an — /() sin <P — an

J JT'V'cos& ^-^ '
du

dtp, . . . (11)
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if Uo is the value of u for the direction OQ- I»cl<?ed the directions for

which M = const, lie on a cone surrounding the line 0(3. just because

M is a maximum for that line. We first integrate with respect to t|>

and put

The result is

-/^
riabj^'T

.
.dip

J ' V cos & ail
(12)

r,,=//(» ) sin (gu — h) da (13)

^ 10. An integral such as (13) has already been considered by

KiRCHHOFF. For great values of g it approaches uniformly to zero

and at inlinity it may be represented by a development of the form

^-i + ^+ . . . .

9 9

It is only the coelTicient ai that can be found. Integration by parts

of the integral gives

I-
/(;/) sm (gn — /() du = /("o) <^os {gu„ — h) — /(O) cos h

+ -.+
9

(U)

The first term, taken by itself, gives a sufliciently exact result for

points P, lying at distances r from 0, which are large in comparison

with the wavelength of light ; in the following development we have

in view only such points as satisfy this condition. We put therefore

/("o) cos igu^—h) —f(o) cos h

/f{u) sin (gu— /() du =

'

We shall first consider the part

f{0)cosh TV, ^ t rr TTah^r
, d0l—

:

= cos In — i -— sin th—
\g

2nr TJ \_T' V* cos » ^du_
dtp.

u =
Now

d<p d{cos$) d(cos^)
bin — = —

. —r—

,

du o{cos^) Oil

du — cosg
d{cosi) d(cosi) [_ I

so that for ?/ = or cos ? =

^0 y\

(14")



( 740
)

sin <p

du

d{co.s:py

_d(co.95)

We may fiirdier deiliicc from the consideration of the spherical

triangle, defined by the directions OJSf, OQ and OP, thatforM =

so that

and

d{cos0) _ /dx \

d{cos^) \dii}Ju =

/{O)cosh

2T
2nt r «(VT

Tj V\vsd-
rfX-

The real part of the expression (9), added to this result gives

exactly zero, so that, as we could have expected, there remains in

@^ no term with only cos 21'/ T. We need hardly add that this is

equally the case with ^'y and ^~.

Finally we have to determine /(«(,). Let us denote by i2 the

soHd angle of a cone, formed by directions for which u is constant,

then

dSi = du (p^dip
Oil

(15)

rfi/)

lu
I

sin

Now by (12) we have

'*"•> = - tm^wJ I"" *e;;,

and with a view to (15) we may write for this

The solid angle dSi^ of an inlinitely small cone with axis OQ may

be found in the following manner. We imagine the wave-surface W,

passing through P, and the polar surface 7^ of W with respect to

a sphere of radius unity. Then the point corresponding to P will be

the point of intersection Q of OQ and R. Further we take a point

P' on OP prolonged, close to P and describe from P' the cone

tangent to W. The normals drawn from to this cone will lie on

a second cone and this is the locus of all directions for which u

has the constant value
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OP

Tlie iiifmitely small cone of normals will intersect R in a curve

lying in a plane, normal to OP; the plane touching R at tiie point

Q is also normal to OP. Let these last two planes, which are

therefore parallel, cut OP in S' and S. Then

0SX0P=1 OS' XOP' =1 ,

and
u= OS' . OPcosd-^

du, = — SS' . OPcosd-,.

Further

„ cos d-„
dil, — ° da

,

OQ'

if da is the infinitely small surface of the just mentioned plane curve.

But we have also

da=.2T l/^'„SS'

if ()„ and p'„ are the two principal radii of curvature of R at tiie

point Q. Combining the obtained equations we find therefore

.^"X = «„ OQ' OP '

1

or since OP = r and —— = OP cos i^„ = r cos O.
OQ

''d£2\-- = — 2.ir 1/ Q, q', cos' », ,

.
du y „ ^ „^

so that

cos(gu„—h) jia„ b^-.r „ , p TF.

or by (13) and (14)

n ,.,
.'^os(gu, — h) 7r«„ l\r'„ T j/()„ ()'„ cos O', 2n f r

e.=yoo—^—=
.j^. '''y[!-j.

if i\ is the velocity of propagation of the raij OP, as it is defined

for pJcme waves. Thus the electric force appears to have the same
direction as it has for ijlane waves whose corresponding rays coincide

with OP. Its magnitude is given by

n (>;,„' r\/Q, qJ cos »„ 2a ( r
V3 z=. ——— COS t

^11. We must add to this a second vibration which may be

obtained by the composition of all wave systems due to the F'-com-
ponents of the intinitely small vectors into which the original

E. M. F. lias been divided. It is this action we have left aside in
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§ 3 ; the total electric force produced by it is given by

71 b ,;/ T 1/ p, Q,' COS », 2 71 / r \
(S r= c'0« t ,

T' F,' T y p, /
if we distirigiiisli hy the index 1 the quantities corresponding to the

aecond plane wave for which OP is the direction of the ray. The

magnetic force too has in botli cases the ordinarj- direction and may

be derived from the electric force by mnltiplying respectively by

C C COS -d-g
J ^' "^ '""* '^1

so that the flow of energy is given by

' ' I

or

, 7i''cH%:„T>„9'„co«''d„ 2nf r\
iC = COS — I t I +

I

n' c'by^T'g, g>o.'^, ,2t/ r\
-\ CCS — t I

.

The mean flow of energy per unit time is therefore

n' c'

^ =
2T* F/

"^
F/ J

The amount of energy travelling outwards in directions lying

within the cone of rays do', is

r' S do.

We may finally observe that the cone of corresponding wave-

normals has a solid angle

do ^=1 Q q' cos' ^ . r' do'

so that the total amount of energy radiating from the centre may

be represented by the integral

It is only in the case of uniaxial crystals that this integral can

be further calculated.

Geology. — "(Jn hraclhh and fresh iimter deposits of the river Silat

in Western-Borneo." By Prof. K. Martin.

(This communication will not be published in these Proceedings).

CMarch 22, 1906).
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the ijossibility of predicting the properties of mixtures from those of the components". (Com-

municated by Prof. H. Kameruxgh O.vnes), p. 743. (With one plate).
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September 1902 and October 31, 1903", p. 752.
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eight common tangential planes", p. 754.

W. de SiTTEii: "On tlie orbital planes of Jupiter's satellites". (Communicated by Prof.

J. C. Kaptetn), p. 767.

Physics. — ''Contributions to the knowledge of van der Waals'

ry-sur/ace. X. On the possihiliti/ of predicting tlve irroperties

of m'utures from those of the components." By Dr. J. E.

Verschaffelt. Supplement no. 11 to the Communications from

the Pliysical Laboratory a( Leitlen. (Communicated by Prof.

H. Kamerlingh Onnes).

((Joinmiinicaled in the meeling of .lanuary 27, 19UG).

J. In tlie following pages I intend (o sliow that the origijial

ecjuation of van der Waals

RT a^

p= —.— 4' a)

vvliere is put

a, =^ «„ (1-..)' + 2 <s., x (l-.r) + a^^ .v'

|

b, = b,, (l-.vy + 2 I,,, .V (1-,.) + 6„ .v^ i
'

and where also are made the'simplilied suppositions')

(2)

1) Comp. Kamerlingh O.nnes and Zakrzewski, Suppl. no. 8, Proc. Sept. 24,

11)01, p. 2-27.
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•'^^l-'"..".-.. • ''M = U/'n + ?'..) .... (3)

re[)rcseiits prcKv well the special pi'operties of mixtures. In cases

where we lia\e no observations of mixtnres of two snbstanees,

tlie forninlae <;iven above will jtrobably enable ns to predict the

properties of tiie mixtnres of those luu snbstanees by means of the

an and Z^'s — i. e. the critical elements — of the components ; this

circnmstance miglit be of some nse in the choice of substances

whenever one wishes to observe definite phenomena in mixtnres.

From Ibrmnlae (1) and (3) we deri\e the formnlac

:

2'jA: 'J'ok .. _ 2'ii:

y'pxk y'pok v'p\k

1\k Tqi- Tile= (1— .?) H .

/'.rt pOk plk

(4)

which cx]iress how the critical elements Tjjc and pjjc of the mixture

taken as homogeneous depend on tiie composition ; from these forninlae

also follows, as we know, a linear \ariation of the critical Aolnme

Vxk- That the second t)f the formulae (4) agrees well with the obser-

vations has been shown by van dek Waals '). As to the conrse of

i\rk, the curve denoting the variation of that quantity with x not

only deviates considerably from u straight line ') (Verschakfki.t

and Keksom derive even from their experiments a maximum for

I'j-k) but also the quadratic formula cannot lie lirought to harmonize

Avith the observations ').

Not too mnch importance should be attached to this deviation of a

quantity so closely connected with //*); of higher import it seemed

to me to investigate in how far the formulae (4) accurately represent

the critical temperatures and pressures, as in connection with the

law of corresponding states, of which the approximate validity may

be considered to be established, these qnantities entirely determine

the conduct of a mixture. But also here, of course, we should not

strain onr expectations too high.

2. First I have computed from formulae i4) the values of the

quantities

:

') Proceedings Nov. 1897.

-) Comp. K.\MEUUNGH Onnes cand Rei.nganu.m. Comm. no. .'jy/;, Pioc. Sept. 29, 1900;

Brinkman, Tliesis for the doctorate, Amsterdam 1904, p. 73.

•*) Ibidem; comp. also Veuscuakfelt, Comm. Suppl. N". 5.

•) For the possiiilo causi's of that deviation comp. IjRIinkman, loc, cit., p. 75.
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(5)

iiaiuolv for tliose mixtures for wliicli the « and (i liad lieeii already

derived from the obser\atioiis Ity tiie application of the law of cor-

responding states. The computed values are given in the following

table; the \'alues in brackets follow from the o|Dservations.

CO, with ('H,C1 « = 0,363 (0,378) /? r=r— 0,149 (0,088)

CH,C1 with CO, —0,270 (—0,221) 0,068(0,281)

CO, with H, —0,978 (—1,219) __ 0,439 (— 1,645)

CO, with 0, — 0,513 (— 0,6563) — 0,242 (— 1,0871)

Of principal importance are here the signs of the a and i?, and

in this respect there is a good agreement, Avhen we except the ^ for

CO, witli CH5CI; I must remark, liowever, that from the experiments

of Brixkmax a negative j? is derived for this mixture ').

3. With the derived values of « and /? we now, using the formulae

constructed bv Keesom and me, might compute the quantities

f^d'l\i,i\ fdpipi\ ... . ,—
,

-^—^ and otliers; but as our principal concern is the

V d.v )^ \ dx J^

signs of those quantities, it is superfluous to perform these com-

putations. In fact, we immediately obtain a survey of the pro-

perties of the mixtures with a small proportion of one of the

components when we draw the values of « and [i as I have done

before ') ; this lime of course in a diagram, based no longer on the

empirical equation of state used then, but on equation (1). It is

still easier, by means of the formulae given in Comm. Suppl. n°. 5

(Proceedings May 30, 1903) to express the « and jJ in Korteweg's ')

X and y, and then to use his diagram which, as is known, is

based on the original equation of state. Thus we find that the points

(a, 1^)
— or [y., 7)— lie exactly in the tields which correspond to the

properties of the mixtures; here also, therefore, the investigation has

a favourable result.

4. I shall now communicate some computed values oVTxk and /;,,!

for the mixtures under consideration, and compare them with tlie

values derived from the observations. (See following table).

1) Loc. cit., p. 73; conip. also the table on the following page.

2) Gomrn. Suppl. no. 6, Proc. 30 May 1903.

"') Free- 31 Jan. 1903.

52"
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\ofv stn)n,!j;l_v prondiinccd ; thoroforo 1 h;n o invosliualod wliclliei'

]K'rlia|»s (lie coinpiitation had iircdictod i( tor lui.xlui-os ot' N^( ) and

V^W,,. i'nv wliicli tlie iiiiiiiiinini ciilical lemporndire is pn)l)abl_v iimcli

lower than that nf llic coiiiitouoiils. 1 nally find on tlie side (ifetliane,

tiie component witli tlie lowest critical temperature, « = — 0,()J9,

hence a negative value, which renders the existence of a minimum

critical temjiei'ature necessary.

5. After havinii, shown Iw means of these few instances the

usefulness of formulae (4) for our purjiose, I shall now closel}-

examine the course of the critical lines, in order thence to deduce

which conditions must he fulllUed by the critical elements of the

components, in order that the mixtures may show detinite phenomena.

The shapes of these curves in the pT diagram have been deduced

by VAX DKR Waals from formulae (1) and (2) ') with the single

simplification /*,, = ^ (i^j, -|- ^'i^)- What we shall find here will there-

fore be a special case of the more general forms found bj- van dek

Waals, namely the transition between the two cases o',, ^ 'T,, r/,,

and '7^3 <^ f?,i r7„, investigated by him.

If we put T=rr —- and .t ^ --- and moreover introduce the new
^'ot pok

variable r = V^n, we may in our case w'rite the equation of the

critical line:

.^r, (l/7r,-l)-cT(.T,-T,) + TK-T, ^/^,)=:0. . . (6)

In the :x diagram therefore the critical line is a portion of a

hyperbola (see tig. 1), except when jr, =: Tj, for then it is a portion

of a parabola (represented in fig. 1 by OAB; a straight line in the

pT diagram), and when m^ = 1 or I '^jt, = Tj, for then it is a

straight line (CD and OE).

In our drawing (fig. 1) one of the components always lies at the

point A, and we sec that the form of the critical line is- oidy deter-

mined by the relations — and -. Besides, when we move the

second component along one of the critical lines, the shape of that

line remains unchanged. ^)

Fig. 1 therefore represents the forms which the critical line can

adopt in our case. In order to show that the observed forms agree

with these in a satisfactory way, I have drawn in tiie same figure

1 the critical lines derived from the observations. The lines for

1) Versl. Kon. Akad. Nov. 1897.

2) A§ VAX PER \V,vAt.f! (loe, oil.) has reraarkod in general
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mixtures of CO, with CH, CI and of H CI with Cj H, are drawn

twice ill it, one time with the one component, the otiier time witii the

otlier component at ^1. Of tlie lines for mixtures of carbon dioxide

wit]i liydro^en or oxygen wc could draw only a small portion in

the neighbonrliood of caiiion dioxide (point .1).

These critical lines fit into tiie system of curves in a satisfactory

way, except the line CO^—O^. Also the beginning of the line

CO,—Hj fits Avell into the diagram, but its further portion, if it is

to terminate at the point H.^, cannot but deviate strongly from it.

6. The drawing of tig. 1 enaliies us also to determine how we
must choose the pure mixtures in order tliat the mixtures may
possess definite properties. Van der Waai,s (ioc. cit.) has pointed

out the circumstance that tiie course of the critical lines (even when

a',,'^ n^^ a„) excludes the existence of a maximum critical tempe-

rature or of a maximum or minimum critical pressure. Yet mixtures

occur which show ') a minimum critical temperature, and in our

case we find as conditions for its existence ^)

:

jTj + Tj > 2 Tj j/.T, and also > 2 i/.t^.

The area, within which the second component must lie, if the

critical temperature is to reach a nunimnm for one of the mixtures,

is therefore bounded by the two curves

represented in fig. 1 by (7^47^ and GAH respectively. The first

line is one of the critical lines, namely that which has a vertical

tangent at a ; the other contains all the points of the critical lines

where the tangent is vertical. It may be easily seen that the second

component must lie between those two curves, i. e. in the fields '2

and 3. On the strength of this we may j)redict that in general a

minimum critical temperature will be observed when the critical

^) The elements of tlie mixture for whicli tlie critical temperature is minimum,

are here determined by :

_ Jt,-T, l/.T, _ (p/jr,-l)(jr,-T, [/jt,)
^ml — " 1 '^mt — 4 T, - —

I

{n, +T.-2r. ^/.T.)
Xmt = K ^1 -777 Z-, "V •

") The general conditions for the existence of a mininunn critical temperature

are given in liie Molecular Tlieory of van dbo Waai.s,
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tciiiperutmi's df tlu^ rduipoiieiils (liliV>r lidlo jiiid llio crilical pressures

diflei' relalivelv iiiucli. ll is loiown lliaf expcM'ieiice (•(uiliriiis tliis

conolnsioii.

7. Now 1 shall In" lo lind how tlie sul)slanoes must be chosen

ill ordei' tiiat one of liie inixliires ii(\ir HuMTiticai eireumstanees may
show a maximum — or a minimum - vapour pressure. At the critical

point (at the same time plaitpoiiit) of tliat mixture we then have,

alonn' tiie critical line, ,„ — , , ,

As we ha\e based our sjieculations on I he original equation of

state of VAX deh Waat,s, we must, slrictlv laken, use for \^r-\

the value which follows from this e(p]ation, i.e. 4. Thus we tind
')

tiuit the area within which the second component must He, is

liouuded bv the curves :

T=i(3, _,^) and r = /'!-, ^)

6z— 1

represented by OAl and KAL respectively in tig. J. KAL is again

the critical line which shows at the point A itself the property

mentioned above, while ()AI combines all the points where =4
jtdr

dz
or rz—-z=.2. The second component must lie situated between these

ax

two lines, namely in lield 3 or 4.

We may repeat that in order to observe the property under con-

sideration, the pure substances must be chosen so that the critical

temperatures diifer little, but the values of the critical pressures

differ relatively much ; however, the component with the higher

critical temperature must also have tiie higher ci'itical pressure').

') The elements of tiie mixture, of which the vapour pressure is maxinumi
or minimum, are given by

_ 2jr, I/JT^+ T^ t/;i:,— 3 t^jt,
_ _ .. ^i

—
'"'i l^^i

2(jr,—T,)(l/?r,— Tj) ^1— T,

2j Tlie general conditions for the existence of a maximum or a minimum vapoiu-

pressure have been derived by van der Waals (Versl. Kon. Ak. 1895/9G).

My quotation of van Laar in the Dutch edition (same note) resulted from a

raisunderstauding.

3) The latter does not always hold good, as for instance with mixtures of

UOj and C^H,, (Kuenen, Zeitf^chr, f, physik, Clhem., 24, (Wl, liS'.)7),
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Hence a minimum critical temperature and a maximum vapour

pressure are two phenomena which as a rule occur together, but

not necessaril}' ; this is only the case in field 3.

From fig. 1 it appears tliat, according to our reasoning, only

a maximum vapour pressure is possible; yet we know that there

are mixtures which show a minimum A'apoui- pressure, and it has

been proved by Kuenen ') that this phenomenon occurs even under

the critical circumstances. Here it seems tiiat there is a fundamental

deviation from tlie observation. Nevertheless it is remarkable that

the mixtures which sliow a minimum vapour jiressure are always

of such kind that at least one of the components is an anomalous

substance'); so that there is reason to suppose that with mixtures

of normal sul)stances a minimum vapour pressui'e never occurs ; and

our speculations, whicli are based on the law of corresponding states,

are applicable to normal substances only.

8. vStarting from the same suppositions as set forth here, van La.-vr ')

has found an accurate expression for tlie projection of the plaitpoint

line on the v.i'-plane. I have tried to derive from this the equation

of the plaitpoint line in the pT— hence also in the sr — diagiam "),

but without success. Without therefore occupying myself further with

the general form which tiie plaitpoint line in our case takes in the zr-

diagram, 1 shall investigate a few points, namely tlie occurrence of

a maximum or a minimum plaitpoint temperature, and that of a maxi-

mum 01' a minimum plaitpoint pressure.

According to Keesom's '') formulae (2r/) and (2/y) we have

1 /d2\ui\ T,
1

(7)

Toic y dx

Pok\ dx J, .T."

dl\i,l d'J.\pi

Hence follows that the boundarv between —
^,
^0 and ——-<'Ois

(/,f dx

formed bv the curve

;

1) Arch. Neerl., (2), 5, 30G, I'JOO (Livrc jubilairo de H. A. Lorentz).

2) For the bibliography of this cf. Hartman, Thesis for the doctorate, page 84,

Leiden 1899.

S) Proceedings April 22, 1905.

*) By eliminating x and v between the equation of the r.c projection of the

plaitpoint line, the equation of the spinodal surface (van Laau's formula 0, loc.

cit.), and the equation of state.

''; (loiniiinnicalion no. 75, Proceedings Dec. 28, 1001.
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4c'
T r= ,

')

(3.-1)'

represented in fig. 2 by the branches BAC and OD , to the left of

it ' <' <\ to Ihe rio;li( ^0. If in coiiscqnenre we take A as the
dx

component with the lower critical leniperatiire, in other words : if

we put T, ]> 1, there must be a mininmni plaitpoint temperature

when the second component lies in Ihe area AGCABDHA; in

general tliis will again occur when the critical temperatures differ

little, whereas the critical pressures difler much '). This does not

prove, however, that there ma,y not be other circumstances for which

the })laitpoint temperature reaches a minimum.

If on the other hand we take ^4 as a component witii the higher

critical temperature, there must be a maximum plaitpoint temperature

when the second component lies in the area OHK. ') Neither here

is it proved that the phenomenon is restricted to that area.

9. The boundary between —^ > and —''-
<C is formed Ity the

d;r, d,V

t' {Ss— lf — 2tz' (5f— 1) + iz' = 0.

dp^nl
represented in fig. 2 by EAF; —~- is negative within thai line and

dx

positive beyond it. Wiieiice follows that a minimum plailiioiut pres-

sure is impossible, at least little probable, while a ma.ximnm i)lait-

point pressure must occur when the second component lies within

the area ALEAFr OMA; this will therefore in general be the

case wdien the critical temperatures dilfer much, which is confirmed by

e.xperiment.

10. Finally, in order to show bv means of an example that the

suppositions whence we started in tiie main represent precisely the

') Gf. also VAN Laar, loc. cit., p. 585.

2) This is again the same condition as for the existence of a niininium critical

1 fdT^„[\ 1 dl\,i
temperature; but as 7-- - -t- = a + -,- ((3 — 42)-, —,— may be positive with

Lolc\ dx y,) lb dx

negative z, In other words: a minimum plaitpoint temperature requires a minimum
critical temperature, but not reversely. This may also be seen from tig. 2, where

I have once more drawn the line GAH of fig, 1 (dotted line).

*) An iiistancQ of \.\\\% is probably not Iq be found.
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)•
.' V

V V I' f.

V

The tirst part I liave develoiied before, and X ^z I p dr—BT lo/j V

{V= cc) is tlie .('-function which lias then been wrongly left out of

account. This function cannot be developed in the same manner as

the first integral, because the series used for that is no longer con-

vergent for large volumes; we must therefore turn to Kamerlingh

Onxes' empirical equation of state.

When this equation of state is written in a reduced form, it also

represents the reduced equation of the isothermal of the mixture x,

T
at the reduced temperature t = —;— , so tiiat

V

V ^
I M' =/'xi-'-'.!/.| V'^O =

= RT{lo<l V—loqVTK-) — -}hK-v\l( I— h — 7hkv\k- ( I.

Hence the neglected .^function is:

X = — RI log VTk + h * 71
—

-. h

and this may be de\eloped again:

X = A'„ + A', (,f - .rn) + A", (.. - .vnY +
where the co-efllcients A'„, A'j, X^ etc. are still functions of tempe-

rature. Fortunately the negleclion of that function A' has not influenced

the results in first approximation ; however in tiie formulae 4, 5,

12 and 13 of suppl. N". 7 we ha\e to add 2 A', to the factor

RT
0.7.(1— .IV.)
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Mathematics. 'A jimi/rii/iir srrirs of //mnlnif/r .^iir/ucrs u-it/i

ci(//it common jioints mnl I'lijlil roiirmoii lamji'id'utl p/iiiu's."

liy I'l'df. I'. II. ScirouTK.

1. "Ill our space are ^ivcii a fixed line ami four projectively

related plane pencils of rays. To lie found tlie common transversals

of the fixed line and a set of four corresponding rays."

Notation '). We indicate the lixed line by /", the vertices and

planes of the pencils of rays liy O^, f^^, 0^, 0^ and «i, «,,«,, «^,

I'onr corresponding I'ays and their two transversals by /,, /,, /,, l^

and /, /', the pencils of rays themselves by (/,), (/J, (/,), (/<) and the

pairs of points of intersection of /, /' with each of the rays /,, /,, /,, /, by

('S\, .S\), (-S'„ S\), {S„ S\), {S„ ,S"„). Farther the symbols /,,„ /„, .... /„,

may represent the lines of intersection of the pairs of planes

2. The order of the locus of the pair of transversals /, /' is easy

to deduct from its section with «,, whicii consists of two parts : the

locus [(»Si, aS,')] of the pair of points (,S'i, »SV) and some generating

transversals. Each ray /, of the pencil (/,) containing a single pair

of points (5,, /S'l'), the locus [('S'i,>SV)] is a,ii hyperelliptic curve the

order of which exceeds the number of times a transversal passes

through 0^ by two. Now throe transversals pass through 0^. By pro-

jecting the pencils (/.J, (I^) out of O^ on a^ we liiid namely in «, three

projectively related pencils (/',), /'„), [l^] and now three times three cor-

responding rays J\, /',, /, pass through one and the same point, the

conies generated liy the pairs [(/'.,), (1^)] and [(/'j), (/,)] having besides

<\ Ihree more points in common. So the locus [('?,, 'S'' J] is a curve

(;' of order live having in O^ a threefold point ; its genus is three.

Now that three transversals pass through O^ there must be according

to the principle of duality also three generating transversals in «,.

And indeed, the pencils (/.J, (Z,), (0 do describe on the lines I-,,^,^,^,

/,,, throe projectively related series of points (.1, ),(,!,), (,lj where

three times three corresponding points A^, A.„ A^ lie on the same

right line a, the conies generated by the pairs \_{A^), {A^)\ and [(^,), (^<)]

possessing three more common tangents besides J^,^. So the total section

of «, with the locus of the pair of transversals I, /' is a system of

order eight and this locus itself a scroll ( )" with a nodal curve of

order eighteen. The order of the nodal curve ensues even from the

fact that the surface O' must correspond in genus to c/ ; moreover

M For nulalion and reasoning .sec a former qommuniQalioilt
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the eighteen points of iiiterseclion of tiie cnrvo wilii rf, are easy to

indicate.

Tlie obtained surface '>" is intersected by the given Une /" in eiglit

points. So in general there are eight lines resting on /" and on four

corresponding rays /i,/^,/,,^-

3. In the preceding we have assumed that four corresponding

rays /;, /,, /,, I, always admit of two common transversals, not

taking into account the possibility that four corresponding rays

have an hyperboloidic position. In the general case this singularity

does not occur; for the condition that four lines are situatetl hyper-

boloidically is a threefold one and the number of corresponding

quadruplets of rays is only simjly infinite. However, this does not

prevent a proper selection of the data from leading to projectively related

pencils with a quadruplet of corresponding rays lying hyperboloidi-

cally; to this end we have but to assume the points Oi, 0^, 0^, 0,

on four hyperboloidic lines /',, /',, l\, l\ and the planes «,, a„ «,, «,

through these same lines, and to fix the projective correspondence in

such a way that these four lines correspond.

If the case of four hyperboloidic rays /',, l\, l\, l\ really occurs,

the scroll 0° of the lines intersecting these four rays belongs to the

locus under consideration; we have thus further to investigate whether

this (_P joins the surface O' of the general case or whether this

surface breaks uj» in this sj)ecial case into the surface (
>'^ and a

completing surface (>". At the outset only the first possibility occurred

to me and I contented myself with developing grounds why this

elevation of the order of the locus from eiglit to ten need not really

clash with the wellkwown principle of the conservation of the number ').

Although at tlrst sight it seems rather absurd that (he infinitesimal

small difference between four nearly and ionr perfectly hy^^evholoxAw.

rays should rule the locus obtained by means of the remaining

quadruplets so as to let us find in the first case an <P and in the second

an 0', yet as will be proved directly the second of tlie two sup-

positions mentioned above is the right one, not the lirsl ; so in that

sense this paper has had to be modified.

The surface (P of the common transversals of any liyi)ei-buloidic

quadruplet l\, I' ,, l\, I' , contains these lines and so it must admit

of a transvei'sal througii each of the vertices 0^, O.^, l>^, ()^ ami in

each of tlie planes ft,, a.^, u^, a,. I lie deduction of the order of the

locus (J" has shown that through each of the four points () three

1) See for this a concsiiunitiiii,' cast' ofajiiiarciil conlrailicliun in my "MrUrdiiiK'ii-

sionale Geometric", vol. 1, page '2'Jli.
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tr.aiis\ersals pass ami likewise there are three in each of the four

planes «. Hence the question, whether besides the scroll 0' a surface

()' or a surface <_)" presents itself, can be decided by the fact whether

tiie four generators through the points and the four generators

in the planes « are common to the two parts of the locus or not.

Now, as a matter of fact, those two i)arts can have but two gene-

rators in common, viz. (ho.se two common transversals of /'j, /'j, /',, /',

joining the preceding pairs of transversals and the following of the

adjacent quadruplets. So the eight indicated transversals of/',, l\, /',, /',

are not situated on the other part of the locus and consequently the

latter is cut by each of the planes «/ according to a curve c' with

a node in Oi and two right lines ; so the remaining part is a surface

(>' with a nodal curve of order nine. For the scroll C" of genus

three appears instead a combination of a regulus 0^ and a scroll 0'

of genus one cutting each other in two right lines and a twisted

curve of order ten.

From the preceding follows immediately what will happen when

the singularity of the hypei'boloidic quadruplet presents itself more

than once. If two of those particular quadruplets are at hand O^

breaks up into three parts, two quadratic reguli and a scroll 0*

with a twisted cubic as nodal curve ; so the latter principal com-

ponent part of the locus is of genus zero and has with each of the

two (juadi'atic sui'faees two generating transversals and a twisted

curve of order six in common. If the projectively related pencils

contain three hyperboloidic quadruplets 0" breaks up into four

quadratic reguli, three of which answer to these quadruplets whilst

the fourth, really the locus, is supplied by all the remaining qua-

druplets ; the latter surface is intersected by each of the others

according to the edges of a skew (piadi-i lateral, whilst these three

intersect each other in general according to twisted curves of order

four. And if there are four hyperboloidic quadruplets, as will

appear later on, all quadruplets are situated hyperboloidically ; then

the case presents itself where tiie order of the locus, .so tar always

eight, becomes infinite.

4. The following simple example will show that it is not difticult

to choose the data so as to allow r<tdi quadruplet of corresponding

rays to lie hyperboloidically.

We imagine the four pencils (/J, (/J, (/J, (/J situated in the four

sides of a cube (lig. 1), we assume the vertices O^, 0,, 0,, 0^ of

the pencils in the centres of these sides and we allow those rays

/,. A,, /,,, /^ to correspond which form the .same angle <f
with their
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projections on the plane tlirongh the four vertices wlieii one keeps

in the same direction. To eacli quadruplet of corresponding rays

belongs a hyperboloid of revolution with OZ for axis and circle

O^O^OiO^ as minimal circle ("cercle de gorge"), whilst the hyper-

boloids of revolution belonging to the various values of <p, touching

each other according to that circle, form a tangential pencil as well

as an ordinary one. Each of those surfaces presents itself twice as

bearer of two reguli corresponding to two supplementary values

of (f. In tills case is a rule what was an exception above ; here

the number to be found is infinite, as two lines satisfying the con-

ditions pass through each point of/°, the two generators of the surface

of this peculiar pencil passing through this point. Indeed, the case

of an inlinite number of solutions makes its appearance even as

soon as there is only one hyperboloidic quadruplet and /" is at the

same time director ray of the regulus determined by this quadruplet

as director rays ; then thi'ougli each point of I" passes only one

line satisfying the question.

To sini|)lify the representation the jirecedijig particular case has

been taken on [)urpose as regularly as possible. The principal thing

is what the ligure retains after a projective transformation, that

namely tlie vertices <\, (K< 0^, (>^ lie in the same plane, that the

planes «,,«,,«,, «^ pass through the same point and that all quadratic

surfaces touch those planes in the vertices mentioned above ; the

regular situation of the four vertices on tlic common niiiiimai

cii'cle is of secondaiy inqiortance.

This leads us to a new question, viz. whether it is impossible to tind

four pi'ojectively related pencils of rays where each quadrujdet of
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coiTCspoiuliiig- ravH lias liviierboloidic posilioii, the vertices not lying

in the same plane, llie bearing planes not passing through the same

same point and those planes not being touched in tliose vertices by

all quadivatic surfaces herewith generated. Analyticallj' as well as

geometrically we can convince ourselves in a simple way of the

reverse.

Witii respect to a rectangular system of coordinates (XYZ) the

four pairs of equations.

y = P-"+ <;

I

— .'/ = /''+ '7

j

!' = — 7''''+ 7
I

— // = — p.i; -f q
j

represent four lines /,, /,, /j, I, with hyperboloidic position. For the

conditions under Avhich the sui-face

ax' + h;/' 4- c:' = 1

contains one of those lines are

a ->r
hp" + rr-' =. 0, bpq -]- crs = 0, h,f -\- rs' =z 1

,

any of the four lines being taken. Now these lines /,, /,, /,. /, hang

together in such a way, that by a rotation of 180°

round tlie axis OX llie liiu's /, and I., ;iud likewise the lines /j and If jjass into eucli olher.

01' .. .. /, .. /, I.. .. /4

OZ .. .. /, .. I, /.. . h

If now in a plane <t^ the line /; describes a pencil of rays with

Oj as vertex, the lines /.,, Z,, /^ will describe the pencils obtained by

making the pencil (/J undergo a rotation of 180° round the axes

OX, or, ()Z, where tiie four vertices ()„ O^, 0„ 0, will not lie

in the same plane, aud llie bearing planes will not pass tlii'ough the

same point. And then is also excluded that the planes «i, «,, «,, «, are

touched in O^, <>,, <>,, <>., by the generated quadratic surfaces' For two

quadratic surfaces touching each other in four points not situated in

one and the same plane coincide and the surfaces under consideration

do not.

Let us consider geometi-icully a more special case connected with

a regular Ictraliedron. We start from a cniie and take (fig. 2) one

of the two groups of four not ailjaceni vertices ^liJ,J,.l^ as vertices

of this tetrahedron. Then the faces A^A^A^, A^A^A^, A^A,Af,A^A,A^

of this tetrahedron are tlie bearing planes «j, «,, «,, a^, the centres

of those equilateral triangles are the vertices O^, 0„ 0„ O^ of those

pencils. .\iid llie rays /,, /,, /, corresponding to an arbitrary ray /,

of the tirst pencil are found again by a rotation of 180° round

the lines <L\', OY, (>Z through the centre of the cube pai-allel

to the edges of the cube, which are at the same time the connecting

lines EE\ FF' , GO' of centres of pairs of opposite edges of the
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Fig. 2

tetrahedron. From a simple inspection of the figure appears that

the three points, in whicli any of the faces of the tetrahedron is cut

by the corresponding three rays lying in the other faces, are situated

on the second asymptote of the hypei-bola passing through the three

vertices of that face and liaving the fourth corresponding ray lying

in that face as an asymptote. So this ensues inter alia for the face

^,./l,^4, from the three relations:

So already four lines rest on li,l„I^,l,, namely one in each face,

which pro\'es that the lines /^, /.,, /,, /, liave liyperboloidic position.

6. We leave our original problem for an other moment in order

to investigate first the series of quadratic surfaces furnisiied in the

last special case under consideration by the quadruplets of corre-

sponding rays. All these surfaces have eight points in common, the

four vertices t\, (J^, O^, (f,, of tiie pencils and the four points O^,

0,, 0., Og symmetric to these with respect to the common centre

0; so they belong to the net iV^ of the quadratic surfaces deter-

mined by seven of those eight base-points (>,-, forming in their turn

the vortices of a cube. We can iikewiso point out eight common

Proceedings Royal Acad. Amstcrddin. Vol. Vlil.
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tangential planes, tin' four planes ><,, d.^, «.,, u, of the [)encils of

rajs and the planes a,^, rt,,, rt., «„ parallel to the former and sym-

metric to these with respect to O ; so those quadratic surfaces are

a pari of the tangential net JVt determined hj seven of those eight

base-|ilanes «,, enclosing together a regular octahedron. So our series

of surfaces being formed b_y the surfaces common to ^V^^ and xV(, can

be regarded as the intersection of those nets.

The tetrahedron of which the origin O and the points A', ,
}'^ , Z^

at infinity of (he axes of coordinates tire the vertices is common
polar tetrahedron of all surfaces of the two nets JV^ and i\V In

connection with this N^, has instead of a single infinite number of

cones six pairs of planes, a pair through each of the edges of the

tetrahedron, and Nt contains instead of a single infinite number of

surfaces reduced to conies six pairs of points, a pair on each of the

edges of the tetrahedron. So we find the most general projective

transformatiori of the series common to A'^, and y^t, by starting from

an arbitrary tetrahedron, an arbitrary point and an arbitrary plane

through this point and by then representing to oursehes the surfaces

having tiie given tetrahedron as polar tetrahedron, passing through

the given point and touching the gi\en plane.

We prepare the deduction of the three characteristic numbers of

our series of surfaces i)y determining the locus of the points of contact

with one of the eight base-planes, say «,. By considering the indicated

relation

A,C.^ = i\A^ , A,D, " D,A.^ , A.^B^ = B,A,

between the two lines /; and /', (tig. 3), in which a^ is cut by the

quadratic surface belonging to 1^, we lind immediately that -S,, Cj,Z),

on A^A^, A^A^, A.,A^ describe projective series of points when /,

rotates round ()^ and that /'; envelops a conic described in triangle

Fig. 3
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A,A,A^: by (lotcnuiiiiiiu- for cacli of the pairs of prqjwtive series of

points on each of the bearers the point corresponding to the point

of intersection of the bearers reckoned to belong to the other series it

becomes evident that tliis conic tonches tiie sides in the centres, so that

it is the inscribed circle c\ Tlie point of contact being the point of

intersection L^ of /, and /',, the locns of this point is at the same

time the locns of the point of intersection of the corresponding rays

of the pencil (1^) of order one and the pencil {l\y of order two

formed by the tangents /', of c'', thus a cnrve c' of order three with

Oj as node and the tangents from (>, to c'\ i.e. the isotropic lines

through (}^ as nodal lines. This curve represented in fig. 4 touches

the sides of the triangle ^lj.l,.l, in the centres and has the points at

Fig. 4

infinity- of the sides as inllectional points; the inflectional asymptotes

run parallel to the sides at distances of four ninths of the height.

In normal coordinates its etjuation with I'espect to triangle A^A^A^ is

whilst the Pliicker numbers are

n = S , d=l , c = ,

??t :^ 4 , i = , i :=z B .

As is known we mean by the three characterizing numbers of a

simple infinite series of surfaces the numbers fi, v, q indicating

successively how many surfaces of the series pass through any given
53*"
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point, loucli any ^i\ fii line, toueli any given plane. From the following

will he evident tliat in our ca^e tliese numbers are 3, 0, 3.

All the surfaces of tlie net N^^ witli tiie eight base-points (f;, j)assing

moreover through any ninth point (>.,, form a pencil with (J as

common centre and <>.\, (>]', <>/ as common axes. Each surface

of that pencil touching one of tlie eight l)ase-planes «; touches them

all, so it belongs to the series. A ])encil of (piadratic surfaces con-

taining three surfaces touching a given plane, we find (i =r 3.

All surfaces of the net /V( with eight base-planes «,, touching

moreover an arbitrary ninth plane «,, form a tangential pencil with

O as common centre and OX, i>V, <}Z ai> common a.xes. Each

surface of that tangential pencil i)assing througli one of the eight

base-points 6*,-, contains all these, so it belongs to the series. So 9 = 3,

as three surfaces of a given tangential pencil pass through a given

point.

The number of sui-faces of the series touching an arbitrary line

of the plane A.^AsA^ is three, because this line cuts the locus of the

points of contact (tig. 4) in three points. As the line is assumed in

a common tangential plane, each of those three cases counts twice

;

so V =: Q, as is immediately confirmed analytically.

So the indicated series of quadratic surfaces is a series (3, tj, 3).

Indeed, we also obtain a series with eight common points and

eight common tangential planes possessing the same characteristic

numbers (3, 6, 3) when starting from a common polar tetrahedron,

a point and a tangential plane not passing through this point.

7. We have two more [joints to consider with respect to our

original problem. Firstly, we wish (0 point out how the case in

which (f^ breaks up into fbm- rpiadi'atic reguli is easily realised

;

secondly, we must show that all (piadruplets of corresponding rays

have hyperboloidic position as soon as this is the case with four

of those quadruplets.

When the original part of the locus 0" is a regulus (P the pairs

of transversals of the cpiadruplets of corresponding rays are the pairs

of generators of this regulus arrayed in a ipiadralic involution. If

such a quadratic in\(iluti(iii of pairs of rays is cut l)y a plane situated

arbitrarily a quadratic iuvoinlion of pairs of |)oints is generated on a

conic; this involution is as one knows chaiaclerized by the jtroperty,

that the connecting lines of the points conqileling each other to a pair

pass through the same poinl. To realize the ab()\e-nienlioned case of

decomposition of the locus W we start I'roin an arbitrary i-egulus

(P, whose generators we regard as j)aired olf in in\()lutiou in a
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ilefiiiitc way, and from four arl)itrary ])lancs «;, a,, <f,, l(^. If llion tlic

pencils of rays in tiiose pianos lyini;' porspectivoly to llie (|uadralic

involulions of points of liic sections are taken as tlie projeclively

related pencils of i-ays of th(> prol)le!n, then the surface <>' is evidently

the intefirating part of liic correspondinii' surface < >\ so this must

real!}" also he completed to a surface of order eight l)y three other

regnli <P. To conform this we allow an analytical treatment to

follow this geometrical ccmsideration.

We suppose the locus proper (^ lo be decomposed into its genera-

tors by means of the equations

y. + ;.,/ =
I

and we assume that the genei'ators lielonging to ;. =r (T and to A = oo

represent the double rays of the (piadratic involution on < P, i.e. that

in this involution the rays with the same absolute value of P. corresjiond

to each other. Here p, 7, /•, -v are genei-al linear forms in ,;•, y, z,

according to the formula

whilst the tiiree planes of coordinates ,v ;= 0, 1/ = 0, : ^ and the plane

at infinity will do duty for the planes «i, «.,, «„, «, of the })encils of

rays to be found. The tracing of these pencils is simplitied by repre-

senting the minors of the determinant

A =

/'•i /'

'h

according to the elements pi , qi , ri , .v/ by Pi , Qi , Ri , S;.

If we perform the described calculation with respect to the plane

.( = 0, there is occasion to represent the equations

(/'. + ^-'h) y + (;', + h.) = + 1\ + h. = »

('•. + >'-^.) // + ('•., + ^'S) ^- + '. + ^-u =
determining together the point belonging to ;. of the conic of the

section, for sliortness'sake by

{p + Ay), =
I

Then
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is an arbitral'}' line tiirougli point. ). and

is the condition expressiiif;: tliat this Hne (1) through point P. contains

at the same time the point — ). and is thus the ray of the pencil

looked for, correspond ing- lo lli(> parametei-\alii(' ).. If for shortness'

sake we write here
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II Q, I', + % r, + /•(/', Y, H- n, .,) = ,

Tlf . . . Q, y., + .S, ., + /• {/\ V, + A', .,) =()(

For which \;iliies (if / liiuc lliese four r;ivs livperlxjloidic position ?

To tiiis eiul il is necessary and siiClicieiit Ihal Ihc pnints at inlinity of

I, II, Iff lie on a riuht lino. Sii for / we lind llie cnbic eqnation :

So in reality three rennli ha\e se|)arated from tiie snrfaoe 0".

8. Finally we iiave still to indicate Ihal all (|nadrn}ilots of eoi're-

sponding rays lie hyperboloidically if fonr ((nadraplets do. This proof

we join on to the most general case of four arbitrary planes Oj, «,,

«j, a^ and fonr arbitrary [)oints (\, U^, (>,, ()^ in them. If A, A^ A^

is the face «, no longer e(inilateral, then the projective pencils {!,), (/,\

(/J describe on the sides J,.l,, J.,.l,, .1.^^!., the projective series of

points (C,), (Z),), (/j,) possessing for / = 4 four triplets of points on

the same right line. In that case Ihc conies enveloped by the connect-

ing lines CJJ^ and D^B, have live common tangents, i.e. /I,^.l^ and

the fonr lines bearing corresponding triplets of points ; then those

conies coincide. So the supposition of four such triplets leads to the

case that there is an intinite number of such triplets. But then in

each of the fonr ])la]]es tt^, (t^, «.,, «, lies a cdmuion transversal of

each corresponding quadruplet, etc.

We now conclude by showing that in order to determine four

projectively related pencils of rays vvith merely hyperboloidic (jua-

druplets the four planes «,, a^, f(,, «, and the fonr \erlices (>^, (>^,

0^,0, in them can bo taken arbitrarily by showing that to a ray /•

drawn arbitrarily in «, tiirough O^ only a single triplet of rays

4' 4' h of "'6 remaining pencils corresponds, forming with /, fonr

lines with hyperboloidic position crossing each other.

If ((, V, o represent successively the conditions that a quadratic

surface contains a point, touches a line and touches a plane, then

- F„ \2v' - 8r'^ ill + o) + r(S,t'^ + 2,/,o + Ho'^) - 2(,i' + .,')(

indicates according to Hurwitz the inimber of surfaces through au

arbitrary line, which satisfy the sixfold condition V, {Mat/i, Aim.,

vol, 10, pau'o .'}ri4). So the number of (juadratic surfaces tlirougii /,
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containing tlie points 0.^, 0,, O^ and toucliing the planes «.^, «,, a^

is represented lij'

-f«'p' i2i'' — 3r'' (ft -4- o) + r (Sft" + 2;to + 3o') - 2 (ft» + o')!,
4

which in connection with tlie hnv of (hiality can be deduced to

~ ft'(>' \v' — 3fti'' + 3fiV 4- firo - 2;t'|

.

Out of the wellknown results (H. Schubert, "Kalkiil der abzahlenden

Geometrie", Leipzig, Teubner, J879j

Ii'v'q^ = 104, ix'v'q' — 68, (i'vq* = 42, ix'vq' = 34, ii'q' = 17

we (ind that there are five quadratic surfaces satisfying the given

conditions.

However it is now easy to see, that only one of those five

solutions furnishes four hyperboloidic lines /;, /^, 4, /^ crossing each

otlier. We (ind namely four solutions not to be used for our purpose

(fig. 5) if we doterniine /,, /,, l^ in such a way so as to cut the given

l\ 5
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line /,, or when having taken one of these three Hnes in that manner

we choose the other two in sneh a way that tliey l)o(h out this

new line. So there is only one sohition, in wiiieii the four lines

/,,/„, /,,/j cross eacii otiier.

From (lie above consideration wiiich can easily be confiriiied

analytically ensues that the snpposition of four planes ft; given arbi-

trarily and of four vertices (){ given arbitrarily domiiuxtes the case

of four projecti\e pencils of rays with merely hyperboloidic qua-

druplets to such an extent that the projective cori-espondence is fixed

by the condition of the hyperboloidic position. This now again includes

that the case of the three quadruplets with hyperboloidic position,

treated above in details, cannot present itself if the planes «; and

tlie points ('), have been taken arbitrarily. For these three quadruplets

must also put in an appearance if we wish all quadruplets to have

hyperboloidic position, and they determine the projective relation

luiequixocally, i.e. three hyperi)oloidic quadrujilets lead here to pure

hyperboloidic (iuadruplets.

Not to get too redundant, we put aside the examination of the

less remarkable series of quadratic surfaces, answering to this most

general case of four pencilr. of rays with merelj' hyperboloidic

quadruplets.

Astronomy. — "On thi' orbital planes of Jiqylters mtelUh's" . By

Dr. W. DK Sitter. (Communicated by Prof. J. C. Kapteyn).

The following pages contain a condensed summary of the resnlts

of an investigation, which will soon be published in detail in the

"Annals of the Royal Observatory at the Cape of Good Hope".

The material on which this investigation is based consists entirely

of observations made at the Cape Observatory, viz. :

1. Heliometer-observations made in 1891 by Gill and Finlay,

discussed by me and published in my inaugural dis.sertation. ')

2. Photographic plates taken at the Cape Observatory in 1891,

measured and discussed by me.

3. Heliometer-observations made in 1901 and 1902 by Cookson,

discussed by himself and i)nblisheil in Monthly jS'oticcs, June

1904 p. 728—747.

4. Photographic plates taken in 1903 and 1904, measured and

discussed bv me.

') Discussion of Hcliometer-Observalions of Jupiter's Siitellites, Gronlngen J, B.

WOLTERS 1901.



(
''i«

)

.\ly aim willi lliis iincslitialion was o\cliisi\cly llio (lolorniiiialinii

of ilic iiicliiialiiiiis ami ikkIi's of llic orliilal planes df Ihc salcllilcs

and (if llic nidlidiis ((!' (liesc nodes. The ])ltvles of Ji)03 and 1904

were lakcii in (irdei- lo provide a second epoeli tVoni wiiieli tliese

niolions conld lie doti'i'niinod iiy a comiiarison willi llie ohserxalions

of 18{)].

Tiie line series of ()l)ser\alions, made liy Mr. IJrvan (V)OKSon in

I'.KIl and l!K>"2 incivases (he weiuiil (if (his (le(erniina(ion eonsiderably.

I have ah'eadv poiideii (iu(, in (ho tonrth rhapler (if mv dis.serta-

(ion, (hat the deterinination of the other elemeids, whieii must be

derived from the observed (jovicentric) longitudes, is proimbly siitlfi-

eiently provided for by the observations of eclipses. Moreover from

the observations mentioned above sub 1. and 3. nil elements were

determined.

Ecli|)se-oiiservalions are however not well adapted for the deter-

mination of the inclinations and nodes, which innst be derived

from (he observed latitudes, as I liave shown, 1. c. pase 77. The

principal interest of the determination of the orbital jdanes lies in

the comparison with (he observations of the larf.^e motions of the

nodes, which are demanded by the (heory. Since tliese motions are

produced almost exclusively liy the large polar compression of the

planet, the natural fundamental plane to which (he latitudes must

be referred is the eqiuxtor of Jupiter.

If we refer the positions of the satellites to a system of co-ordinate

eixes, of which the axis of // is the projection on the sphere of a

line perpendicular to this fundamental plane (i. e. of Jupiter's axis

of rotation), and the axis of ./; is the great circle throngh the centre

of the planet perpendicular to the axis of //, then for the determina-

tion of the inclinations and nodes the // co-ordinates of the satellites

ai'e alone important. Only these co-ordinates have therefore been

measured. The plate was, by means of the position-circle with wdiich

the l\.epsold measuring machine of the Astronomical Laboratory at

Groningen is provided, brought approximately in the position-angle

P -\- 90", where P is the position-angle of Jupiter's adopted axis

of rotation. The plate then has a motion parallel to a straight line,

which nearly coincides with the axis of ,r, and which is defined by

the axis of the cylinder which guides the jdate-holder in its motion.

The co-ordinates perpendicular to (his slraight line were then measured

by the micrometer screw. These differ from the co-ordinates y only

by small corrections (refraction, orientation and scale-value). In this

method the measured (piantitics never exceed a few revolutions of

lli(> sci'i'W. All erroi's of rcseau-lines, division eri'Oi'S of (he scales,
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error of |)rojccli(iii, (.'Ir. arc avoided. The slraj,i^lilness nf llie ev liii(l(n'

Wiis repeatedly tcsled In eoiii|)aris(iii willi a siretelied spiderliiic.

I(s errors are eertainlv smaller lliaii 0.2 micron. The |i(isili(in-aiigles

were read nil liy Iwd microsc(>|)cs, and llie iirieiilalioii ol' Ihe plale

was delcrmiiied from a pair of standard slai's, which were for this

[)nrpose ])liotog'raplied on each plale, and from (rails of the salelliles.

The (N'rctrs of oliservalion ol' Ihe measures of ihc salclliles are satis-

faclory, dislorlion of Hic phoio^-raphic lilm cannot he deleeled, and

th(^ discnssion of a do/.en plates, w liicii were specially taken for lliis

jinrpose, shows llial the detei'mination of the orientation from Ihe

trails is always practically IVee from sysleinatii' I'ri-ors, while Ihe

same can lie saiil of the determinalioii from the standard stars under

certain conditions, which are however iiol always fnltilled. The

accidental errors of lioth delerminalions are very small.

The image of the planet has not been measured. 'J'he ol)ser\ed

co-ordinates contain therefore an unknown additive constant (dill'erent

for each separate ])lale), which was eliminalcd Ity using in the

subsecpient reductions the co-ordinates i-eferred to the mean of all

the satellites occurring on the plate as origin. I'he eipiations of con-

dition and normal equations for these relative co-ordinates are very

sim|)le and symmetrical. The limited space at my disposal prevents

me however from entering into more details regarding the measures

and reductions. I will at once state the results.

The unknowns which were determined from each o[i|iosition were

the corrections to the adopted values of the elements jt and y of

the four satellites which are defined by the formulas:

;' = ''•^''«(— SI)

q = i cos {— SI)

where / and ^ are Ihe inclination and ascending node of Ihe orbital

plane of the satellite referred to Ihe fundamental plane. The longitude

of the node is counted from the ascending node of the [ilaue of

Jupiter's orbit on Ihc fundamental plane. The (piantities referi'iug lo

the four satellites are distinguished by the suflixed numerals J lo 4.

The following table contaijis the results of Ihe diU'crcnt series of

obserxations with their probable errors.

The values for 1891 {He/ioineter) are those derived in my disser-

tation with a few unsigniticant corrections in the last decimal [tlaces.

The results from the heliometer and those from the plates have been

combined with Ihe relative weights 2 and 1.

The results for 1901 and 1902 are quoted from the communication

by Mr, CooKsoN in the Monthly- Notices.

I have however boon compollod lo I'oject /\jt^ i\m\ Ay^ fyr IWi
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and 1902. All oilier (•(irroclioiis Lp and Li^ doiixcd IVoni IliCdliser-

vations are included in the tbllowing discussion, with weights in-

versely proportional to the squares of their probable errors and

corresponding to a p. e. of weight unity of ± O.°0050.

Before this discussion can be related the theoretical expressions

for p and q must be developed.

At the time when the analytical theory of the satellites was created

by Lagrange and Laplace, the eclipses were pi'actically the only

phenomena of the satellites which were observed. For these the

natural fundamental plane is the plane containing the axis of the

shadow-cone, i. e. the plane of Jupiter's orbit. This was accordinglv

used by them. Soiillart, in his theory published in 1880, followed

their example.

The lirst thing which must be done before the theory can be

compared with modern observations is thus to reduce the expressions

for the latitudes referred to Jupiter's orbit to latitudes referred to the

equator. This has already been done by Makth, who in 1891

published tables for the computation of the co-ordinates of the satel-

lites, based on Soiillart's theory (Monthly Notices, June 1891, pages

505—539).

Let / and N be the inclination and node ') of the orbital plane

of one of the satellites with reference to the orbit of Jupiter.

Soullart's theory then gives

li sin A'i 3= 2 bij sin Oj -\- [i; o) sin 6^

,

(1)

/, coi Ni =! !E bij sin dj -|- (i,- to sin 8\
j = i

In these formulae to and (9„ are the inclination and node of Jupiter's

equator on its orbit. All longitudes are counted from the first jioint

of Aries. The quantities by are constants, and the angles i9; vary

proportionally with the time. Of the consta)its hjj foui- 0]dy are

mutually independent. If we put

:

bii
—

ri bij = a,j yj ,

then the y, are constants. The multipliers Oij and ft, and the coefti-

cienls of the lime in the expressions for &i are given by the theory

as functions of the masses, the compression of Jupiter and the mea)i

motions. The constants Oy-ai'e small numbers (the largest is ff^a = 0.1944)

with the exception, of course, of tliose in the diagonal, <7,v
= 1. The

value of ft,- diifers little from unity. The angles y; and 6li are what
Lapt.ace calls the "iucliuaisoiis et iu)euds propi'es" of the satellites.

') With node I iiican ascuiuliiig nude, unless utlifrwisu staled.
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T/'t iiciw (r)^^ niid it'„ lio llio incliiialioii and tln^ Innnitiido i'c(Miiito(i

(Vdiu llic lirst |i(iiiil (if Ai'ies) of the (lesceiidiiin' node of llic plane

wliicli 1 wisli lu ad()|)t as tlie riindaincntal plam^, i-elorrcd lo llie

plane of .Inpiler's oi'bit. Tjongitndes in Iho I'nndMnicnIal |)lane are

C'onnled iVoni tlie node if'„ as zero.

Then if I and J^ are (lie incdination and node of llie oiiiit of one

of tlic satellites referred to the fnndanienlal plane, we have, nej;leetinji'

quantities of the third order in /, / and io„ -.

isin SI — /.-///( A' -tf'„)

7-mv^ — 7,v..s(A'-i|>„) + oj„

If fnrllier we inlrcidnee the notations

r,= iy„-&, I,, :,= ,,,^ _ ^^ 4^ 180=

.vi= Yisin^^ri .1-^ =^ 10 sin ip ^
. . . (2)

_?/, =: Yi con Pi ?/„ ^= It) cos xp

then the expressions for p and (j become:

4

;
(3)

?i= ^^ Gij llj -\-{\ — [Xi) tO„ — (M ij,

i=i 1

Marth has adopted

(o,, = the valnc of to )
, , ,

iQAo ti'Oiii boriLLART s theory, )

and has computed the vahies of p and q hy the formulae (3), taking

The unknowns y,-, r;, ,i\ and y„ must be determined from the

equations (3). This is, of course, only possible if the coefficients

Ojj and Hi are known. I ha\'e adopted tliese coeflicients from

Souillart's theory, as being the best available. They are very com-

plicated functions of tlie masses, the compression of Jupiter, and the

mean motions. As a rough approximation, we can say that the

coeflicients a^ are projjortional to the mass m.j. Since the masses are

very imperfectly known, the same thing is true of the coefficients of

the equations (3). Therefore tlie results of the present discussion cannot

be considered as tiiial, but the discussion will have to be rejieated

when better values of the coeflicients are axailable. The results here

derived will however donbtlessly represent a very fair approximation.

It mdij perhaps be mentioned that the nncertainty of these coeflTi-

1) Marth lias made one or two mistakes here, wliich will be duly mentioned

ill the detailed publication, but as they liave no influence on the result llioy can

be iguoied at present.
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cieiits is luit due to <nir iiiiioraiico with respccl to tlio masses alone.

Tlie values of tliese eoefilicieiit.s derived by Souillakt from the same

masses and elements bv two different methods of integration show

<iilFerenees of such amount, that the consequent differences in tiie

computed \alues of [> and </ are of the order of the errors of

observation. It is hardly to be expected that this defect in the theory

will bo remedied before the eqnator is introduced instead of tiie

(u-ltit as the fundamental plane of the theory. The coelVicients adopted

by ^Iahth and myself are those derived from the second method

of integration, which is also preferred by Souii.laut liitnself.

In the following discussions these coeflicients are treated as absolute

constants. If we denote the corrections to the adopted values of

,r,- and y, by dc, and d>/,-, then the unknowns

must be determined from (he equations

2a,jif.vj - Hi ,r„ = A/>,-

I
... (4)

2: Oij 6yj — Hi 2/, = A qi \

The term (1

—

fii)«"(, in the second equation (3) must, of course,

be treated as rigorously known.

The solution of the equations (4) is conducted in the following

manner. I deline the quantities A .r,- and A j/,- by the equations

- ffi? A Xj = A p;

I
^^^

2 Oij A Hj = Lqi \

These equations are solved once and for all, and the solution is

:

A., = ^o-Ap,
J

^^^

A //,• = 2 Oij' A qj

Further, if we [)ut :

Hi' = 2 Oij Hj

then the equations of condition become

:

d.»j — Hi -''o
^= A Xi

(fyi — tii' y« = ^ i/i

Next, if we denote the originally adopted values of xi aiul »/, by

.(',,, and i/ia so that xi^xi^ -\- dnj, yi=i i/i^-\- <fi/i , then the equations

become:

Xi — Hi' •''u
=

'''/u
-\- A.'',

(7)

(8)
yi — iM'ii„ = yi, + ^yi\

In Ihe.sc ccjuatioiis .j;,- and ?/, are defined by the equations (2), where

the •/, are constants, and /"• = r;,, -|
'

[t— t^). The unknowns, which
dt
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iiiiisl lie (letcriiiiiied IVoiii tlie seiliitioii of Ihe equations (8) are

.'•„ //o. Yi, r„ and —

.

d^^
The values of — lor llie tour salellitcis are liowever not mutuallv

dt

in(ie[)endent. The theory gives these diil'erential coet'licicnts as t'unetions

of tlie masses of the satellites and the compression of Jupiter. The

masses need not be considered here. I have tried to determine a

correction to m,, luit this determination had too small a weight to

have any real value. The influence of the other masses is even

smaller.

The compression entei'S into the formulas through the factor J/j',

Avlicre J is the well known constant, w'hich is approximately equal

to Q—Ys f (Q ^ elli[»ticity of the free surface, (f = ratio of centri-

fugal force to gravity at the equator of Jupiter) and /; is the equatorial

radius ') of the planet.

If we introduce as unknown :

then the true \alues of the coeflicients of t arc

dPi A/TA
,

dt \ dt /,

The coeflicients en depend practically alone on the mean motions,

dPi
and must be treated as absolute constants. Tliey dilfer little from ——

•

dt

itself, and conseipiently the ratios of the motions of the nodes must

be considered as approximately constant. The adopted values accor-

ding to Souillaut's tlieoi-y are (daily motions)

:

/"dr.^
14109

I
—- =:0°.007019

^1 = 0°.033010 r^^ = 0°.001898

The 36 equations (8) thus contain the Jl niiknowns

These equations must be solved by successive approximations. The

conditions for the application of the method of least squares are far

from being fulfilled.

These iipproximations have been conducted in the following manner.

It).

') In the orisiiiiul Dulili h was crroneoualy slated to be tlie diamctei', instead

if the railius.
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l^'<^t '''.lo !'«,< '"^ apprnximalo valuoi^ of .)„ and v„, lliiis ''„ = ''•„„ + ff.j;

anil //„ = '/„„ + 'f.'/,,- Wo lia\'o llien:

,r,- — in' ff,r,, = ,,/„ 4- L.ri -]- /(/ ,(•„„

,'// I'l rf//„ = ,'/(„ + i^.l/i + M' //on

If we suppose tliat tln^ ap|)r()xiiiiati(in .r„„ ?/„„ is already" so i^'ood

ilial fir,, and ff//„ can 1)0 negleotod. Ilien llieso eipiafions heconio:

v...--, n=-V,. + ^.. + ,./,...

j ^^^^
y,rm- r,=,v,„ i- L;,, +f'/ ','/„„

'

Next I conipnle llio quantities ;/, and (,'i from the equations:

,/, d,> <!i = ,)/„ -f A ,(•,• + in' ,r„,

I

</; cos (?/ = ?/,„ + A 7/,- 4- (l; */„„ i

Tiie other unknowns are tlieii determined from tlie equations:

r„ + '^(^-U=G,] (12)

(I p.
If tliese ecMiations 2;i\e eonstant \aiues for v, and vahies of —'-.

'

,h
'

whirii ean l)_v an acoeptahle value of a he made t'oiisistent with

the theory, then the appromation is sullllcient, if not, then a new
approximation must be made. As a first approximation I have assumed:

.'•„„ = ,'/„„ = <»•

The equations (12) were then formed and solved. In this solution

rir,

I have determined the values ot —— tor the tour satellites separately

without introducin,s>- the theoretical i-atios ah initio. The e(piations (12)

then consist of two sets for each satellite and each of these 8 sets

is independent of all others. The residuals which remain after (he

substitution of the residtiug values of the unknowns will be given

below together with those from the other solutions. The probable

error of unit weight was ± 0°.0()8(;.

The motifins of tlie nodes iu this solution are (Sol. I):

':^ = 0°012l;3 — =0°.O0587
dt dt

dr, dT^—
' =: 0°.03n266 —

* = 0°.00189.
dt dt

If tliese are com[)arod with the theoretical values, it appears at

once that their ratios arc \ery different. The node of satellite I,

wliicli according to the theory has a yearly motion of about 50^, in

lliis solution shows a motion of about 5°. The ratios of the tln-eo

54

Pi'Oceediug!? Royal Acad, Amsterdam, Vol Vltl.
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other" motions also ditTer (•oiisi(loiixl»Iy from tlieir theorclicnl \;xliies.

Moreover tFie inolinalioiis arc f'ai' from coiislaul, as will lie seen at

once from an inspection of (lie residuals Ixy.

dr^
Tt must he mentioned liial the value ol aurees anproxiniatelv

<//
'

'

with the value derixcd h\ CooKsoN from Ihe oliservations of 1891,

1901 and 19()"2. 'I'liis could have been exjiected since Cookson in

this determinafion also ueiilected the corrections to tlie position of

the efinator. The dilference liet\\een Cookson's \alue of and the
'

,lt

\'alue of SoL 1 is not due lo a had a^reemenl of (he ohser\ations of

1903 and 1904 with those of 190! and 1902 (which on Ihe contrary

agree extremelv well), but to the fact that in Sol. 1 the corrections

to the elements of the other satellites were eliminated bv means of

the transformation from Lj^) and l\q to L,r; and L^/, while Cookson

did not elinn'iiate these corrections but neglected them.

I ha\e now made a number of further solutions, in which 1 started

with approximate values .i;„„ and //„„, and introduct'd Ihc uidcnowns

thus rigorously subjecting Ihe motions of the nodes to the theoretical

condition. The unknowns ff //„ and y. are badly separated. The

weight of the deterndnatiou of y. is considei'ahly diminished by the

introduction as unknowns of Ihe corrections to Ihe jiosition of the

etpiator. That this must of necessity be so, is easily seen. If we had

observations of only one satellite at two epochs, it would be iijipo.^.tible

to determine both the motion of the node and the ecpiator. We
would in that case have only four data (the values of p and q at

each of Ihe epochs) for the determination of Ihe live unknowns
<ir

y, r, — , ,7;,, and i/„. Now x is practically determined irom satellite
dt

II alone. The motions of Ihe nodes of III and IV are too slow,

and Ihe inclination of 1 is loo small, lo allow a determination of

Ihe motions of the nodes of these satellites lo be made, the accuracy

of which would bo even remotely comparable lo thai of sal. U.

The motions of the nodes of I, III and IV are derived theoretically

from that of 11. If therefore Ihe latter is known, each of the three

others provides a determination of the equator. Then the determina-

tion of X from II must be repeated with this new position of the

equator, and so on until a satistactory agreement is reached. ')

') Cookson has in liis discussion of tlie observations of 1891, 1901 and 1902,

used this metliod, but lie rested content witli tlie firsl approximation. His correotions

tn llie e(iiKitor deriveil fi'oni satellites III and iV are in llie same direction as liie

values found iiv me.
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Tlie sdhitiun was imt actiuillv nuulo in tliis wav, lint all ecjiia-

lioiis were Irealetl simnllaneonslv. This eonsidenition is only given

here to |H)int out (hat the position of the eqnator is nltimatelj

(leterniined In the condition that it shall he the same tor the fonr

satellites, i.e. (hat the inclinations shall he constant, and the motions

of the nodes shall be consistent witli (he theoretical ratios. Since a

small displacement of the equator has a large intlnonce on the

motions of the nodes, in consequence of the small inclinations, it

can he expected that the unknown x and the quantities which

determine the position of the ecpiator will niutnally dindnish each

others weights. (That this decrease of weight is actually miu'h more

marked in the case of //„ than for ,(•„, is accidental and depends on

(he choice of the zero of longitudes).

By these considerations I have been led to try whether the value

of X could not be determined from a comparison with other obser-

vations. 1 ha\c used the values of (9, for 1750 given by Delaubkk.

A \alue of x was adopted, such that the value of d^ carried Itack

to 1750 from (he modern observations would be nearly equal to

(he \alue gi\en by Dklambke. The unknowns ,<•„, y„, rfy, and (fr/„

were then determined from the modern observations alone.

This gives solution VII. In solution VI on the other hand all

unknowns (inclusive of x) were determined from the modern obser-

vations. I give below the results from these two solutions, which I

consider as the best that can be derived with our present knowledge

of the masses. I do not xenture to choose between the two solutions.

Probably an eventual correction of the coefficients <i,j will tend to

reconcile the two solutions.

Instead of /^ I give at once &; = if',,
— Fj. The values are given

for li)00 Jan. Greenwich Mean Noon.
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From tlio values of x we liiid llie lollowiiiji- values ot ---

lie.—i — 0°.13064 - 0M3932 — OM4105
(It

-^1 — .U321U5 — .032633 — U .032974
dt

—^ — .000814 — 0. 006910 — .006983
dt

dd,—^ — .001839 — .001854 — .001863
dt

From the values ot" .c,, and '/„ we tuid tor tiie ineliuation and node

of the equator on Levkrrikr's urhit of Ju|)iter of JDOOO :

(o 3°.1107 ± °-0043 3°-1169 ± °.0022 3°.0680

& 315.727 ± -042 315.735 ± -041 315.410 .

With the exeejitiou t)f x all uukuuwus iu the two solutions agree

within the sum of their [U'obahle errors, and with only one excep-

tion (y,) all the correctious (o the adojited values are many times

larger than their jtrobable errors.

The residuals of the two solutions \ I and VU are given iu the

following table together with those of S(j1. 1. The probable errors,

w hioh have been adiled for eom])arison are somewhat larger than

those of the observed L p and Zi i], because by the transformation

from Lx [) and L q [o L ,v and L y, the [).e. must be somewhat

increased, even if we consider the eoeftieients o-y as absolutely exact.

The p.e. of weight unity, which was ± t)°.(J()86 for Sol. I, is

± 0°.(X)65 for Sol. VI and ± ()°.()()B4 for Sol. Vil. But it is chiefly

in their consistency with the theoretical conditions, that both sohitions

are incomparably better than Sol. 1. The inclinations are now^ constajit

within the pi'obable errors. 'I'hi' residuals of Ihe noiles only show a

systematic tendency for Satellite 1 (in Sol. \'ll, where the motions

of the nodes were not derived from the observations, also for Sat. II).

Still the agreemeni willi Ihe Iheoretical motions is nnich improved.

'I'he \alue of ' derixcd from Sol. \\ irrespeclive of the Iheoretical
,//

conililions would be ()'. 12.50, while the \alue coi'i'espomling to the

value of y. in this sobilioii is 0°.13()t). This is a great improvement

compared with Sol. 1 ((»^()121).

The results foi' Sal. Ill in I HOI and lilO'i, which in all solutions

gave large residuals. Iia\c in llie solutions \'l and \'
1 1 been rejected.

This rejection has no appreciable ijillneiiee on the values of Ihe

unknowns, mir on the other residuals, but it reduces the p. e. of
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p. e.

Sol. I

A y sin yAF

Sol. VI

A y sin ytS

Sol. VII

Ay sinyAT

1891

•1901

02

03

04

1891

1001

02

03

04

1891

1901

02

03

04

1891

1901

02

03

04

+ .0045

+ 85

+ 75

+ 60

+ 80

40

50

+ .0020

+ 40

+ 30

+ 25

+ 30

+ .0010

+ 20

+ 20

+ 15

+ 20

_.00«8 —.0003

+ 157 — 32

4- 213 — 38

+ 37 + 34

— 237 + 48

+ .0030
; +.0138 +.0002

+ 00 ; + 137 — 40

+ 50
I

— 73 + 2

— 95 +
— 210 +

+ .0<J48 +.0007

— 137 — . 33

— 114 — 77

+ 32 + 57

+ 33 — 30

— .0010 +.0001

[— 51] [+ 188]

[_ 86] [— 185]

+ 22 + 28

— 11 — 60

+.0005 +.0123

— 12 + 101

+ 55 — 97

— 33 — 155

— 5—99

+ .(X)17 —.0008

+ 73 + 20

— 63 + 50

- 2 +
— 30 —

+ .0047 +.0093

— 60 + 99

+ 8 — 100

— 61 — 112

+ 38 — 78

-]-.O016 +.0045

+ 56 + 8

— 05 + 29

1—29
13 — 104

4 +

— 0014 —.0029 —.0013 —.0037

[- 178] [- 29] i[- 181] [- 241

[- 152] [- 73]'[- 15.5] [- 67]
I

+ 11 + 56
j

+ 10 + 62

+ 14 — 31 + 12 — 22

+ .0<313 —.0028 +.0017 -.0031

[— 101] L+ 205]
I

[— 110] [+ 20(.>]

[- 83] [- 166] I [- 85] [- 171]

+
- 30

- 7 +
— 34 -

62

21

weiglit unity from ± ()\()()72 and ± ()'.0()73 to ± ()°.0()65 and

± 0°.0O64: for the solntions VI and VII respectively.

Tlie values of 6; carried hack to 1750 are:
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III coiicliision I must f;xj)ress my deep sense of jTratitiide towiirds

Sir David (4ii,i., who liberally placed the observations of the Cape
Observatory at my disposal, and was always ready to meet all my
wishes.

(April 24, 1906).
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PROCEEDINGS OF THE MEETING

of Friday April 27, 1906.

(Trauslalecl from: Verslag van de gewone vergadering der Wis- en Natuurkundige

Afdeeling van Zaterdag 31 Maarl 1906, Dl. XIV^.

COOSTTEliTarS.

L. BoLK: -'On the relation between the teeth -formulas of the platyrrhine and catarrhine

Primates", p. 781.

F. M. Jaeger? "A simple geometrical deduction of the relations existing between known and

unknown quantities, mentioned in the method of Voigt for determining the conductibility of

heat in crystals". (Communicated by Prof. P. Zeeman), P-
"93-

W. Burck: "On platits which in the natural state have the character of eversporting varieties

in the sense of the mutation theory". (Communicated by Prof. J. W. Moll), p. "98.

II. Straiil: "The uterus of Erinaccus eurupaeus L. after parturition". (Communicated l>y

Prof A. A. W. HuBRECHT), p. 812.

P. Zee.vax: "Magnetic resolution of spectral lines and magnetic force", (1st partj p. 814.

(With one plate).

Jan de Vries: "Some properties of pencils of algebraic curves", p. 817.

H. Zwaardemakeb: "On the-strcngth of the reflex-stimuli as weak as possible", p. 821.

Anatomy. — ''On the relation between the teeth-jormidaa of the

platyrrhine and catarrhine Primates". (Communicated by

Prof. L. BoLK).

(Communicalod in IIh- m(.>eliiig of Marcli 31, 190G).

Among the anatomical eliaractcri.stics by whicli the Primates of

the New-World — the platyrrhine apes — are distinguished from

those of the Old-World — the catarrhine apes and man — the com-

[tosition of the set of teeth takes a first place. They are charac-

terized because the_y possess in the upper and lower jaw one milk-

molar with premolar, which replaces this, more than the latter.

In simplified writing the set of teeth of catarrhine Primates may
be rendered by the following formula

:
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2 /. 1 C. 2 F.

2 (•. 1 c. 2 m. 3 M.

2 /. 1 <;. 2 m. 3 M.
2 I. 1 C. 2 P.

ill ^vlliL•ll tlie lectli of llic [leniiaiient set of teetli ;uv uritleu with

a i-apilal letter.

For the majority of Ihe plalyrriiiiie I'riiiialcs the tbllovviiig tbriiiula

hohls true :

2 I. 1 C'. 3 /'.

2 /. 1 c. 3 wi. 3 J/.

2 /. 1 f. 3 m. 3 1/.

2 7. 1 C. 3 P.

This last formuhx is only applicahle to the laiiiily of Cebidae,

whereas the Hapalidae diller from them because they have a molar

less, so that the formula for their set of teeth becomes as follows:

2 /. 1 C. 3 F.

2 /. 1 c. ,3 m. 2 M.

2 i. 1 c. 3 m. 2 M.

2 I. 1 c;. 3 p.

The difference however in the set of teeth between Cebidae and

Hapalidae is for the present of less importance, the significance of

it will be shown later on. In the first place the attention should be

fixed on the principal difference between all platyrrhine Primates

on one side and all catarrhine ones on the other, i.e. the occurrence

of only two milkmolars and premolars with these and of three milk-

molars and premolars with those.

It is not doul>tful that the set of teeth of catarrhine apes and of

man must be deduced from one that was composed like the set of

teeth of the now living Platyrrhines with three molars, so compared

with the set of teetli of those, the set of teeth of the catarrhine

Primates may be considered as reduced, the total number of teetli

is larger with the former than with the latter. In what way has

this reduction of the set of teeth come about, this is a question

which has been frequently put aiid which has been answered in diffe-

rent ways. An obvious conception is t-ertainly this, that a milkmolar

with his replacing tooth, the premolar, has become lost. But w^hich

of the row has disappeared? This question has been answered in

dilferent ways. Whereas the Anthropologists in general are more

of the opinion that the last milkmolar and premolar have been

linked out, zoologists, palaeontologists and anatomists accept the view
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that it lias been tlie lirsl, so tliat whieli I'ollows innnediately on

the caninetooth. The two opinions have in comnioii that they link

out a milk molar and its replacing tooth from the continuity of the

tooth row. On account of this the two theories may be distinguished

as the excalation theories. I cannot agree with any of these opinions,

it appears to me that tiie reduction has been brought about in another

way, but this can only be explained more fully, when I shall have

brought forward what pleads for and what against each of the above

mentioned theories.

The Anthropologists look for their proof material, or perlia[)S more

exactly for the argning of their theses in the variations in the set

nf teeth, which occur with man. Of late Duckworth among otliers

has again diawn attention to the fact that rudiments of a tooth, more

or, less developed often appear between the last bicuspid tooth and

the first molar tooth especially in the upper jaw and what is especiallj-

of importance, often on both sides. These rudiments are conical tooth-

points, now occurring single either on the inner or the outer border

of the alveolar margin, theji again double on each of the two

borders simultaneously. And Duckworth does not hesitate to Con-

sider these rudiments as the again visible traces of the linked out

third premolar : "on the whole we think that it is most reasonable

to adopt the view that they are aborted thii-d premolars, which

constitute a human type of dentition similar to that of the New
World Apes" '). From the investigation of Duckworth the following

must be mentioned. Firstly that the occurrence of these rudiments of

a third premolar is exceedingly diilerent with the different races :

in 300 old Egyptian skulls he found no single case, on the other

hand in some thirty skulls of Australians he found these rudiments

seven times. The set of teeth of the natives of New-Britain shows

this anomaly exceedingly often. With respect to the set of teeth of

the Anthropoids, Duckworth mentions that with seven of the thirteen

skulls of gorillas, which he investigated, the rudiments in question

were present whereas on the other hand he found them not a single

time with Hylobates nor with Orang-outans or Chimpanzees.

The reasoning of those who think that the first milkinolar and

premolar, following on the canine toolli have fallen out, in the

passing from the platyrrhine form to the catarrhine form is of quite

a different nature. It is a fact which is generally acknowledged as

being true that originally the number of [)remolars of the primitive

Primates did not amount to three but to four; so that already the

1) W. H. L. Duckworth. Studies in Anthropology. Cambridge 1904. p. 22.

55*
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pliitjrrhinesiilso, vvitli tlieir three premolars and niilkmolars, possess

a reduced set of teeth, and indeed among the group, of the primitive

Primates which Osborn puts together under the general name of

-j- Mesodonta, forms are found with which both in upper and lower

jaw still four premolars occur {-{- Hjopsodus). According to the

investigations of Lechk the number of four premolars has decreased

to three, because the premolar wliich follows immediately behind the

canine tooth — so the first or front of the row^ — has become lost.

As most convincing for this opinion of Lechk the set of -f- Micro-

choerus may count, where only three premolars occur in the upper

jaw, and still as many as four in the lower jaw, but of these the

first of the row has been reduced to a rudiment without function.

Where it is as good as proved that the reduction of four to three

premolars with the primitive Primates has been brought about by

the disappearance of the premolar following immediately behind the

canine tooth, where moreover we know that with other animals also

reduction of teeth may take place in this spot, there it is quite

comprehensible that the further reduction of four to three premolars

in the same place is localized. The difference between the two

explained opinions is easily made recognizable by writing down the

complete tooth formula of the primiti^'c Primates and that of the

now living ones.

Foi- the primitive Primates we get tlie fnllowiug formula in wiiicli

the prt)bably original number of Inclslvl has not been reckoned with :

/. 1. 2. C. 1. Jf. 1. 2. 3. 4.

i. 1. 2. c. 1. m. 1. 2. 3. 4. M. 1. 2. 3.

;. 1. 2. (• 1. m. 1. 2. 3. 4. M. 1. 2. 3.

/. 1. 2. C. 1. P. 1. 2. 3. 4.

For the Platyrrhines (Cebidae) the formula becomes :

/. 1. 2. ('. 1. 7^ 0. 2. 3. 4.

;. 1. 2. C. 1. m. 0. 2. 3. 4. J/. 1. 2. 3.

/. 1. 2. c. 1. m. 0. 2. 3, 4. M. 1. 2. 3.

/. 1. 2. C. 1. P. 0. 2. 3. 4.

According to the opinion of Anthropologists this formula becomes

for the catarrhine Primates

:

/. 1. 2. C. 1. P. 0. 2. 3. 0.

i. 1. 2. c. 1. m. 0. 2. 3. 0. M. 1. 2. 3.

i. 1. 2. c. 1. m. 0. 2. 3. 0. M. 1. 2. 3.

I. V. 2 C. 1. P. 0. 2. 3. 0.
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so the inilkiiiolars and [)lcInola^^i of man slionid lie tlie ori.ninal 2'"'

and 3"i.

According to the theory, mentioned in the second phace, the for-

niiihx becomes :

I. 1. 2. C. 1. F. 0. 0. 3. 4.

/. 1. 2. c. 1. m. 0. 0. 3. 4. M. 1. 2. 3.

i. 1. 2. c. 1. m. 0. 0. 3. 4. M. 1. 2. 3.

J. 1. 2. r. 1. p. 0. 3. 4.

so that with man tlie original 3"' and 4''' milkmolar and premolar

wonld still exist.

The last mentioned opinion seemed to me also to be the most

acceptable. It pleads for it, tiiat in a phylogenetically older stadinm

the first milkmolar and its [jremolar had already be(!ome lost, and

if then one lets the second follow, the reduction-process is localized

and more continuity brought into it. The following can moreover

be said against the opinion of the Anthropologists, that the fourth

milkmolar and premolar with man should have been lost. It may

be justly supposed that only those teeth can reduce, which fuUlU

the smallest function. And this now does not apply to the last milk-

molar and premolar. On the contrary. With the Platyrrhines we see,

that just that last molar does not only not stay behind by the others,

but is even the sti-ongest developed of the three. So with those

forms, where we might with some right suppose at least some indi-

cation to a reduction of this tooth, we on the contrary find a pro-

gressive development. No single reason can be given why in the

middle of this toothrow a tooth should suddenly have disappeared,

and why a discontinuity of the set of teeth should have come about

by which the function would have suffered considerably, no single

indication can be foand, neither in the ontogenetic nor in the full-

grown set of teeth, in the form of a diastem, that a tooth has really

become lost here, and so the first mode of explanation : that the

last milkmolar and its replacing tooth would have become lost, does

not seem probable to me.

But neither can the theory that at the passing from the platyrrliine

to the catarrhine type, the first milkmolar with the premolar belonging

to it, should have been linked out, satisfy me. The above mentioned

argument about it, is always only an argument per analogiam

without its being possible that a morphological proof for such a

reduction can be given. If the sets of teeth of Platyrrhines are com-

pared in particular with relation to the degree of development of

tlie first premolar nothing is found that points to a reduction of this
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tooth, at least with (lie now liviiii; forms; on the contrary, the first

premolar is often stronger than the second (Cebus, Chrysothrix,

Mycetes, Hapale). Then not a single indication can be observed in

the Ojitogenese of the set of teetli of man, which indicates that a

tooth should have become lost behind the canine tooth, the jiapillae

succeed each other very regulai'Iy in their origin and place. Moreover

if it were right that a molar and a premolar became lost behind

the canine tooth the remarkable fact remains still nnexpjained, that a

rudimentary tooth appears so often between the lirst molar and the

last premolar.

So I cannot agree with cither of the two opinions which prevail

jiow abont the dilferentiation of the set of teeth of the Primates,

i)ut I am of the opinion tiiat it came about in quite another wa^y.

To be short, my opinion aliout il is as follows: tlie set of teeth of

the catarrhinc Primates has originated from that of the |)latyrrhincs

by the disappearance of the last or tliii-d molar and of the last

or third premolar while the third milkmolar has lost its character

of temporary tooth and has iiecome a jiermanent tooth.

This opinion is explained by the two following formulas. If we
overlook the oi'iginal numlier of four milkmolars and premolars,

and inimber the elements of the platyrrhine set of teeth according

to their now present amount this set of teeth may be written

according to the following formula

:

J,. J.,. C. 1\. 7V P.,.

L. L. c. in,. in„. in.. 31,. M„. M..

ij. ij. c. wij. m^. m,. M,. J/j. J/,.

/,. /„. C. 1\. P.,. 1\.

The catarrhiue set of teeth has originated from this, as I\ and J/,

have fallen away in the u|)per aud lower jaw, whei'eas ///, becomes

,1/, iu lioth jaws, by which as a matter of course JA, of the

|ilatvrrhincs ijecomes J/„ ol' liic catarrhines, the M^ of the former

becomes M^ of the latter. If it had remained the J/, of the platyrrhines

would have become J/., of tiie catarrhines. Those things are stated

in the following foi-muhi in wliich the i-cdnccd teetli are |nil l)etweeu

parenthesis.

/,. I.,. C. 1\. I\. [1\.\.

i . i . c. r«,. m^. M^. M^. M, [-^f,]-

«j. i^. c. ??!,. m,. 3/,. M^. jl/j.
I J/^

/, I,. C. 1\. P.,. [P.,\.

So the ditfercntialion of llie set of teeth of the Primates is accord-
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iiig to my view more c'oin])licated lluin would iiave l)een the case

according to tlie two above mentioned excalation theories. Two pheno-

mena may be distinguislied in this process of development, namely
progressive development of one of the elements : jn, loses its character

of temporary element and becomes persistent, and the second pheno-

menon is the re<luction of two other elements. These two elements

are at the extremity of each of the two tooth series, P, at tiie end

of the series of replacing teeth, J/, of the end of the series of

the teeth of the first generation. Contrary to the two above mentioned

excalation hypotheses 1 might distinguish the one defended by me
as the hypothesis of the terminal reduction. I shall fry fo show
the correctness of my opinion.

If I let vi^ of the Platyrrhines become a persistent tooth, no

new principle is introdnced into odontologie. For it is kwown to iis

from other groups of animals that milk teeth may become persistent

teeth; I remind the reader of the Marsupialia, where but for some
exceptions the whole set of milk teeth has become a set of persistent

teeth except a single tooth. Furthermore to Erinacaeus, \vhere according

to the investigations of Lechk the so called persistent set of teeth

consists partly of milk teeth partly of permanent teeth. So mv
opinion is nothing more than a new example of the tendency also

observed elsewhere of a diphyodont set of teeth to pass into a

monophyodont. So against the jniiiciple as such there can bo no

objection.

As a lirst argument for the correctness of my opinion I state the

morphology of the milk molars in platyrrhines, I had the opportunity

of studying them from Hapale, Chrysothrix, Cebus, Mycetes, Pithecia

and Ateles. Without going into details it must only be mentioned here

that /Hj of the i»latyrrhines dillers a great deal both in the compo-

sition of its crown and in the number of its fangs tVom m^ or in

anti shows much resemblance to Mi of these apes.

It is of much importance with this that m, is functionally a

higher developed tooth than its deciduous tooth P,, so that means

that at the moment that in^ is replaced by J\, the set of teeth

becomes to a certain ilegree functionally inferior. So if m, becomes

persistent, this means a gain for the mechanism of the set of teeth.

This does not hold true for vti and m.^, the replacing I\ and J\

are functionally higher developed,

A second motive is derived from the de\'elopment of the set of

teeth of the catarrhine Primates, iJi particular that of man. So according

to my opinion our first molar has passed from a milk tooth into

a persistent tooth in a relatively recent stadium, with the Platyr-
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rhines it still belongs to the milk teeth. May this not be the

explanation of the fact that our first molar still breaks through

in connection with the teeth of the set of milk teeth, and still

before the appearance of the first replacing tooth, while the

second tooth appears only after a period of some years ? By this

early aj)[)earance of our first molar it functionates indeed for

some time together willi the complete set of milk teeth and so

according to my opinion the set of teeth of man still possesses in

this period a composition as in the first lifetime of the Platyrrhines.

Still more distinctly than from the time of the eruption this relation

appears when the first forming during the ontogonese is more closely

investigated. I derive the following about this from the wellknown

investigation of Rose '). Between the 9''' and 12''' week ofthefaetal

development the papillae of the milk teeth are invaginated in the

dental band (Zahnleiste) which grows on uninterruptedly towards the

back, and already in the IV' week of the development the papilla

of the first molar is invaginated. So with man there is not the least

histogenetical discontinuity between the forming of the milk teeth

and of the first molar. Only after the course of a year, so

four months after the birth the dental band begins to grow on

towards the back and not l)efore the 6"^ month after birtii the

papilla of the second tootli is invaginated. So while il/j is formed

immediately after m^ with man, a pause of about a year begins

after this first development. So both from morphology and ontogeny

arguments may be derived for the hypothesis that m, of the Platyr-

rhines is homological to 3Ii of the Catarrhines.

My hypothesis however still contains another clement viz. the

reduction of P^ and M^ of the Platyrrhines.

Let us first consider the reduction of J/,. From my aboxe men-

tioned deduction of the catarrhine set of teeth gi\'en in a formula,

follows that I come in confiict with a rather generally accepted

opinion that the three molars of the Catarrhines should be homo-

logue to the three molars of the Platyrrhines. According to my
opinion 3J^ of the Platyrrhines is homologue to M, of the Catarrhines,

i/j of those homologue to J/, of these, and in the set of teeth of the

Catarrhines the homologon of M, of the Platyrrhines is wanting.

If this tooth should also appear by the last mentioned group

of Primates it would become a M^. Now it is a fact that is

universally known tiiat a more or less developed fourth molar

is not seldom with man and among the Anthropoids, especially

1) G. Rose, Ueber die Entwicklung der Ziihue des Menschcn. Arch. f. mikrosk,

Aiiat. Bnd. XXXVllI.
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with tlie Orang and Goi'illa. Moreover Zuckkkkanhi, ') has shown
(hat the epithelial rudiment of a fourth molar of man is formed

with the majority of the individuals. This rudiment of a tooth

and the eventual eruption of the fourth molar were till now
phenomena which were somewhat difiieult to interprete. There

was an inclination to keep this fourth molar with man for an

atavism and the set of teeth of man was deduced from a hypo-

thetical primitive form when (he set of teeth contained four

molars. Here however , the difliculty oifers itself that among the

already numerous well known primitive Primates there has never been

found a form witii four molars. Zuckerkandl also reveals this diffi-

culty where he points to it that four molars should only appear with

the primitive forms of the caniixores. Selenka^) also, who found from

his rich material that with Orang in 207o of the cases appears a

fourth molar feels the mentioned difificulty and interprets the

x'ariation in another way. It should not be atavism but a progressive

phenomenon in that sense, that the set of teeth of Orang is on the

way of bringing into development a fourth molar. It appears to

me that this explanation of Sej.enka is not correct. If this variation

were only known to us fi'om Orang, no direct difficulties could be

stated against this hypothesis. l>ut such a fourth molar also occurs

as I said before very often with man. And now it is not doubtful

that the e.xtremity of the human set of teeth is in a state of regres-

sion, the third molar is always more or less reduced and even

according to the in\'estigations of de Terra ') and others issues no

more with at least 12 7o of the recent Europeans. Where it

is now tixed that our set of teeth reduces at its extremity, the

formation and issue of a fourtli molar can hardly be interpreted as

a progressive phenomenon.

The hypothesis brought forward by me gives a simple solution

of the difticulty. The fourth molar of man and of the Anthi'opoids

is indeed an atavism but does not refer back to a removed primi-

tive form unknown to us, but does not go any farther than to the

nearest past of the history of development of our set of teeth, it

is the homologon of J/j of the Platyrrhines. And contemplated in

such a way the relatively frecpient occurrence of it can no longer

surprise us.

') E. Zuckerkandl, Vierter Mabl/.abn beim Menscbcn. Sitzungsber. der k. Akacl.

d. Wiss. Wien Bnd. G.

-) E. Selenka. Meuscheoaffen. Rassen, Scbadel und Bezabiiung des Orang Utaii.

Wiesbaden 1898.

'^) M. DE Terra. Beilragezu eincr Odontograpbie der Menscbenrassen. Ziiricb 1905.
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More direct proofs may bo\ve\cr be cited for the conclusion that

,1/3 of the Platyrrhines should be reduced. For if the sets of teeth of

different representatives of this group are investigated, it is undeni-

able that M, is behind in development I0 Af^ and M\.

Not all Platyrrhines are alike in this regard, with some species the

set of teeth is apparently very constant with other it is more varia-

lile. A particularly fixed set of teeth Chrysothrix seems to possess. I

could at least iind not a single deviation in the 130 skulls of Chry-

sotiu'ix sciurea which I possess, no more in 60 skulls of Cebus fatuel-

lus, although the M^ is already very much reduced with this species.

Ateles on the contrary seems to possess a set of teeth which is

richer in variations and Bateson ') mentions three cases in which

the Mi Avhich is already reduced in this genus quite fails. The men-

lioned author points to it tiiat in these cases Ateles possessed a

fornuda for its set of teeth which is typical for the second family

of the Platyi-rhines — the Hapalidae. And in connection with this

I may now examine the set of teeth of the Hapalidae in the

light of my hypothesis. This hypothesis puts that M, of the Pla-

tyri'hines became lost in passing to the catarrhine type, that m,

liecomes Mi and that P, no longer issues. Where a reduction

of Mf is not seldom found with the Cebidae, and now and then

even it is quite wanting as an individual variation, there M' is

already constantly absent with the Hapalidae. So with these Pla-

tyrrhines one phase of the process has already iteen run through,

but not yet the second phase, the progression from m, to M^. So

according to my opinion the set of the Hapalidae does not stand

as a deviating form at the side of that of tiie other Platyrrhines,

l)ut must be considered as an intermediate form, between the original

[)latyrrhine and the delinite catarrhine set of teeth.

So we see that several phenomena plead for my opinion, that the

calarriiine set of teeth lias not originated by an excalation but by a

terniinai reduction, and 1 must stop at my assertion that, because

111^ lias become J/, the rej^lacing tooth, winch originally belonged

lo it, i.e. 7*3 no longer appears.

l!y tliis supposition, the observation of the anthropologists is done

justice to, that a rudimentary tooth does relatively often appear with

man and Gorilla between 1\ and jl/,. When F, has only been sup-

pressed as a normal element of the set of teeth, in a relatively recent

" period of the development, than the supposition lies at hand, that this

tooth also like M. of the Platyrrhines ontogeneticallv will be formed

1) \V. JJateson. Materials fur the Study of Variation. Loudou, 1S94.
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gtill. And it is my 0|iiiiioii llint llu' i-iidiiueiils of ii (oolli wliit-Ii sa

often occur in the indicated place are indeed traces of the I\ wliicli

has got lost.

There could still be mentioned some more anomalies in the set

of teeth of man (the growing together of M^ with a superfluous

tooth, the pushing out of il/, and replacing by a new tooth (so

called third dentition) which would be ex[)lained by my hypothesis,

but. I will not look more closely into this matter in this place.

By my o})inion about the dilferentation of the set of teeth of the

Primates I come into conflict with a i-ather universally prevailing

opinion about the morphological significance of the first molar oi

the Placentalia. This molar is universally considered \vith all Pla-

centalia as a perfectly houiological element of the set of teeth.

Thus says Schi.osser ') e. g. speaking of the first molar of man

:

"Niemand wird sicliei' die Homologie dieses Zahnes mit dem ersten

Molaren der iibrigen Placenlalier bestreiten diirfen". Where I now
homologise J/, of man with m^ of the Platyrrhines I come into

conflict with this opinion. If we however try to find motives for the

above mentioned opinion in literature, we seek in vain. And so it

seems to me, that here we hiive to do with a dogma, which is not

without danger for the comparative anatomy of the set of teeth.

For it lies at hand that as soon as in the whole row of the Pla-

centalia one element of the set of teeth is fixed in its morphological

significance, that then the homologating of the other elements must

join itself to this aprioristical principle. And vvhei'e such a thing is

possible to a certain degree with a canine tooth, which is sharply

distinguished from the other teeth by its ]»eculiar form, it is absolutelv

impossible with a definite molar which |)ossesses no sjiecific mor-

phological qualities.

I cannot finish this, communication before having [)ointed to a

phenomenon, which is immediately relateil to the hei'c communicated

jioint of \iew. If we compare the set of leelli of man with thai

of the other catarrhine Primates, it appears that the process, by

which the catarrhine set of the teeth orginated from the platyrrhine

type, is still progressive with man, and that the human set of teeth

is on its way to differentiate from that of the other Catarrhiiies in

the same way, as these differentiated from the Platyrrhines one time.

1 shall try to sliow this in short. The still active differentiation of

the lunnan set of teeth appears from dilfcrent facts. First as to tlie

premolars. In comparison to all other Primates the premolars of men

t) M. ScHLOSSER. Das Miicligejjiss tier Saugeliere. Eiol. Genlralljlutl, Bud. 10, biz. 89,
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have been reduced eoiisidcrably, and (lie 2'"' prcniular more than

the first. Wliere as the premohxrs in the upper jaw of all other

Catarrhines possess three and in the lower jaw two fangs, the

premolars of man have normaliter one single fang. That this

has originated from several , appears from the grooves on the

surface. Now it is not without significance that the first premolar

shows its origine of a form with several fangs, by a dividing of the

point of the fang. So P^ is more reduced than P, with man. If

further the milkmolars, which temporarily precede the premolars

are compared, we state that the milkmolars differentiate progressively

in the group of the catarrhines, and tliis is especially the case with

the second milkmolar. The ])rogression concerns especially the crown

of the teeth, the number of roots is two in the lower jaw, three in

the upper jaw.

So if we for a moment fix our attention exclusively on m^ and

its replacing tooth P^ with man, it appears that the first is in

progression, the second in regression, and that with man, the same

relation exists in regard to these two teeth as with m^ and P, of

the Platyrrhines. When man namely pushes out his m^ and replaces

it by Pj, his set of teeth becomes functionally inferior, for instead

of a tooth with \ivq or four knobs on the crown and two or three

fangs there comes in its place a tooth with two cusps on the

smaller crown and only one root.

So we sec, that the terminal element of the dental band of

the second generation (Pj reduces with man. Still distinctly

may be seen the tei-rainal reduction of the tooth band, of the

first generation, closing Avith M^, for as is already mentioned our

M^ no longer even issues in ±12
"/o of all cases, and is always

behind in development, at least with more highly developed human

races. So the human set of teeth is characterized from the catari-hine

Primates by the following peculiarities ; the last molar is on its way

of reduction, the last premolar is on its way of reduction, the last

milkmolar has developed very progressively. So a trio of phenomena

which are entirely homological to those, by which the catarrhine set

of teeth has originated from the platyrrhine. Only one phase is still

wanting to the process, namely the remaining persistent of the last

milkmolar and the suppression of the last premolar. And this phase

also is reached now and then individually. This among others

appears from what Magitot says : La persistance des grosses molai-

res temporaires [m,) s'observe tres-souvent, concurremment avec

I'absence congenitale ou Tatrophie des secondes premolaires (PJ
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Koiis cii ooiuiaissoiis de iioinbieux exemples^). If the slated plie-

iioinena are ooniieoted with each otlier tlie conforinitj to the earher

process of development of tlie set of teetli of tlie Primates as I take

it, immedialelv strikes the eye; and one would lie inclined to this

thesis; In the future set of teeth of man P^ will no longer erupt,

in^ will have become persistent and functionate as 3f^, but by the

simultaneous reduction of M^ the inimber of molars will not have

become larger than three.

So from this communication appears that the differentiation of the

entire set of teeth of the Primates is from my standpoint more in-

tricate than was supposed till now, but it seems to me that my
principle of the terminal reduction can better be brought into accord-

ance with the function of the set of teeth, and is based on a

larger number of facts than the hypothesis of the excalation.

What from a general point of view, also seems to me to |)lead

for my opinion is the fact, that in the exposition given by me the

development of the set of teeth has taken place without a disconti-

nuity in the toothrows at any time.

Physics. — "A simple geometrical deduction of the relations existing

between known and unknoam quantities, mentioned in the

method of VoioT for determini?ig the conductibility of heat

in crystal-;. By Dr. F. M. Jaeger. (Communicated by Prof.

P. Zeeman.)

(Communicated in the meeting of March 31, 1906).

It is commonly known that about ten years ago W. Voigt ')

indicated a method, based on a recognized principle of Kirchhoff,

by which to determine the relative coiiductibility of iieat in crystals

in the different directions. His mode of experimental examination

consists in the determination of the lu'cak which two isothermal lines

present at the boundary line of an artiticial twin, the principal

directions of which form a given angle <p with that line, whilst the

conduction of heat takes place along the line of limit. The isothermal

lines are rendered visible to the eye by the tracings formed by the

fusion of a mixture of elaidic acid aiul wax with which the plane

of the crystal has previously been covered.

1) E. Magitot. Traite des Anomalies du Systfeme dentaire. Paiis 1877. p. 221.

2) Voigt, Gottinger Naclirichten, 1S9G, Heft 3.
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Tlie luetiiod of Vourr is I'ar more accuruli' lliaii lliat of dk Sknar-

iMONT ') or even of Rontgen -j. and, re(|iiirin,ii- for otiier |iiirpose.s to

iiivcstigale the relative oondiiclibility of heut in crystals, it was

obvious tliat 1 Khoni<l make use of the method indicated by Voigt.

For a ci'jslai, for which the rotatory coefficients, found in accord-

ance witii liie theory of G. C. Stokes'), are =0, Voigt deducts

the relations required here by constructing the equations of the tlow

of heat, conformable to the conditions of limit which are common
to the lateral boundaries of both | dates; i.e. that along tliat line the

loss of temperature must l)e the same, and moreover that in a

direction normal to that boundary-line the entire tlow of heat nuist

be the same in the two contiguous plates.

Prof. LoKKNTZ had (lie kindness to deri\e the above mentioned

relations in an analogous manner and to note down the conditions

nnder which the break in the isothermal lines will reach its maximum.

If f 1)6 the break, and the angle, formed in the plates by the

two principal directions, is 45° , the proportion of the two coefficients of

the comlnctiou of heat in those directions, consequently — is found

as follows

:

If If differs from 45°, Voigt finds in that case:

'•'^^ =
(;.,+;.,)-(;.,-;.,) CO. 2,;.'

wiiich for (p equal to 45" passes into the forujula of Prof. Lokentz

5
T

in introducing tij — {^ t<j{{ according to \ oigt s deduction) instead

of tijB.

Instead of the complicated formulae Avhicli are required for the

determination of these relations, we here give a simple geometrical

demonstration, wiiich, besides presenting — in a form which is imme-

diately available for logarithmic calculations, possesses at the same

time the advantage of being easily discernible.

If, from a given point ^> in the centrum of a crystal, a tlow of heat

can take place without interruption in all directions, the isothermal

') DE SenarmOiNt, Gompt. reud. 25, 4d'J, 707. (lS47j.

") RoNTGEN, Pogg. Ann. 151, 603, (1874).

^) Stokes, Cambr. and Dublin Malh. Jouinal. 6 215, (1851).
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surfaces in a similar plane of a crystal are, in most cases, concentric

and eqiiiforni tliree-axial ellipsoids whose half axes stand in the

relation of [^X^, \/i, and [^X.-,
; among: these the so-called principal

ellipsoid h, whose axes are l/;.j, l//., and \/)., must liere be kept

more especially in view.

In the present case we leave nnnuticed the rotatory qualities of

the crystal, and suppose an infinitely thin plate, cut parellel to a
plane of thermic symmetry, whose principal dii'ections correspond to

the coordinate axes. Let llg. 1 represent the elliptic intersection

of the plate with the ellipsoid /« ; the line traced by the melted wax
then has the direction of the tangent of the ellipse in the point

P(.i''y')> given by the radius vector q, which may enclose tiie angle

<p with the axis X. The How of heat may thus proceed along q,

being the boundary line. In (his case the c(pia(ion for the isothermal

line pq is

:

= V^.

i
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On llic other luiiiil liuwevei- :

^''^ = tr,6=tg\ UO" — ft/, + * ] = cot (if -f — I,

where - is huU' of the break of tlie isothermal lines at the houiidarv

line OG.

The immediate conclusion is therefore :

~ =t:l('P -^ ^]<=ot(p (A)

From this equation the recinired proportion may l)e at 0)ice dedu-

ced when (f represents the direction of the phite and the vahie off

has been ascertained.

Moreover it will be easy to iiiid tiic maximum of e — and thus

reduce the errors of investigation to the lowest ligures. Suppose

^•1 = —
, the above stated formida, after a few gonionietrical trans-

formations becomes :

s {A— l)sin2<p

'^ ¥ "~
(^1 + 1) — {A—l)cos2(p

'

(Is

This funcliou will be a maximum lor -— =r. 0, i. e.
(/<p

de _2{{A^-\)ros2<p-{A-ir\^^
dtp (^'+1) — (^1'— 1) cos 2<p

The maximum condition then becomes :

A—\ h—X,
cos ZU) rr: =:

,

.4+1 ^,+;./

and the ajjpertaining maximum break e in the isothermal lines is

then expressed by :

.;i = (^-^ (B)
' 2 2 i/;i,;i^

^ ''

In cases where the dili'ercnce between l/P., aiul \/?.^ is very small

•— and observation teaches that this is usually the case — the

notation may be

:

p ;.,-A.,

For practical purposes therefore, the theoretical maximum (p = 45°

niav be taken as fairly accurate, so that then the twin |)lale with
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the isothermal lines etc., takes the I'orm of tig. 2. In tliat case it

follows from A
A,

P...

i = ^, 45° + -- (^)

By expressing tg e as a function of tg ~ from (C). one obtains the

relation deduced by Prof. Lokentz;

ig t = (^1 — K)
(^1 + K)

2 ;., ?.,

Moreover from the geometrical solution liere given the tact is again

brought to light that in general the angle ip is not equal to 90°; in

other words in this simple but experimental way is proved by

occular demonstration tlie (rutli of the stalemcjit already made by

VoiGT, that the isolhermal lines in crystals do not generally stand

perpendicular to the direction of the flow of heat.

Along the thermic axes however this is the case, because the

tangent lines at the ellipses are there directed perpendicularly to

these axes.

From fig. 1 also follows the form of the break as a result of

I hope soon to communicate the results ol>tained in the measurement

of crystals by means of this method, together with a few observations

on the differences of these results with those, dei-ived in the same

minerals by the usual methods of de Senarmont and Rontgen.

56

Proceedings Royal Acad. Amsterdam. Vol. Vlll.
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Botany. — "On plants ivldch in tlw natiiral .>tate have the character

of eversporting varieties in the sense of the mutation theory."

By Dr. W. Burck. (Coiiiniuiiieated by Prof. J. W. Moll).

(Communicated in tlie meeting of Marcli 31, ItiOO).

An investigation of the canses of CleiBtogam_y ') yiioived that: 1

plants with closed flowers originated L\v mntation from plants with

chasmogamic flowers and 2 that they occnr in the natnral state,

partly as constant, partly as ever-sporting varieties.

In the course of this investigation the question arose wliethcr other

wild-growing plants do not also have the character of ever-sporting

varieties.

Especially those plants were thought of that have bise.Yiial and

unisexual flowers in one and the same individual or in which by

the side of bisexual, unisexual individuals are found and also those

plants among the dioecious ones that possess rudimentary stamens or

ovaries, from which may be inferred that they originated from plants

with bisexual flowers.

The agreement between unisexual, cleistogamic and tilled flowers

pointed to the same origin, while the resemblance in the manner

in which unisexual flowers occur among the hermaphrodite ones and

closed flowers among the chasmogamic ones, juslificd the assumption

that in the monoecious and dioecious as well as in the cleistogamic

we have ever-sporting and constant varieties.

This summer I fried to confirm this conception in a twofold manner,

firstly by cullivating the gyno-monoecious Satiireja hortensis and

secondly by studying the different forms in which one and the same

andro-monoecious Umbellifer can occur in nature with regard to the

number of male flowers in proportion to that of the bisexual ones

and to the place ^vhich the male flowers occupy on the principal

and secondary axes.

To the results of the culture experiments I shall return afterwards

when I shall have had an occasion to repeat these experiments on

a larger scale and with more species. I will here only mention that

they showed that a gyno-monoecious Satiireja hortensis begins its

period of flowering with producing bisexual flowers only, that not

until later, when the plant has grown stronger, a few female flowers

appear among the bisexual ones, that their number gradually increases

') Die Mutation als Unsache der Ivleistogamie. Recueil des Travaux Botaniques

Ncerlandai.s Vol. 11. I'.l05.
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in tlie foilowiiig days until a delinile niaximuni is roaclied, after

whicli it gradually decreases again until at the end of its tlowering-

period the plant again produces bisexual flowers only.

Hence the female flower follows the law of periodicity established

by DE Vries for the occurrence of anomalies of various nature with

other plants and it may in this respect be put on a line with sucii

anomalies. It may be compared with the increased number of leaflets

of TrifoUum pratense (juinquefolium, with the fdled flowers of

Eanunculus bulbosus .semiplcmis, with the ramified spikes of Z''/a»/rr^o

lanceolaia ramosa, etc.

In what follows I shall give the results obtained with the andro-

monoecious Umbelliferae.

The investigations of Beijerinck ^), Schulz '), Kirchner '), Mac
Leod *), LoEW ^), Warnstorf °), and others on the sexual relations

of the Umbelliferae have shown that by far the most species are

andro-monoecious and that besides in some of them forms occur with

female or with female and asexual flowers. Male flowers appeared

in this family to be as common as bisexual ones. Male individuals

are rare, however. Until now Trinia glauca was considered the

only Umbellifer in Europe, known in the male form. From Schulz's

notes it appears, however, that in the environs of Halle a. S. also

male plants of Oenanthc fistulosa ') and Slum IntlfoUum ") occur,

while in this country also Herncleuin Sjihomh/lium can occur in the

male form.

Far less general are female flowers. Schulz only mentions them

for {Eryngiuiii campedre) ?
'), Trinia glauca, Piiupinella magna,

1) Beijerinck, Gynodioecie bei Daucus Carota L. Nederlandscli Kruidkundig Arcli.

Tweede serie 4e Deel 1885, p. 345.

2) August Schulz, Beitrage zur Kenntniss der Bestaubungseinriclitungen uml

Geschlechtsvettheilung bei den Pflanzen. Bibliotheca botanica. Bd. II 1888, Heft 10

und Bd. Ill 1890, Heft 17.

3) 0. Kirchner, Flora von Stuttgart und Umgebung 1888.

*) J. Mac Leod, Over de bevruchting der bloemen in bet Kempisch gedeelte van

Vlaanderen. Botanisch Jaarboelc Dodonaea 1893 en 1894.

5) E. LoEW, Bliitenbiologische Floristik des mittleren und nordlichen Europa

sowie Gronlands. 1894.

8) G. Warnstorf Bliitenbiologische Beobaclilungen aus der Kuppiner Flora im

Jahre 1895. Verliandiungeu des botanischen Vcreins der Frovinz Brandenburg

Bd. XXXVIII. Berlin 1890.

7; Schulz, Beitr. I p. 47.

8) Schulz, Beitr. I p. 48.

') In liis note concerning lliis plant on page 42 of his first paper, female

flowers are not mentioned. So this is perhaps an error in tlic general summary
at the end of tlie second paper.

56*
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P. sa.ri/rni/a and Dnuciis (Virota, for wliicli latter plant Ueijerinck

had already fonnd tliera before.

hi the long list of 66 Enropean Umbelliferae in the Bliitenbiologische

Floristik of Loi<;w no more than 16 species occnr tliat are only

known as bisexnal plants whereas 40 are andronionoecions. It has

appeared since that with three of the plants mentioned as bisexual

also male flowers are found. Of Anethum gvaveohns, AefJimri

Cynapium and Heradeum Sphondylkim. namely, Warnstorf fonnd

andromonoecious forms in the environs of Neu-Rnppin ; also in tliis

country they occur in this form. Of the 66 Umbelliferae that were

studied, the following remain of which until now no other than

bisexual plants are known

:

Laxerpitium pruthenicum, Peuccdannm venetum, Crithnucin mariti-

mum, Silaus pratensvi, SescJl Hippomaratlirum, S. annuum, Anthriscus

viilfjni'/s, Btipleurum longifoKum, falcatum, temussimum and Pleuro-

sperviiiin aiistriacuni, to \vhich list 1 think must be added : Eripi-

f/ium mnrltlmum, Berula (ingustlfolia, Conium maculatum and

Helosciadium nodljlorum.

It is probable that of some of these plants andro-monoecious forms

will be found when they are examined over a larger part of their

region of occurrence, especially since it has appeared that the different

forms in which Umbelliferae can occur, are often spread o\'er very

diffei'ent and widely distant parts, so that, even though the species

mentioned be only known as hermaphrodite plants in a part of

Europe, the possibility must be granted that they occur in other

forms elsewhere.

Of Shim latifoliuiii e- g., no other but the aiidro-monoecious form

is found in a great part of Middle Europe and until now only in

the environs of Halle a/S accompanied by the male form, evidently

oidy in a few specimens. Only in our country the bisexual form

is known.

Of I'iiDpiiii'lhi /jiiii/jia the bisexual plant is only found in southern

Tyrol and Italy ; the andro-monoecious on the other hand in the

whole of ^Middle Europe, while in southern Tyrol and Italy the

same plant also occurs with female and with female and asexual

flowers.

Of (knanthr fishdosn the andro-monoecious plant is found every-

where, the male one until now only in the environs of Halle.

Of Aetkusa Cynapium the hermaphrodite plant is known in the

whole of Middle Europe, the andro-monoecious one oidy in the

neighbourhood of Neu-Ru]ipin and of iny residence.

Of Diiiiois Olivia the andro-monoecious form is gencrallv found,
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the bisexual one (uitil now oiilv in Flanders') and in this country ').

So it is not at all uidikely that of those species which until now

are known as Itisexual only, later other forms will also be foimd,

and similarly it may be assumed that of the large numlter of Um-

belliferae of which now only the monoecious form is known, on

closer examination also the hermaphrodite or unisexual forms will

be found.

Meanwhile it is a very remarkable fact that by far the most

Umbelliferae are andro-monoecious and that exactly these forms arc

most generally spread.

Where male indi\iduals are found they only occur in very

limited numbers as rare occurrences among the great majority of

andro-monoecious individuals.

This also holds for the hermaphrodite plants, at any rate for Daucus

Carota, Sittm latifoUum and Ilcrdclcunt Sp/ioiub/lhin. Where these

and andro-monoecious plants occur together the number of bisexuals

is far less than that of the andro-monoecious ones. ")

This general occurrence of andro-monoecious forms gives a very

peculiar character to the family of the Umbelliferae. Nowhere in

the vegetable kingdom these forms are so prominent as here.

In other families with species that are rich in forms, as the

Lahiaiae, AMneae, Sileneae and others, where gyno- and andro-

monoecious and female and male forms occur together with bisexual

ones, a similar preponderance of monoecious plants is not found

with a single species.

The rule is there that where flie three forms occur together the

monoecious flowers are a minority with respect to the bisexual and

unisexual ones.

Next is conspicuous with the monoecious Umbelliferae the great

variety that may be observed in the occurrence of the male flowers

in the umbels of different order and the many mutually different

forms in which consequently one and tlie same andro-monoecious

plant may occur.

Sometimes an individual is found which among the large number

of bisexual flowers has a relatively small number of male ones,

another time one in which the number of male flowers is not much

1) J. Staes. De blocmeu van Daucus Carota L. Botanisch Jaarboek, Dodonaea

Jaargang I. 1889. p. 132.

3) I shall soon treat elsewhere the differeut forms in whicli the Umbelliferae,

occurring in this country, are met.

3) Male Umbelliferae and exclusively bisexual species are very rare also outside

Europe. (See Drvde Umbelliferae. Engler and Prantl. Die naturl. Pflanzenfamilien

III. Toil. Abt. 8. p. 91).
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less tluxii Uiat of the bisexual ones, and then again an individual in

which the male flowers are more numerous than the others, and

between these a long series of gradual transitions and intermediate

forms is found.

Not nnfrequently the number of male tlowers is greatly in excess

of the bisexuals. I met in this country plants of Herackum Sphon-

di/Uum in which the inner umbeliules of the umbel of the first order

and all other umbels of higher order were exclusively male and

similar plants are also found of Pastinaca sativa and Daucus Carota.

They are found spread among other individuals in which the propor-

tion of male to bisexual flowers is more fa\'ourable to tlie bisexuals

or Avhere the number of males is even very small.

Some Umbelliferae are only known in an almost male form.

Echinophora spinosa e. g. has one bisexual flower in the middle

of the umbel ; all other flowers are male. Also with Meum athaman-

ticum and Mj/rr/iis odorata we may observe in the specimens cul-

tivated in this country in botanical gardens, how also there the

bisexual tlower is superseded, so that the unilielbdes often do not

contain more than one such flower.

An investigation of the andro-monoecious Umbelliferae shows us

at once that there is a certain regularity in the way in which the

male flowers occur. In the first place, when they appear for the

first time in an umbel of a certain order, their number as com-

pared with that of the bisexual tlowers increases as we come to

umbels of higher order ; and secondly, if in the peripheral umbeliules

some male flowers occur among the bisexual ones, their part in

the constitution of the umbeliules becomes greater as the umbeliules

are more distant from the periphery.

Of Dniicus Carota, Pastinacn sativa and Heradeum SpliomlyUvm

whole series of specimens may be collected in the neighbourhood

of m}' residence, beginning with such which in all tlie umbels con-

tain only bisexual flowers uji to forms which are almost or entirely

(H. Sphondylium) male. Among these specimens are found in which

the male flowers already appear in the very first umbel of the plant

by the side of other specimens in which the andro-monoecious cha-

racter only appears in the umbels of the second order or later still

in those of the third or fourth order. Now it is a constant rule that

if they appear for the first time in an umbel of a certain order they

will also appear in the umbels that develop later and that their

number in proportion to that of the bisexual flowers in the succes-

sive umbels goes on increasing.
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Specimens whicli in no respect revealed their andro-monoecious

cliaracter daring the whole summer, which only late in summer
produced male flowers in the umbels of the third or fourth order

or sometimes entire male umbels, are found connected b^y interme-

diate forms with specimens which already in the very first umbels

contain male flowei-s.

Concerning the part occupied by male flowers in the constitution

of the peripheral and ceiUral umbellules, it must be remarked in

the first place that ^vith all Umbelliferae whose umbels reach a

certain size, the peripheral umbellules consist of a larger number of

flowers than those that occupy the middle part of the umbel. In

some species those central umbellules may be very poor in flowers

;

with Dauciis Cnrota the cciitial umbellules often even consist of

only one flower.

When it was stated that the part occupied in the umbellules by

the male flowers becomes greater the more they are placed near

the centre of the umbel, this must be so understood that as the

umbellules become more distant from the peripiiery the number of

bisexual flowers decreases and does so much more rapidly than the

number of male flowers. Hence the inner umbellules are often

entirely male while the outer ones bear a number of bisexual

flowers.

This rule is not without exception, however. Tiiere are namely

Umbelliferae in the umbels of which the central umbellule occupies

the top of the principal axis of the umbel and may consequently

be distinguished as the top-umbellule.

Such top-umbellules are especially found with Carum Cnrv'i and

Oenanthe fistulosn and occasionally, although not so i-egularly, also

with Daucus Carotn. For such a top-umbellule now the rule does

not hold that the part occupied by the male flowers is greater than

in the surrounding umbellules. Such an umbellule contains a greater

quantity of bisexual flowers. With Carum Carvi I often found no

male flowers in the top-umbellule when all others, as well the

peripheral as the more inwardly situated umbellules had some of

them. In other specimens the number of male flowers in this top-

umbellule was smaller than in the other.

Of Oenanthe fistulosa the umbels of the second order are in this

country mucli larger than those of the first order; they consist of

five to eight umbellules and agree in their constitution almost entirely

with that, indicated by Schulz for the umbellules' of the first order.

Here as a rule a top-umbellule can be very easily distinguished ; it

contains only a few (7 to 9) male flowers, but is for the rest entirely
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li('i-iiia|iliio(li(c, while tlio siilc-umbelliiles arc generally exc-lusivelj*

male.

With JJa/iciis Cnrota, where the luiihelliile as was remarked

aliove, often consists of no more than one flower, this latter is verj'

olleii liermapin'odite, also when the snrronnding nmbellnles consist

entile!}' of male tlowers.

It must still he remarked for the andro-monoecious Umbelliferae

that itoth sorts of flowers as a rule oconpj a fixed place in the

umbellnle.

In by far the most Umbelliferae the bisexual flowers are fonnd

near the edge and the male ones in the middle.

Only a few make an exception to this vnle; whh < h'naniheji^iulosa

and tSiiiiicida cufopaea the opposite is fonnd and with Astrantia i\\Q

bisexual flowers as a rule occupy a definite zone between the peri-

phei'al and central male tlowers. Advancing from the circnmference

to the centre we find there first one or two whorls of male flowers,

then a whorl of bisexual ones and finally at the centre male flo-

wers again.

But although it may be the rule for all other Umbelliferae that

in all the nmbellnles, containing the two forms of flowers, the her-

maphrodite ones are placed at the edge and the male ones in the

middle, an exce])tion mnst be made for those Umbelliferae which

in the middle of the umbcllides develop a top-flower, for this latter

is as a rule bisexual.

Such top-flowers are e.g. regularly found with Chaerophylluui and

with Meum ; in each nmbellnle of Chaeropht/Ihun temulum and Meinn

alhamanticum bisexual marginal flowers and a bisexual top-flower

are found and for the rest male flowers.

Also with Aegopodium Podograria, Carum Carvi and Daucus

Carota bisexual top-flowers are found in the nmbellnles, but in these

species this top-flower is not always found in all umbellules.

No extensive argument will be needed to understand that the two

forms of tlowei-s, found in the same indi\idual of the plants men-

tioned, may be considered, like the two flowers of a cleistogamic

plant, as two antagonistic characters which mutually exclude each

other and that consequently these plants may be compared with

ever-sporting varieties, originated by mutation, the existence of which

was shown by de Vries.

Every andro-monoecious Umbellifera of which we compare a

number of individuals among themselves, affords an opportunity for

noticing that the two antagonistic characters evidently fight for
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supremacy, in which combat now one, then tiic nther gains an

advantage.

But if of a species whicli is rich in forms we mutually compare

a fairly complete series of anih'o-monoecious forms, we are struck

by the circumstance that lietween these and the ever-sporting varieties

known until now, there is this imiiorlant difrerenco that while

with other ever-sporting varieties the original specific character is

always more conspicnons than the racial character, here very often

the opposite takes place.

We met in what precedes [ilants like }fyrrlns odomta, Meum
aihamnnticum or forms of Pnstinaca sativa, Heracleum SpJiomhiHum

and Dauais Carota, wdiere the specitic character had been entirely

superseded bv the racial character, and this raises the qnestion whether

the andro-monoecioTis Umbelliferae, looked upon as races originated

by mutation, must be placed on a line with the above-mentioned

gyno-monoecious Satureja hoiinisis and oilier ever-sporting varieties.

We know from the theory of mutation that the interaction of two

antagonistic characters may show itself in more than one way and

that a character originated by mutation may be inherited in a different

degree in various plant-species, by whicii process various races are

formed.

To a race in which the anomaly comes only little to the front,

much less than the normal character, and which consequently is

hereditary in a small degree only, dk Vkiks has given the name of

a half-race, and the abnormal character he has called semi-latent.

That, however, among these half-races important differences may
occur in the measure in which the character is semi-latent, clearly

appeared from the statistical investigation of the half-races, e.g. of

Trifolium incarnatum qundrlfolinm and Trifolium pratense quinque-

foUum.

It may be imagined that there exist races in which the two antago-

nistic characters possess nearly the same degree of heredity so that

then it is often difficult, under favourable circumstances, to settle

whether the specific or the racial character is more prominent and

sometimes even, when the conditions of life are very favourable,

the anomaly gets the upper hand. In such a race as well the specific

character as the anomaly are then to be considered as semi-active.

The statistical investigation of the anomalies has not yet revealed

that such races really exist.

But it may be further imagined that between these latter races

which DE Vries called middle-races and the constant varieties, in

which the specific character is latent and 'the anomaly active, there
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exist still other races in which the nornvd character is semi-latent

to a different degree.

De Vries thinks such cases possible, hut until now the}' have not

yet been noticed '). Now the question arose to me whether in the

andro-monoecious Umbelliferae we may not have sucli races in which

the specific character has become semi-latent?')

Let ns stait our speculations with one of those Umbelliferae of

which besides andro-monoecious ones also herma|)hrodite and male

forms are known, e. g. HeracJeum Sphondylium.

As was remarked above, Heracleum •Sphon.ih/linm appears in a

great part of Middle Europe as a hermaphrodite plant. In the

environs of Neu-Ruppin at the same time forms are however found

which are only bisexual in the umbels of the first order, whose

umbels of the second order are composed on half bisexual and half

male umbellules and whose umbels of the third order are exclusively

male, and which in consequence may be considered to produce about

as many male as bisexual flowers.

In this country now I found besides the hermaphrodite and the

Neu-Ruppin middle forms a great variety of forms which may be

considered either as gradual transitions of those middle forms to

perfectly hermaphrodite ones or as gradual transitions of those middle

forms to perfectly male indi\'iduals, which latter occur also in this

country.

If we now /'()/ the present consider this andro-monoecious plant

which is so rich in forms as an ever-sporting variety, and if we

compare its properties w\[\\ Wxosa oi Trifolium, pratense quinquefolium,

which has first been extensively dealt with by de Vries, and later

has been investigated in all its details by Miss Tammes '), so that of

this race the properties are most completely known, then we begin

with asking what peculiarities Heracleum. should present if its mo-

noecious form represented an e\-er-sportiug variety.

Then we should observe

:

1. that a strongly developed specimen, e.g. a plant with umbels

of the first to the fourth order, produces more male flowers than

an individual which has not succeeded in getting beyond the formation

of umbels of the first and second order.

1) De Vries, Mutations theorie, 1, p. 424.

") In my article on cleistogamic plants I ah-eady briefly raised the question

whether Ruellia tuberosa, Impatiens noli tangere, hnpaticns fulva, Amphicarpaea

monoica, Viola spec. div. are not in this condition.

^) Bot. Zeit. Iste. Abt., Heft XI, 1904.
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2. that plants on I'ertile soil produce on \\\e wliole more male

flowers in proportion to the bisexual ones tiian plants on less fertile

soil.

3. that the male flowers only appear at a stage in which the

plant has grown stronger, that they gradually increase in number

as the individual grows stronger and gradually decrease in number

again when the plant has passed its highest point of development.

4. that in each umbel as Avell as in each umbellule which contains

both forms of flowers, the male flowers are preferably found in

those places which are most favourable \vith respect to nutrition.

It is not difllicult to show that observation does not confirm these

four points.

Let us in tlie first place consider point 4.

There can be no doubt that (excepting the Just mentioned terminal

umbellules and terminal flowers) the perijiheral nmbelluhis are more

favourably placed with regard to nutrition than the more inwardly

situated umbellules, and that in each umbellule the flowers at the
'

circumference also occupy a more favourable position than those in

the middle. This is seen not only by the inner umbellules being

less I'ich in flowers but also in the flowers becoming smaller the

further tliey are distant from the periphery; often the central flowers

do not reach their normal development or the setting of the fruit

does not take place. We see here the same with the umbels as with

long-drawn inflorescences like those of CapseUa Bursa pastoris or

Pisum sativum, that namely the last-formed flowers, at the top of

the inflorescence, no longer reach their normal development on

account of insufTicient nutrition. Further every umbellule (not only

a mixed one but also a purely hermaphrodite one) allows ns to

notice that the peripheral flowers are ahead of the central ones in

their development.

And now we see with all Umbelliferae without exception:

that the peripheral umbellules retain their bisexual character longest,

that the male flowers always occur first at the centre of the umbel,

that where the umbellules are mixed, the number of bisexual

flowers always decreases from the periphery to the centre,

that the inner umbellules often are already entirely male when

the outer ones still contain bisexual flowers, and

that everywhere, except with Oenanthe jistulosa, Sanicula euroi)aea

and Asirantia the mai'ginal flowers in the umbellules are bisexual

and the central flowers male').

1) I think an explanation may be found for tlie anomalous beliaviour of tliese

tliree genera. I cannot dwell on this point, liowever, in lliis short communica-
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In other words, we may say tkat as loell in the umbel as in the

umheUuIe the bisexual flomers always occupy the place which is most

favourable v;ith respect to mitrition.

That terminal umbellules and flowers are placed most favourably

is evident; it can be readilj^ explained why a top-umbellule is often

richer in bisexual flowers than other umbellules from the centre

and why as a rule the top-flower of the nmbellule is hermaphrodite.

That this position is by far the most advantageous can also be

inferred from the fact that often the top-flower is the only bisexual

one of the whole umbellule. So with Meurn athamanticum e.g. it is

very often found that in the umbels of the second order, the 6—

8

iinier umbellules possess no bisexual flowers at all ; the only bisexual

flower of these umbellules is the top-flower.
')

So we see exactly the opposite from what we should observe if

the andro-monoecious plant represented an ever-sporting variety like

Trifolium. 'pratense quinquefolium.. It is not the male flower — the

anomaly — which is preferably found in the best places, but the

bisexual flower, and on further examination of the above points

J, 2 and 3 we shall again see how it is this latter that depends

on the nutritive conditions and in all respects behaves like a character

in a semi-latent condition ojiposed to the active condition of the

anomaly.

I pointed out already that with all andro-monoecious Umbelliferae

the umbel of the first order shows the anomaly least.

With very many forms the male flower appears first in the umbels

of the second order, with others in those of the third order, and

sometimes it is the umbel of the fourth order in which the male

flower appears first.

But where these flowers are already observed in the umbels of

the first order their number is there always less than in the umbels

of the second and higher orders.

Tlie umbel of the first order consequently retains, in all andro-

monoecious Umbelliferae. the pure racial character longest.

If we remember that the umbel of the first order is at the same

time the terminal unii)el of the plant and is extremely favourably

placed at the end of the principal axis with regard nutrition, we
cannot wonder at this, bearing in mind what was said when

lion. I sliafl return to it elsewhere when exposing the difi'erences between the

forms occurring in this country and those (hat have been observed in other parts

of Europe.

1) This reminds us ot what may be noticed with Echinophora spinosa. Vide

supra.
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discussing point 4. We find the already stated conception confirmed

that tJie bisexual jhnver, being in a latent condition loit/i respect to

the anomaly, preferabli/ occurs in the most favourable places.

We may also assume that the plant during the flowering of its

top-umbel, which only occurs after it has reached its full vegetative

development, is also in the strongest stage of its growth, in a stage

in which a good part of its nuti'itive material may be spent on the

development of its top-umbel, while all umbels that bud forth later,

are in less favourable conditions, first on account of their being

placed on lateral axes of the second or higher order and secondly

because a very great part of the nutritive material is spent on the

ripening of the fruit of the first umbel during the development of

the umbels of the second or at any rate higher orders. This would

explain why in the umbel of the second order the semi-latent bisexual

flower is no longer prominent in the same degree as in the terminal

umbel, and why in the umbels of the third and fourth order it more

and more gives way before the racial character.

This also explains why in very strong specimens the male flowers

first appear in the umbels of the third order, and why often with

Slum, latifolium, Daucus Carota and others, not until late in summer,

when the plant has already passed its highest point of development,

male flowers and even male umbels appear in plants which in their

umbels of the first and second or first, second and third order have

exclusively produced bisexual (lowers.

That in fact strongly developed specimens produce more bisexual

(lowers than weak specimens was already noticed by Mac Lkod.

With strong specimens — he says in his note on Aegopodium

Podagraria — the umbels of the first order and with very strong-

specimens also those of the second order consist almost exclusively

of hermaphrodite flowers, while with ordinary specimens the

umbellules in the umbels of the first order consist partly and in those

of the second order exclusively of male flowers. Also SchuIjZ made

the same remark witli Torilis Anthriscus and Pimpinella saxifrnga

and personally I found the justness of his remark repeatedly confir-

med with Pivipinella magna, Aegopodium Podagraria, Aetlmsa

Cynajjium, Astrantia major etc.

If now finally the numerical relations of the two flo^ver-forms are

examined in umbels of such species as are found in large numbers

on soils of different constitution and fertility, the examination at once

shows that the number of liisexual flowers in a fertile place is

consideralfly greater than in a less fertile one. Anthriscus silvestris

and Chaerophytlum tcmulum, arc plants which in our country are
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very general as well on sandy soil (at the edge of the dnnes) as on

fertile claygrounds. Both plants can be best judged by the constitution

of the nmbels of the second order.

Of Anthriscus silvestris the average constitution is :

on sandy soil on clay gi'ound

of the six outer uinbellules 4-5«+ii-J3rf 7.io^+3-4cr

of the seven inner umbellules 2-4?+ 8--IV 6-7'"?+4-7d"

And of Chnerophijlhnn teimdum :

of tiie outer umbellules •J5<^+ iOc/+l'^ 20^+7cf+l?

while the 2 or 3 innermost umbellules of the plants on sandy soil

are entirely male.

So the results are in perfect agreement with my observations on

the influence of the fertility of the soil on the appearance of chas-

mogamic flowers with llueJUa tuherosa at Batavia and witii those

of GoEBEL on the chasmogamic flowers with Tmpntiens noli tangere

in places of different fertility near Ambacli ^).

From what has been communicated here it at)pears that the andro-

monoecious Umbelliferae in the natural state have the character of

ever-sporting varieties in which tiie racial character, tiie bise.xual

flower, is in a semi-latent condition.

By assuming this it becomes clear why the anomaly shows itself

least in the terminal umbel, why, after it has once appeared, it

increases in numlter in the umbels of higher order, why in each

umbel the number of hermaphrodite flowers decreases from the

periphery to the centre, why in each umbellule the bisexual flowers

are placed at the circumference and the male ones at the centre and

why with those species in which the umbels have a top-umbellule,

this latter often has again relatively more bisexual flo\A'ers than the

sui'rounding umbellules and finally why, where in the umbellules

a top-flower is found, this is as a rule bisexual and holds out longest

when the umbellules grow more and more male, so that it often

still occurs in such umbellules where the bisexual marginal flowers

have already had to give way to the male ones.

Although I am of opinion that many things plead for my conception,

yet I am perfectly aware that certainty about the true nature of the

race, about the influence of fluctuating variability on the numerical

relations between bisexual and male flowers, about the question

whether perhaps locally different varieties or ever-sporting varieties

1) GoEBEL. Die kleistogamen Bliiten und die Anpassungstlieorien. Biol. Genlralbb

Bd. XXIV. No. 24, p. 77U.
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may exist of one and (lie same Umbcllifer and otlicr rolaled ((ueslions

can oolv be oblaiiiod l)y ciibure experiments and statistical investi-

gation.

Yet I thonght it worth while to communicate these observations

although they must only be considered as an exposition of the

grounds why culture experiments were undertaken. It may be useful

to indicate these grounds, first because they support my conception

about the racial character of many cleistogamic plants, and further

because in my opinion we may certainly expect that besides monoe-

cious and cleistogamic plants, other plants in the natural state will

turn out to have the character of I'aces originated by mutation, so

that this communication may to some extent draw attention to this

point.

The culture experiments will from the nature of the case occupy

a few years.

In the Ergiinzungsband of Flora 1905, Heft I, p, 214, Goebel

communicates as a sequel to his paper "Die kleistogamen Bliiten

uud die Anpassungstheorien" the results of his continued culture

experiments with cleistogamic species of Viola. The results of his

experiments confirm his formerly pronounced opinion that the appea-

rance of a cleistogamic or chasmogamic flower depends entirely

on nutritive conditions. If these are favourable the chasmogamic

flower is seen to appear; in the oi)posite case the cleistogamic one

appears.

I communicated in my former article my oiijections to this con-

ception. I will now oidy remark that the inlluence of the nutritive

conditions sliosvs itself in such a way that with favourable conditions

the ."iemi-hitent character is developed, and with unfavourable is

suppressed.

Now if in Goebel's experiments the chasmogamic flowei'ing is

suppressed when the plant is under unfavourable conditions, this is

because Viola is an ever-sporting variety in which the chasmogamic

fiower is in a semi-latent condition. If the cleistogamic Viola be-

longed to one of the other ever-sporting varieties, if e.g. it were

an e\'er-sporting variety like the gyno-monoecious form of Satureja

liorten.n.'i or Trifolium pratense quinquefolium in which the anoinah/:

(the female fiower and the composite leaf) is in a semi-latent con-

dition, then under favourable luitritive conditions the anomaly, the

cleistO(jamic flower and under less favourable conditions the chas-

mogamic flower would be fostered.
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Zoology. — "The uterus of Erinnceus europaeus L. after parturi-

tio/i". By Prof. H. Stkahl, of Giessen. (Communicated by

Prof. A. A. W. Hubrecht).

(Communicated in the meeting of Marcli 31, 190G).

TlirouiJ,li the obliging kindness of my colleague Prof. Hubkecht,

to whom I owe my sincere thanks, I was enabled to continue my
researches on the involution of the uterus post partum with a species

which, as far as 1 know^ had not yet been studied in this respect.

The examination of a larger number of uteri of Erinaceus europaeus L.

made it possible sufficiently to investigate the regressive development

in question.

In the pregnant uterus of the hedgehog shortly before pai'turition,

pretty large foetal chambers are found, as was shown by Hubrecht's

extensive investigations. These chambers are entirely lined with

epithelium which extends a little under the edges of the discoid

placenta, the relative size of which is not very large. This placenta

consequently belongs to the slalked ones, although the stalk is a

very broad one.

The wall of the uterus of a hedgehog which was killed immediately

after parturition is accordingly almost entirely covered with an

epithelium which jiroved to consist of high, cylindrical cells. A
layer of epithcliuui is only wanlijig in a small antimesometral region

which is characterised as the site of the placenta by the large

vascular stumps.

Excepting the specimen just mentioned the time [)ost partum could

not be determined in ray preparations. So I had to arrange them in

a series according to the thickness of the uteri, beginning with such

as were still very thick and admitted of a determination of the number

of former foetal chambers by swellings corresponding to the placental

places and ending with others the appearance of which did not

reveal any traces of pregnancy. The sections obtained from such

uteri were in good agreement with each other and gave a sufficient

idea of the various stages of involution.

I will not give here a detailed description of the phases of the

retrogade development but only remark that the essential changes

occur in the connective tissue of the uterine mucous membrane and

in the glandular apparatus. The surface epithelium which with many

animals (e.g. with Putorius furo) undergoes considerable changes of

form, here shows these to a relatively smaller extent. They are

limited to the casting olf of suj)erlluous parts and to the change of

larffor ceils inio smaller ones.
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The e|)itlieliiil defeot of llie placental spot is covered by opitlicliiiiii

advancing from tiie edges hy a similar process as lias become known
of late vears for a number of other mammals. Since a spot without

epithelium is found in several stages, it must be assumed that the

covering of the gap tloes not take place so rapidly as e.g. in many
Rodents.

Chai'acteristic for the connective tissue is the great abundance of

liquid in it; after parturition it appears to be of a loose irregular

texture and contains a considerable number of large blood- and
especially lymph-vessels, the former especially in the placental spot, the

latter spread over the whole mucous mend>rane. In this connective

tissue diu-ing the lirst period following parturition only small and
irregularly sliaped glands are found, with a low epithelium. These

glands occupy little place in the pretty thick mucous membrane.

In the completely retrograde uterus I tind a mucous-connective

tissue which is not particularly strong and is rich in cells ; in this

long glands reach in a very graceful and regular arrangement from

the inside of the uterus to the musculatui-e, while larger blood- and

lym[>h-vessels are lacking in it. (see fig. J in Hubrecht's Studies in

Mammalian Embryology. Quart, journ. of micr. sc. vol. XXX. new
ser.). A comparison of these two stages, representing the beginning

and the end of the involution, shows the direction of the involution.

It consists, not to speak of the just mentioned minor changes in the

epithelium, in the connective tissue becoming more compact, the

total calibre becoming considerably less, and in a re-arrangement of

the glandular apparatus which is probably accompanied by a new-

formation, but certaiidy with a re-arrangement and considerable

lengthening of the single glandular tubes.

In the connective tissue it is not so much the single cells which

change (as is e.g. conspicuously the case with the female dog post

partum) as there is a clear indication that intercellular substances

diminish, which tlnally leads to a consolidation of the whole tissue.

At the same time the swollen lymph-vessels become smaller and

narrower as well as the stunifts of the torn blood-vessels in the

placental spot, the troml)i of which organise themselves. The retro-

gression at the placental sjtot fakes place distinctly more slowly

than in the remaining mucous membrane so that the placental spot

is still recognised as something particular when the gap in the

epithelium has become comjiletely cox'ered.

The return of the glands to their regular form takes still more

time than that of the connective tissue, perhaps its last phase only

sets in with a new rut.

57
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Comparing the puerperal involution of the uterus of the hedgehog

with the same process as it occurs in other mammals, hitherto studied,

loe may state that /» this respect the hedgehog occupies an intermediate

position between Rodents and Carnivora. Ft stands near the former

in the umy in xohich the epithelium regresses, near some of the latter

in the regression of the layer of connectire tissue, although in this

respect the analogy is not complete.

The more accurate details of the involutional processes of which

a short sketch is given here, will be published elsewhere.

Physics. — "Magnetic resolution of spectral, lines and magnetic

force". By Prof. P. Zeeman. (First part).

The intensity of a magnetic field may be defined by the amount

of splitting up of a given spectral line emitted by a source placed

in the field.

The distance of the outer conifionents of a tri[)let can be measured

with great accuracy. The components of a line resolved t)y the

action of magnetism are of the same width as flie original line and

the high degree of accuracy obtainable in the measurement of spec-

tnnn photographs is generally known.

We may call two magnetic intensities equal, when producing

c(|ual amounts of separation nf a spectral line, and we may call

two difrerences of magnetic intensifies eqnal, when flic changes of

the distances of the components are the same. In this way we
obtain a scale of magnetic forces, the zero point and the magnitude

of the units can still however be chosen arbitrarily. All conditions

necessary for the indirect comparison of tlifferent intensifies of a

quantity are fulfilled. ')

In this method of measuring magnetic forces we ado[)t a natural

unit of magnetic force.

In applying the specified method we need not know the functional

relation between magnetic force and nuxgnetic separation of the

spectral lines. It is sufficient to know that this function is one-

valued. The most accurate measurements of the present time ')

and also theory render it extremely probable that the separation

of the spectral lines is proportional to the intensity of the field

Avherein the source of light is placed. If this simple relation be

1) Gomp. RuNGE, Maass unci Messen. Eucyclopiidie der mathematisclieu Wissensch.

Bd. V. I. 1903.

-) See speciaOy : A. Farber, Ufier das Zeeman-Phanomen. Ann. d. Phys. 9

p. 886. 1902.
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the true one, then our scale of magnetic forces is identical with the

one commonly used.

We may then deduce from a given separation of a well-defined

spectral line the strength of a field in absolute measure, the constant

of reduction being once for all determined.

In the measurements of Farber ') relating to the lines 4678 Cd
and 4680 Zn (produced by a spark between zinc-cadmium electrodes)

the constant of reduction could be determined with a probable error

of far less then Vioo-

This method and all methods used till now for measuring

magnetic fields, give the intensity in a point. Or rather the mean
value in a small area (often rather extensive) or in a small space

is considered to be the intensity in a point of that area or of that

space.

The magnetic separation of the si)eetral lines enables us to measure

.nmultaneously the mivinetic force in all points beIo7i<jin(/ to a

straight line.

In my experiments vacuum tubes charged with some mercury and

excited by a coil were used. The tubes had capillaries of 8 cm.

length, the interior diameters varying between '/, and 7j ™™-
The shape of the tubes was that given by Paschen ^), also used by

RuNGE and Paschen in their investigation concerning the radiation of

mercury in the magnetic field.

Avery moderate heating is required for the passage of the discharge,

the light in the capillary is then fairly intense, it becomes very

brilliant as soon as the tube is placed in the magnetic field.

It was noticed that for a given vapour density there exists a

definite intensitj" of field for which the luminosity is a ma.Yimum.

This is easily seen when putting on the current of a du Bois half ring

electromagnet. Owing to the large inductance (relaxation time 50")

the intensity of the field rises gradually. If the vapour density in

the tube is not too high, there is clearly one moment of maximum
luminosity.

If with a given field the density of the vapour is well chosen, then

only a very moderate heating of the tube is sufficient for keeping

it luminous.

When the tube is placed between the conical poles of a du Bois

electromagnet and in a plane perpendicular to the line joining the

poles, there is of course a difterent field intensity in every point of

1) Farber. 1. c.

) Paschen, Eine Geissk-rsche Rohre zum Studium des ZEEMAN-efiectes. Physik.

Zeitschr. p. 478. I. 1900.
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llio liiho. Aiialj'siiiti- (lie lislil of llie different points of the tnbe

Willi ,1 siiectroscopL', we (iiid of course a diireront magnetic sc])ai-ation

for every point.

We can however speclrosoo])ioally analyse sitmdtiini'oushj tlie light

of all points of the tube.

We have only to focus an image of the tube upon the slit of the

spectroscope. This spectroscope must satisfy one condition. This con-

dition is that to every point of the slit there corresponds one jmint

of the specti'al image. Iji the case cif u prism spectroscope, of an

echelon spectroscope, and of a plane grating spectroscope, this condition

is clearly fulfilled, but the concave grating mounted in IIowl.^nd's

manner forms an exception. The use of the concave grating necessitates

in our case the employment of the method proposed by Ruxge and

Paschen ').

Mj' experiments were made in the above manner.

To illustrate this method I shall take the blue line of mercury (4359),

which divides into a sextet.

The distrilnition of the magnetic force in a plane perpendicular to

the axis of a du Bois electromagnet with a ilistance of 4 mm. between

the poles is mapped out in a spindle-shaped magnetogram, of which

a ])art is reproduced in Fig. 1. This figure is from a negative enlarged

9 times. We may extinguish by means of a Nicol the light of the

inner components. At i)Oth sides two narrow lines remain. Fig. 2

is a natural size reproduction of a magnetogram taken under the

specified conditions. The duplication of the outer components is lost

in the reproduction. The extension of the field, mapped out by this

magnetogram, may be better understood if I observe that 1 mm. in the

focal plane of the spectroscope corresponds to 1.80 mm. in the plane

between the poles or 1 mm. in the latter plane to 0,556 mm. of the

negative. Hence in Fig. J 5 mm. corresponds to 1 mm. between the

poles. The complete magnetogram gives the magnetic force in a line,

30 mm. in length. Using a lens of shorter focus we can represent,

of course, a greater part of the field. In the middle of the field the

magnetic force is about 24,000C. G. S. A cOH/^xir/.yti^ of field strengths

can be made with a decidedly higher degree of accuracy than that

which is given above for an absolute measurement.

The method set forth above will be applied, of course, oidy in difficult

cases. As long as our spectroscopes of great resolving power are

rather cumbersome, no practical ap|.lication of the method is possible.

In many cases there will be great advantage in selecting a spectral

line which is tri2)led in the field.

1) Kayser. Ilandbncli Bd. 1, p. 482,
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The luafi'iiotisalion ol' the spectrfil lines eiial)les us to deteniiiiie the

niaxiiiiiiiu vahie of the force with phenomena varying rapidly witli

the time, and willi non-uniform liekis.

In some oases it is of great importance to follow the behaviour of

a spectral phenomenon with dilferent strengths of Held. The above

described method might then be called tlu' mctliod of tkenon-unifovni

field.

In a future conimunicati(.tn 1 lu>pe to study iu this manner the

asymmetry of the separation of spectral lines iu v\eak magnetic

fields, predicted from theory by Voigt. On a former occasion I have

communicated some experiments giving rather convincing evidence of

the existence of this as^^mmetry ').

In the mean time, I think that the developments lately given by

LoRENTZ ') make it desirable to corroborate the reasons for accepting

the existence of (his extremely small asymmetry.

Mathematics. — "Some projierties of penc/Ls of algebraic carves".

By Prof. Jan de Vkies.

§ 1. Let .1 be one of the n^ basepoiiits of a pencil (c") of curves

c" of order ii, B one of the remaining basepoints. If we make to

correspond to each c" the right line c' touching c" in A, then we
get as product of the projective pencils (c") and (c'), a curve J", of

order (n -\- 1) forming the locus of the tangential points of A, i. e.

of the points which are determined by each c" on its tangent c'.

This tangential curve has in A a threefold point where it is touched

by the inflectional tangents of three c" having in A an inflection;

it has been considered for the first time by Emil Weyr (Sitz. Her.

Akad. in Wien, LXI, 82).

I shall now consider more in general (he locus 7'„, of the ?/i"^

tangential points of A. The order of this curve is to be represented

by r{m), whilst «(/«) and ^{m) are to indicate the number of branches

which 7]n has in A and B.

Prof. P. H. SenouTE has drawn my attention to a paper inserted

by him in (he Comp(es Rendus de I'Academie des sciences, (ome CI,

736, where (he coi'responding curve is treated for a cubic pencil.

I found that the numbers obtained there for n =z 3 appear from the

results to be deduced here.

1) Zeeman. These Proceedings, December 1899.

^) LoRENTZ. These Proceedings, December 1905.
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To clck'niiiiie (lie rmiclioiKs r[/ii), u{ia) and |i(;/;) 1 .shall make use

of an auxiliary cui-\e alrcadj- used by Weyr, wliicli might be called

the antitamiential curve of ^4. It eoutahis the groups of n{ii— 1)— 2

points .4_i_ having A as tangential point ; so it passes three times

through .1 and once through all points B. So it has (2)i'' — v)

j)oints in common with any c", from which it is evident that it is of

oi'der (2a — 1).

§ 2. The {in. — 1)"' (angcniial curve (^1'""') of A is cut by the

antitaiigential curve (4~') of A, save in the base points, in the j)oinls

^'«— 1) having A as tangential point. Their number amounts to three

less than the number of tangents which Tm has in ^1, so a{m) — 3;

for, on the three c" which have in A an inflection ^1 coincides with

one of its ??;"' tangential points.

The three inflectional tangents being also tangents of the curve

(.4"'), the tangential curve (xl"'~') and the antitangential curve

(^1~') have 'ia[iii — J)-)- 3 points in common in A. In each base-

point ]> lie /J (»; — 1) j)oints of intersection. So

(2n — 1) T (w — 1) = <f (m) 4 3f( (m — 1) + («" — 1) [i (/« — 1) • • (1)

A second relation is found by noticing that (J"'^') has with the

anlilangenfial curve of Ji, save the basis, the /?(//*) points in common
for which ]j is an ;/;'•' tangential point. In B lie 3/i (/» — 1) points

of intersection, u{in — 1) points of intersection lie in A, ^{m — 1)

in each of the other basepoints. So

(2/* — 1) r{in — 1) = i?(m) + «(m — 1) + («' ^ 1) /i{'« — 1) • (2)

With any c" the locus 7'„ has, save the basis, only the {ii— 2)"'

points JC'") in common; so

n T{m) =r^ «(m) -f (m' — 1) /?(?«) + {n — 2)'" . • . (3)

§ 3. To find a homogeneous equation of finite differences for the

determinalioii of t(/;/) I eliminate from the three obtained relations

the quantities ai in) and ^{m), and I find

Hr(m) = H-(2H-l)r(w-l)— (w''-j-2)jf((»i— l)+t«'-— iy(m-l)| + («,-2)»'.

Here the expression within braces can be replacetl on account

of (3) by n.riiii — 1) — [n — 2)"'-'. Then

t(w.) = («^ — w — 2) T(m — 1) + {n + 1)(h — 2)"' ' . . (4)

So

T(m — l) = (w^ — H — 2)T(m — 2) + (m + l)(w, — 2)"'-2 , (5)

Equations (4) and (5) finally furnish

t(w) — (rt — 2)(« + 2) T(»i — 1) + (« — 2)^(« + 1) x{m — 2) — (6)
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To detenuiiie a particnlai' solulioii T(m) = ,c'» we liave

,,^ _ (n - 2) (n + 2).r + (« - 2)^ {n + 1) = 0,

therefore

X = ir — u — 2 or ,y = ;; — 2.

Coiise(iueiitl_v the general sohitioii is

r{m) = c,{n' — ,, — 2)'« -f c^n — 2)"'

.

To deteriniiic tlie constants i\ and c.^ I snbstitnte in (4) tlie known
values (» + l) of t(1) and (« -f 1) (/r _ 4) of r(2).

Now
H 4- 1 = C-, (h^ — n — 2) + c, (m — 2),

i^n"- _ 4) (« + 1) = «, («= - n - 2)^ 4- r, (« - 2)\

Finally we iind bj elimination of Cj and <_\

T (m) = (« + 1) [n - 2)'«-l '-^1^' .... (7)
n

From (!) and (2) ensues

« (?7J) — {i {m) = -2\a {m — 1) _ /J {m — 1)| ,

SO

a (m) - ;? (m) = (- 2)'«-i ja (1) - /^1){ = - {- 2)'« . . (8)

Making use of (3) and (7) we now find

n-" a (w) = {n — 2)"'-' }(« + l)"'+i — 2m + Ij — (m^ — 1) (— 2)"' . (9)

)i' ,} (m) = (m — 2)'" -> {(m + 1 )»'+i — 2« + Ij 4- (— 2)"' .... (10)

§ 4. For m = 2 we find a (2) = »,' -\- n — 9 ; as A is intiection

.for three curves c,,, there are therefore {n' -\- n — 12) curves on

whicii ^4 coincides witli its second tangential point. From this ensues

the wellknown result (iiat A is point of contact of (» + 4) (» — 3)

double tangents.

In a former paper ') I have brought into connection tiie locus of

(he points of coJitact U of the double tangents with the locus of the

points ir in which a c'' is cut b_y its double tangents. To determine,

how often a point J) coincides with one of its tangential points W
I consider the correspondence of the rays d= OD and iv = OW
which the correspondence {D, W) forms in a pencil with vertex 0.

As the curves (/)) and ( IF) are of ortlers {n — 3) (2n^ -|~ ^'^— 6)

and ^ {n — 4) {n — 3) {bif -\- hn — 6), to each ray (/ correspond

{n — 4) {n — 3) {2n'' -\- 5n — 6) rays w and to each ray iv correspond

(h — 4) (». — 3) {5u'' -\- 5n — 6) rays d.

') 'On linear systems of algebraic plane curves." Proc. April 22 1905, Vol. VII

(a), p. 711.
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Because each of tlie 2n {n — 2) {n — 3) double tangents out of

represents 2 {n — 4) coincidences d^iv, the iiiinil)er of coincidences

D ^^ W is represented by

(,i _ 4) („ _ 3) {-In' + bn — 6) + (n — 4) {n — 3) (5m^ + 5« — 6) -

_ 4 („ _ 4) (m - 3) {n — 2) « = 3 (n — 4) {n — 3) {n' + 6n — 4).

/n a i)encll (c") »;<; ///«/ ^Aai! 3 (n — 4) (rt — 3) {n' -\- 6« — 4) carves

have an infection, of ivhich the tangent touches the curve in one other

point iiiori'.

In the paper quutetl above 1 tlioiight 1 was able to determine this

number out of the points of intersection of the curves (Z)) and (IF);

here I overlooked the fact that a point of contact of a double tangent

can be tangential point IT of another double tangent.

§ 5. To tind the number of threefold tangents 1 consider the

correspondence between the rays projecting out of O two points

W and W lying on the same double tangent. The characterizing

number of this symmetric correspondence is evidently equal to

i [ii — 4) {n — 3) (5/i' -{- 5n — 6) (?i— 5), whilst each double tangent

borne by replaces 2n {n — 2) {n — 3) {n — 4) (», —5) coincidences.

The number of coincidences W^ W amounts thus to

(yj _ 5) (,j _ 4) (u — 3) (5?i» + 5/j — 6 - 2/;'^ + 4m).

As each threefold tangent bears three of these coincidences we

have the property :

In a pencil (c") we /hid that {n — 5) (n — 4) {ii — 3) (//' -|- 3/i — 2)

curves have a threefold tangent.

§ 6. In my paper indicated above I have tried to detei'mine the

inimber of undulation-points out of the points of intersection of the

iidlectional curve (/) with the locus of the points (V) which c"

determines on its inflectional tangents. As each inflection which is

also tangential point of another inflection is connnon to (/) and

( V), the number found elsewhere is too large. The exact number I

can deternune by means of the correspondence between the rays 01

and or.
As the orders of (/) and f T) are 6[n—1) and 3(m—3){n''-^2n-~2)

and each of the 3n (n — 2) inflectional tangents drawn from replaces

{n — 3) rays of coincidence, we get for the number of coincidences

/= V
6(„_1)(„_3) + 3(m-3) («'+ 2«— 2)—8n(«—2)(n—3)=:6^w-3)(3«— 2).

fn a pencil {c") we find that 6 (n — 3) (3 ?i — 2) curves have a

four-point tangent.



( ^-^i
)

§ 7. The curve of iiiJleL-tious (/) tuul the hitaiigciilial curve {D)

have in each of the 3 (« — 1)' nodes of (c") in coninKin a nunilter

of 2 (n — 3) (n -|- 2) points.

For, out of a node we can draw to the c" to which it belongs

(/(' — n — 6) tangents, to he regarded as double tangents, whilst each

node of a c" is at the same time node of (/).

In each ijasepoint lie moreover 3 (/i -|- 4)(/< — 3) points of inter-

section (§ 4). The remaining points common to (D) and (/) are

tiie inflections of which the tangent touches the c" once more (§ 4)

and the undulation-points {^ 6) where the two curves touch each

other.

Indeed, we have

0(«— 1)' (« - 3) («+ 2) + 3«-^ («+ 4) (m-3) + 3 (/, - 4) («— 3) («-^-f (5«— 4) +
+ 12(w-3)(3«— 2) = 6(«— 1)^{«-3)(«+2) + 3(/*-3)(2y('+G«"— lG«+8) =
= (5(«-l)(«— 3)(2«''+ 5«— 6),

and this is the product of the orders of (/) and (i>).

Physiology. ''On the strenytJi of reflex stimuli as weak as possible."

By Prof. H. Zwaardemakek. (Report of a research made by

D. I. A. VAN Reekum).

(Gomniunicated in tlie muetiiig of Maicli 31, 1906).

Investigated were chemical, thermal, mechanical and electrical

stimuli, which partly acted upon the skin partly on the sensible nerves

of the animals, which were experimented on.

§ 1. The chemical stimuli were applied by immergiug the hind-

leg of a winterfrog in a little bowl with a solution of sulphuric

/ )i. n \
acid varying from Y, to Vs^Vo

[
^ to —— 1. The spinal cord system

was withdrawn in the usual way from the influence of the cere-

brum. After the experiment the legs were washed with distilled

water and the experiment repeated after a pause of 5 minutes.

Neglecting the preliminary reflex, only a complete reflex was consi-

tlered as a positive result. After-reflexes and general movements did

only show themselves when rather strong concentrations were used.

As a rule a "/u % f T^r )
solution tif sulphuric acid may be accepted

as the minimum stimulus which still produces reflexes. The reflex-
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time at an iininergiiig' of tlic two legs was 10 seconds, at an hnmerging

of one leg 22 seconds.

It was calculated how niucli snlpluu'ic acid disappeared in the

skin of the frog, when '/i; 7„ sul|)liiiric acid [~] was nsed, respec-

tively how much was fixed by the excretion-products. This occnrred

by titrating the immerging lit(ui<] witli caustic soda (methylene orange

as indicator) before and after a series of 20 singular reflexes.

Then it appears that about Vi5 of ^he 'otf-l quantity of the

used sulphuric acid has been bound. Supposing the heat of reaction

of 2 aequivalents natron and 1 aequivalent sulphuric acid to be

31,4 great calories and supposing that our sulphuric acid has been

bound in a reaction of this kind then the heat of reaction of

the chemical process pro singular reflex, reckoned over the whole

immerged surface of the skin, amounts to 1,37 gram-calorie. It is evident

that only a small part of this supposed reaction can have taken

place in or near the terminations of the nerves and that this value

of 1,37 gram-calorie must be also a limit under which is situated

the heat of reaction.

Tins amount may surpass the real value of the reflex-stimulus

perhaps a million of times. By measuring the electrical conductivity

of file stimulating solution before and after the reflexes it was

controlled if anything else had passed into the immerging liquid

in the place of the disappeared sulphuric acid. This proved to

be the case for the increase of resistance of the liquid experi-

mented with, was greater than would follo\v from the decrease of

the sulphuric acid.

§ 2. As a thermal stimulus ser\cd immersion in cold or wai-m

water. The most f'avoural)le i-esult was obtained by a decreasing dif-

ference of temperature between animal and water of 10^ C and

by an increasing difference of temperature of 15° C. The reservoir,

isolated by an asbestos envelope, in which the immersion of the frog

took place contained 50 ccm. The innuersion w'as perfoi-med once

and after that the reflex was waited for. Then it could be stated

that the temperature of the water increased on an average of 8

centigrades l)y the immersion of the heated frog and decreased on an

average of 22 centigrades by the immersion of the leg of a frog

which was cooled down. Some experiments already gave a reflex

before it had come to this. A sufficient quantity of reflexes large

enough to avoid casualties, were accompanied by an increase of

lenqicrature uf 7 centigrailes resp. a decrease of tenqx-rature of 19
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c'cntigrades. Consequendy at these last experiments a quantity of

heat of 3,5 gr. calorie must have been withdrawn from the leg of

the frog, and 9,5 calorie have been added. This heat divided itself

during a retlex-time of average 7'/, sec. resp. 9 sec. over the whole

immerged i)art of the skin. Only a very small part will have come

to the benefit of the terminations of the nerves and what appears

as a reflex-stimulus may very well be millions of times smaller than

the total quantity of the heat which is given or taken u[). The

above mentioned values have again only the significance of limit

\alues beneath which the heat resp. cold stimulus, which causes a

reflex movement, must be necessarily situated.

§ 3. To produce mechanical reflex-stimuli first falling mercury

drops were made use of '), afterwards a little ball of resin fastened

to a pig's-bristle, which by an electrically moved tuning fork of

16 double vibrations was kept in a forced vibration of fixed ampli-

tude. In both cases as much as possible the lateral side of the

foot, where the corpuscula tactus are situated, was taken.

The mercury drops were all of the same size (average 100 mgr.)

and were used to the number of 1 to 15, trickling down one after

the other. The height from which the drops were falling varied

from J to 20 cm. At each experiment the vis viva was calculated

with which the drop came down on the skin of the animal. It was

obvious that for causing a reflex the vis viva had to be in minimo

686 ergs which amount was obtained by dropping 7 drops one after

the other from a falling height of 1 cm. Once it was possible to

obtain a reflex by the fall of one drop from a height of 7 cm.

which shows the same quantity of energy now contained in one

single stimulus witiiout any summation.

The smallest results according to vis viva which still produce

a reflex were obtained with a little ball of resin of 7 milligram

which vibrated with an excursion of 5 mm. After a retlextime of

on an average 3 sec. the reflex movement was obtained. The

quantity of energy which was added to the skin in this way in

summing contains 212 ergs.

The result of the mechanical stimulation is quantitatively consi-

derably lower than the above mentioned chemical and caloric

stinmlation. It leads to a minimnm, which however put together

in a restrict spot still possesses the peculiarity of having been

communicated to a part of the skin which probably is considerably

') E. A. ScHAFER, Proc. Plijsiol. Soc. 20 Jan. '.901.
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larger tliaii llie surface of a corpiisfulum tactiis. The divergency

between I he (juantity of energy applied and that wiiich is used for

reflex-stimulus is in this last case not by far so great as in the

thermal forms of reflex stimulus. The simplest relation might be

exiiecteil in tiie very favourable case already mentioned, in which

onlv one diop of mercury falling from a height of 7 cm. was used.

Meanwhile, with the ball of resin, still smaller values were obtained,

notwithstanding the summation was taken into the account, so that

we may accept, this most simple case has not at all been a most

favourable one.

§ 4. The electrical stimulation brought about by discharges of a con-

densator which was inmiediately before chai'ged with a voltage varying

between and 2 volts. The capacity of the condensators, which were

constructed in the laboratory from mica of different thickness and cover-

ings of tinfoil different in surface varied from 15 X it)~^ fo * X
I0~^m. F. They were wholly closed in by parafline and verified by com-

paring witli an aii'-condensator. The following stimuli were used

:

firstly on the skin of the leg of the frog by means of little catches

of steel which surround the leg: secondly on the posterior roots of the

lumbal-cord, by means of platinum-electrodes set in parafline, thirdly

on the nervus vagus of a rabbit by means of platinum-electrodes set

in eltonite. The stimuli were for the greater part supplied in series

with an interval of '/a ^^^- '" '^ number varying between 1 and 15.

All those regulations took place automatically by jiroperly isolated

swings and keys. The best results gave a condensator of 59X i*J~^ ^- F-

Skinreflexes (not ordened series)

(with condensator of .")9.10— -J m.F.)

1 2
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S!<inrollL'\('s (ordcncd series)

(die average I'ur the dillVrent cundensators).

Capaiiity

in ni.F.
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